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PREP ACE 


Tue design of this Treatise is to explain all that is 
commonly included in a First Part of Algebra. In the 
arrangement of the Chapters I have followed the advice 
ot experienced Teachers. I have carefully abstained from 
making extracts from books in common use. The only 
work to which I am indebted for any material assistance 
is the Algebra of the late Dean Peacock, which I took as 
the model for the commencement of my Treatise. The 
Examples, progressive and easy, have been selected from 
University and College Examination Papers and from 
old English, French, and German works. Much care has 
been tuken to secure accuracy in the Answers, but in a 
collection of more than 2300 Examples it is to be feared 
that some errors have yet to be detected. I shall be 
grateful for having my attention called to them. 

I have published a book of Miscellaneous Exercises 
adapted to this work and arranged in a progressive order 
so as to supply constant practice for the student. 

I have to express my thanks for the encouragement 
and advice received by me from many correspondents ; 
and a special acknowledgment is due from me to Mr, E. 
J. Gross of Gonville and Caius College, to whom I am 
odebted for assistance in many parts of this work. . 

The Treatise on Algebra by Mr. E. J. Gross is a 
continuation of this work, and is in some important 
points supplementary to 16, 


J. HAMBLIN SMITH. 


CamBriper, 1871. 
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ELEMENTARY ALGEBRA. 


I. ADDITION AND SUBTRACTION. 


va Algebra is the science which teaches the use of syM- 
BOLS to denote numbers and the operations to which numbers 
may be subjected. 


2. The symbols employed in Algebra to denote numbers 
are, in addition to those of Arithmetic, the letters of some 
alphabet. 


anus? ad; 0; 6 ....+0 Wet Gre 1s Bra); sn.saiie 0 Os Oma: : read 
a dash, b dash, c dash ...... 5 Why) Uitg Cy eens read a one, 
p one, C ONE ...... are used as symbols to denote nwmbers. 


3. The number one, or unity, is taken as the foundation of 
all numbers, and all other numbers are derived from it by the 
process of addttion. 

Thus two is defined to be the number that results from 

adding one to one ; 
three is defined to be the number that results from 
adding one to two ; 
four is defined to be the number that results from 
adding one to three ; 
and so on. 


4, The symbol +, read plus, is used to denote the opera- 
tion of Addition. 
Thus 1+1 symbolizes that which is denoted by 2, 


and a+ stands for the result obtained by adding b to a. 


5, The symbol = stands for the words “is equal to,” or 
“the result is.” 
[s.A.] a 
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Thus the definitions given in Art. 3 may be presented in an 
algebraical form thus : 


1+1=2, 
2+1=3, 
3+1=4, 


6. Since 
2=1+1, where unity is written twice, 
3=2+1=1+1+1, where unity is written three times, 


AD D1 Lak: 0 41... ccasgenosanaseropecaians four times, 
it follows that 

a@=1+1+1...... +1+1 with unity written @ times, 

b=14+1+41...... +1+1 with unity written b times, 


7. The process of addition in Arithmetic can be presented 
in a shorter form by the use of the sign +. Thus if we have 
to add 14, 17, and 23 together we can represent the process 
thus : 

144+17+23=54, 


8. When several numbers are added together, it is indiff 
rent in what order the numbers are taken, Thus if 14, 17, and 
23 be added together, their sum will be the same in whatever 
order they be set down in the common arithmetical process : 


14 14 LY 17 23 23 
17 23 14 23 14 17 
23 17 23 14 17 14 
54 54 54 54 54 54 


So also in Algebra, when any number of symbols are added 
together, the result will be the same in whatever order the 
symbols succeed each other. Thus if we have to add together 
the numbers symbolized by a and 6, the result is represented 
by a+b, and this result is the same number as that which is 
represented by b+ <a. 


Similarly the result obtained by adding together a, b, ¢ 
might be expressed algebraically by 
atb+c, or a+c+b, or b+ate, or b+e+a, or c+atb, 
or c+b+a. 
9. When a number denoted by a is added to itself the 
result is represented algebraically by a+a. This result is for 
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the sake of brevity represented by 2a, the figure prefixed to 
the symbol expressing the number of times the number 
denoted by a is repeated. 
Similarly a+a+a is represented by 3a. 
Hence it follows that 
2a+a will be represented by 3a, 
: CE demenias ied ets aioe onus by 4a. 


10, The symbol —, read minus, is used to denote the ope- 
ration of Subtraction. 
Thus the operation of subtracting 15 from 26 and its con- 
nection with the result may be briefly expressed thus ; 
26—15=1i1. 


ll. The result of subtracting the number 6 from the num- 

ber a is represented by 
a—b. 

Again a—b—c stands for the number obtained by taking ¢ 
from a—b. . 

Also a—b—c—d stands for the number obtained by taking 
d from a—b—c. 

Since we cannot take away a greater number from a smaller, 
the expression a—6, where a and b represent numbers, can 
denote a possible result only when a@ is not less than 0. 

So also the expression a—b—c can denote a possible result 
only when the number obtained by taking 6 from a is not 
less than c. 


12. A combinatian of symbols is termed an algebraical 
expression. 
The parts of an expression which are connected by the 
symbols of operation + and — are called TeRMs. 
Compound expressions are those which have more than one 
term. 
Thus a—b+c~d is a compound expression wade up of four 
terms. 
When a compound expression contains : 
two terms it is called a Binomial, } 
NE aN eC EE Trinomial, mM 
SOUT OF MOTE ........0005 Multinemial, ) 


4 ADDITION AND SUBTRACTION. 


— 


Terms which are preceded by the symbol + are called posi- 
tive terms. Terms which are preceded by the symbol — are 
called negative terms, When no symbol precedes a term the 
symbol + is understood. 

Thus in the expression a—b+c—d+e-—f 

a, ¢, e are called positive terms, 
Disa ah penis pair oacth negative ...... : 

The symbols of operation + and — are usually called posi. 
tive and negative Sr@ns. 


13. If the number 6 be added to the number 13, and if 6 
be taken from the result, the final result will plainly be 13. 

So also if a number b be added to a number a, and if b be 
taken from the result, the final result will be a; that is, 

a+b—b=a. 

Since the operations of addition and subtraction when per- 
formed by the same number neutralize each other, we conclude 
that we may obliterate the same symbol when it presents itself 
as a positive term and also as anegative term in the same ex- 
pression. 

Thus a—a=0, 
and a—at+b=b, 


14. If we have to add the numbers 54, 17, and 25, we may 
first add 17 and 23, and add their sum 40 to the number 54, 
thus obtaining the final result 94. This proeess may be repre- 
sented algebraically by enclosing 17 and 23 in a BRAcKRT 
( ), thus: 

54+ (17 + 23) =54+4+ 40=94, 


15, If we have to subtract from 54 the sum of 17 and 23, 
the process may be represented algebraically thus: 
54 — (17 + 23) = 54—40= 14, 


16. If we have to add to 54 the difference between 23 and 
17, the process may be represented algebraically thus: 
54 + (23-17) =544+ 6=60, 


17. If we have to subtract from 54 the difference between 
93 and 17, the process may be represented algebraically thus ; 
54 —(23 — 17) =54-6= 48, 


— i 


ver 
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18. The use of bracke... is so frequent in Algebra, that 
the rules for their removal and introduction must be carefully 
considered. 

We shall first treat of the removal of brackets in cases 
where symbols supply the places of numbers corresponding to 
the arithmetical examples considered _ _irts. 14, 15, 16, 17. 


Case I. To add to a the sum of 6 and ¢. 

31s expressed thus: a+(b+0c). 
wirst add b to a, the result will be 
ath, 

This result is too small, for we have to add to a a numv2r 
veater than 6, and greater by c. Hence our final result will 
pe obtained by adding ¢ to a+), and it will be 

at+b+e. 


Case II. To take from a the sum of } and «. 
This is expressed thus : a—(b+c). 
First take b from a, the result will be 
a—b. 

This result is too large, for we have to take from a a number 
greater than b, and greater by c. Hence our final result will 
be obtained by taking c from a—6, and it will be 

a—b—c. 
Case III. To add to a the difference between b and c, 
This is expressed thus : a+(b—c). 
First add b to a, the result will be 
a+b. 

This result is too large, for we have to add to aa number 
less than 6, and less by ce. Hence our final result will be ob- 
tained by taking c from a+b, and it will be 

a+b—c., 
Case IV. To take from a the difference between b and c. 
This is expressed thus : a—(b—c). 
First take } from a, the result will be 
a—b, 

This result is too small, for we have to take from a a num- 
ber less than 6, and less by c. Hence our final result will be 
obtained by adding c to a—6, and it will © 

a—b- 
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Note. We assume that a, b, c represent such numbers that 
in Case II. a is not less than the sum of b and c,in Casz III. 
b is not less than c, and in Casz IV, b is not less than c, and a 
is not less than b. 


19. Collecting the results obtained in Art. 18, we have 
at+(b+c)=at+b+e, 
a—(b+c)=a—b-c, 
a+(b—c)=a+b-c, 
a—(b—c)=a—b+e. 
From which we obtain the following rules for the removal of 
a bracket, oy 


Rule I. When a bracket is preceded by the sign +, 
remove the bracket and leave the signs of the terms in it 
unchanged. 


Rule II. When a bracket is preceded by the sign —, 


“remove the bracket and change the sign of each term in it. 


These rules apply to cases in which any number of terms 
are included in the bracket. 


Thus 
a+b+(c—d+e—f)=a+b+c—d+e-f, 
and 
a+b—(c—d-+e—f)=a+b—c+d—er+f. 


20, The rules given in the preceding Article for the re- 
moval of brackets furnish corresponding rules for the intro- 
auction of brackets. 


Thus if we enclose two or more terms of an expression in a 
bracket, 


I. The sign of each term remains the same if + pre- 
cedes the bracket : 


II. The sivn of each term is changed if — precedes the 
. ket, 


EX ywbt+c—d+e—faa—b+( 
B<..--~. .-fma—(0-¢)—(-e45_. 


oS a 
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21. We may now proceed to aive rules for the Addition 
and Subtraction of algebraical exvressions. 


Suppose we have to add to tha expression a+b—c the exs 
pression d—e+f. 
The Sum =a+b—c+(d=e+f) 
=a+b—c+d=e+f (by Art. 19, Rule I.). 
Also, if we have to subtract from the expression a+b—c the 
expression d—e+/f. 


The Difference =a+b—c—(d—e+f) 
=a+b—c—d+e-f (by Art. 19, Rule hes 


We might arrange the expressions in each case under each 
other as in Arithmetic : thus 


To a+-b—ce From a+b-—e 
Add d—e+f Take d-e+f 


Sum a+b—-c+d—e+f Difference a+b—c— def 
and then the rules may be thus stated. 


\ I. In Addition attach the lower line to the upper with the 
V signs of both lines unchanged. 


II. In Subtraction attach the lower line to the upper with ; 
the signs of the lower line changed, the signs of the Hpper line 
being unchanged. 


The following are examples. 


(1) To a+b+9 
Adidiag—b 6 


Sum a+b+9+a—b—6 


and this sum =a+a+0b—b+9-6 
=%2a+3. 


For it has been shown, Art. 9, that a+a=2a, 
and, Art, 13, that b—b=0. 


(2) From a+6+9 
Take a—b—6 


Remainder a+6+9-—a+6+6 
and thi soll th ete b+1 
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22. We have worked out the examples in Art, 21 at full 
length, but in practice they may be abbreviated, by combining 
the symbols or digits by a mental process, thus 


Toc+d+10 From c+d+10 
Add c—d-—"7 Take c—d—7 
Sum 2c +3 Remainder 2d+17 


23. We have said that 
instead of a+a we write 2a, 
Savaoetne GHA+G ......... 3M, 
and so on, 


The digit thus prefixed to a symbol is called the coafictant 
of the term in which it appears. 


24, Since 3a=a+a+a, 
and 5a=a+a+a+a+a, 
34+.54S=4+04+04+04+04+04+0+0 
= 8a. 


Terms which have the same symbol, whatever their coeffi- 
cients may be, are called_like terms: those which have diffe- 
rent symbols are called wnlike terms. 


Like terms, when positive, may be combined into one by 
adding, their coefficients together and subjoining the common 
symbol ; thus 

2a + 5a = 72, 
3y + Sy + 8y = 16y. 


25. Ifa term appears without a coefficient, wnity is to be 
taken as its coefficient, 

Thus x + 5a = 6a. 

26. Negative terms, when like, may be combined into one 


term with a negative sigu prefixed to it; by adding the coeffi- 
cients and subjoining, to, the result; the common symbol. 


Thus 2x —3y —5y=Iae— By, 
for 2a — 3y ~ 5y= Qe — (By + Sy) 
=2r —8y, 


So again wim, y~ = - = BU— Ly. 


ADDITION AND SUBTRACTION. 9 


27. Lf an expression contain two or more like terms, some 
being positive and others negative, we must first collect all the 
positive terms imto one positive term, them all the negative 
terms into one negative term, and finally combine the two 
remaining terms into one by the following process, Subtract 
the smaller coefficient from the greater, and set down the 
remainder with the sign of the greater prefixed and the com- 
mon symbol attached to it. 


Ex. 8a — 3x” =5z, 
Te — 4a + 5a —30= 120 —7x=5a,. 
a—2b+5b—4b=a+5b—6b=a—-b. 


28. The rules for the combination of any number of like 
terms into one single term enable us to extend the application 
of the rules for Addition and Subtraction in Algebra, and we 
proceed to give some Examples. 


ADDITION. 

(1) a—2b+3c¢ (2) 5a+7b—3c—4d 
3a —4b—5e 6a—7b+9ce+4d 
4a — 6b —2c¢ lla +6c 

The terms containing 4 and din Ex. (2) destroying one another. 

(38) Te—5y+ 42 (4) 6m—13wv+5p 
%+ 2y —11z 8m+ n—Ip 
3u— yt 5% m—- Nt— —p 
52—sy— & m+ 2n+5p 
16xz—7y— 32 16m—11n 

SUBTRACTION. 

(1) 5a—3b+ 6¢ (2) 3a+76— 8¢ 
2a+5b— 4e 3a—76+ 4¢ 
3a — 8b + 10c 14b — 126 

(2) 5a—6b+2c (4) w-yt+z 
2a — 6b + 2e L—-Y—% 
5a 2z 

(5) 32+ 7y+12z (6) T7x~19y— 148 

5y— 2z : 6x—224y+ 9z 


3a + Qy + 142 a+ 5y—23¢ 


— ae = 
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29. We have placed the expressions in the examples given 
in the preceding Article under each other, as in Arithmetic, 
for the sake of clearness, but the same operations might be ex- 
hibited by means of signs and brackets, thus Examples (2) of 
each rule might have been worked thus, in Addition, 

5a + 7b —3c—4d + (6a—7b + 90+ 4d) 
=5a+7b-—3c—4d+ 6a—7b+9c¢+4d 
=lla+6c; 
and, in Subtraction, 
3a + 7b —8¢ — (3a —7b + 4c) 
=3a+7b—8c—3a+7b—4e 
=14b-—12c, 


EXAMPLES,—i. 
Simplify the following expressions, by combining like sym- 
bols in each. 
yl. 344+4b+ 5c + 2a + 3b + Te, 2. 4a + 5b+ 6c —3a—2b — 40, 
3. 6a—3b—4c—4a+ 5b + 6e. 
4. 8a—5b+3c—7a—2b+6c—3a+9b— 7+ 10a. 
5. 5e¢—-3a+b+7+2b-—32—4a-9, 
6. a~b—c+b+c—did-a. 
7 5a+106—3¢ + 2b—3a+2c—2a+ 4¢, 


EXAMPLES.—ii. ADDITION. 
Add together 
I. a@+z and a—z, 2. a@+2x and a+3a, 
3. a—2rand 2a—z, 4. 30+ 7y and 5a —2Qy. 
5. @+38b+5c and 34—2h—3¢, , 
6. a—2b+3c and a+2h—3¢, 7, 1+e%-yand 3~x2+9. 
8. 2a—3y+4z, 5a—Ty—2Qz, and 6x + 9y — 8x, 
9. 2a+b—32, 3a —2b+a,a+b—52, and 4a—7b + 62. 


EXAMPLES,— iii, SUBTRACTION. 


1. From a+b take a—b, 
3; ween ii Qa ~ y, 
J venees Qa+3c+4d ...... a—2¢+3d. 
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5. Fromm—n+r take m—n—r. 
ey eis Atb+6 ee a—b—c. 
| ae 3a+4b+5c¢ ...... 2a + 7b + 6c. 
Sue eases Sa+5y—42 ...... 3x + Qy — 5z. 


30. We have given examples of the use of a bracket. The 
methods of denoting a bracket are various ; thus, besides the 

marks (), the marks [ ], or | |, are often employed. Some- 
times a mark called “The Vinculum” is drawn over the symbols 
which are to be connected, thus a—6 +c is used to represent the 
same expression as that PrecaieH by a—(b+¢). 

Often the brackets are made to enclose one another, thus 

a—[b+}c—(d—e-f)}]. 

In removing the brackets from an expression of this kind it 
is best to commence with the innermost, and to remove the 
brackets one by one, the outermost last of all: 


Thus 
a—[b+ }c—(d—e—f)}] 
=a—[b+{c—(d—e+f)}] 
=a—[b+}{c—d+e-—f}] 
=a—[b+c—d+e-f] 
=a—b—c+d-—etf. 
Again 


5a—(3x—7) — }4—2x%—(6x-—3)} 
=5x¢—32+7—-|4-27-62+3} 
=5e-—30+7-4+20+6x2-3 
= LOD, 


EXAMPLES.—iv. BRACKETS. 
Simplify the following expressions, combining all like quan~ 
tities in each. 
I. a+b+(3a—2b). 
2. a+b—(a—3b). 
3. 38a+5b—6ce—(2a+ 4b— 2c). 
4. a+b—c—(a—b-c). 
5. 14x—(5a—9)—{4—32—(20- 3)j. 
6. 4¢—{30—(2a-—a-a)}. 
7. lbe-{7u+(Ba+a—-a)}. 


ee, — 
#2 ADDITION AND SUBTRACTION. 


a—[(b+ja—(b+a)}]. 
6a + [4a — |8b— (2a + 4b) — 220} — 7b] —-[7b + {8a 
— (3b + 4a) + 8b} + 6a). | 
10. b—[b—(a+b)— {b—(b—a—b)}}. 
11. 2¢—(6a—b)— {c—(5a+2b)—(a—3b)}. 
“32, Qa—fa—(2a—[3a—(4a—[5a—(6a—z)])])F. 
13. 25a— 19b—[3b— |4a—(5b—6c)}], V 


31. We have hitherto supposed the symbols m every ex- 
pression used for illustration to represent sch numbers that 
?-e expressions symbolize results which would be arithmetie- 
ally possible. 


Thus a—b symbolizes a possible result, so long as a is not 
less than 6. 


If, for instance, a stands for 10 and 6 for 6, 
a—b will stand for 4. 


But if a stands for 6 and b for 10, 


a—b denotes no possible result, because we cannot 
take the number 10 from the number 6. 


But though there can be no such a thing as a negative 
number, we can conceive the real existence of a negative 
quantity. 


To explain this we must consider 


I. What we mean by Quantity. JV 
II. How Quantities are measured. |, 


32. A Quantity is anything which may be regarded an? 
* being made up of parts like the whole. 
Thus a distance is @ quantity, because we may regard it as 
made up of parts each of themselves a distance. 
Again a sum of money is a quantity, because we may regard 
it as made up of parts like the whole. 


33. To measure any quantity we fix upon some known 
quantity of the same kind for our standard, or wnit, and then 
any quantity of that kind is measured by sayimg how many 
times it contains this unit, and this number of times is called 
the measure of the quantity, 
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For example, to measure any distance along a road we fix 
upon a known distance, such as a mile, and express all distances 
by saying how many times they contain this unit. Thus 16 is 
the measure of a distance containing 16 miles. 

Again, to measure a man’s income we take one pound as our 
unit, and thus if we said (as we often do say) that a man’s in- 
come is 500. a year, we should mean 500 times the unit, that is, 
£500. Unless we knew what the unit was, to say that a man’s 
income was 500 would convey no definite meaning: all we 
should know would be that, whatever our unit was, a pound, a 
dollar, or a franc, the man’s income would be 500 times that 
unit, that is, £500, 500 dollars, or 500 francs. 

N.B. Since the unit contains itself once, its measure is 
unity, and hence its name. 


34, Now we can conceive a quantity to be such that when 
put to another quantity of the same kind it will entirely or in 
part neutralize its effect. 

Thus, if I walk 4 miles towards a certain object and then 
return along the same road 2 miles, | may say that the latter 
distance is each a quantity that it soubor: part of my first 
journey, so far as regards my position with respect to the point 
from which I started, 

Again, if I gain £500 in trade and then lose £400, I may 
say that the latter sum is such a quantity that it neutralizes 
part of my first gain. 

If I gain £500 and then lose £700, I may say that the latter 
sum is such a quantity that it neutralizes all my first gain, and 
not only that, but also a quantity of which the absolute value 
is £200 remains in readiness to neutralize some future gain. 
Regarding this £200 by itself we call it a quantity which will 
fa a subtractive effect on subsequent profits. 

Now, since Algebra is intended to deal with such questions 
in a general way, and to teach us how to put quantities, alike 
ur opposite in their effect, together, a convention is adopted, 
tounded on the additive or subtractive effect of the quantities 
in question, and stated thus : 

“To the quantities to be added prefix the sign +, and to 
the quantities to he «vhtracted prefix the sign —, and then 
write down all the _...vtttey +. ~=lved in such a question con- 
nected with these syns,” 
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Thus, suppose a man to trade for 4 years, and to gain a 
pounds the first year, to lose 6 pounds the second year, to gain 
c pounds the third year, and to lose d pounds the fourth year. 

The additive quantities are here a and c, which we are to 
write +a and +c, 

The subtractive quantities are here 6 and d, which we are to 
write —b and —d, 

“. Result of trading = +a—b+c-—d. 
35. Let us next take the case in which the gain for the 


first year is a pounds, and the loss for each of three subsequent 
years is a pounds, 


Result of trading =+a-—a-a-a 
= — 2a, 
Thus we arrive at an isolated quantity of a subtractive 
nature, 
Arithmetically we interpret this result as a loss of £2a. 
Algebraically we call the result a negative quantity. 
~ When once we have admitted the possibility of the inde- 


pendent existence of such quantities as this we may extend the 
application of the rules for Addition and Subtraction, for 


i. A negative quantity may stand by ‘itself, and we may 
then add it to or take it from some other quantity or expres- 

V sion. 
II. A negative quantity may stand first in an expression 


which we may have to add to or subtract from any other 
expression. 


The Rules for Addition and Subtraction given in Art, 21 
will be applicable to these expressions, as in the following 
Examples. 


ADDITION. 
(1) 5a-—T7a=-—2a. 
(2) 4a—3b—6a+7b— —2a+4b, 
(3) To 4a To 5a—8b 
Add —3a Add —2a—2b 
Sum Sum 3a—5b 
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(4) 6a—5b— 4c+ 6 (5) Ta — 5u + 9z 
—5a+7b-—12¢—17 — 18x + Sy —5z 
— a—8b+19c+ 4 — 3u—8y+ 2 
—6b+ 3c-— 7 — 14a —4y + 52 
SUBTRACTION. 
(1) From sg 
Take —y 


Remainder «+y 
vr we might represent the operation thus, 
e—(—y)=a+y.* 
(2) a+b—(-—a+b)=a+b+a—b=2a. 
(3) —a@ -b—(a—b)=—a—b—a+b=-2a, 


(4) —3a+ 4b— 7c+10 
5a— 95+ 8c+19 


—8a+13b-—1l5ce— 9 


(5) 2 —y—[8a—}—5e—(—4y+72)}] 
=xe—y—[3x—}—5e+4y—Taxt | 
=x2—y—([3e+5e—4y+ 7x} 
=r—y—30—5x+4y— Tx 
= — 147+ dy. 


(6) a+ 5b+ 9c—12d 
—3b—12c— 8d+ 6¢ 


Va+ 8b+2lc— 4d—Ge 


In this example we have deviated from our previous prac- 
tice of placing like terms under each other. This arrange- 
ment is useful to facilitate the calculation, but is not absolutely 
necessary ; for the terms which are alike can be combined 


independently of it. 


* Nore.—The meaning of Subtraction. re extended so that 
the . su.) 1a ca’, 18, Case Iv. may he true whei. is less than c. 


> ay 


ADDITION AND SUBTRAC 


EXAMPLES,.—V. 


(1.) ADDITION. 


Add together 

1, 6a+7b, —2a - 4b, and 3a—5b. 
—5a+6b—7c, —2a+13b+9c, and 7a—29b + 4¢. 

Qa —3y+42, —5a+4y—7z, and —8x—9y —32. 
—a+b-—c+d, a—2b—3c+d, —5b+4c, and —5c+d. 
a+b—c+7, —2a—3b—4c+9, and 34+2b+5e— 164 a 
5a —3a—4b, 6y —2a, 3a—2y, and 5b— 7a. 
a+b—c,c—a+b, 2b—c+3a, and 4a—3e. 

7a —3b—5c+ 9d, 2b—3ce—5d, and —4d + 15c. 
jie tat 3a + Qy — 32, and 9x—-3y+% 


eS! Ee: 


(2.) SUBTRACTION. 
1. From a+b take —a—b. 


2. From a—b —b+e. 
3. From inci: nd 
‘4. From 6¢-—8y+3 take —2x+9y-2. 
5. From 5a—12b+17c take —2a+4b—3e. 
. From 2a+b-—3za take 4b—3a+ 5a, 
7. From a+b—c take 3c—2b+4a, 
8. From a+b+c—7 take 8—c—b+a, 
. From 12¢—3y—z take 4y—5z+4+a, 
Io. From 8a—5b+ 7c take 2¢—4b + 2a. 
11, From 9p —4q+ 3r take 5q¢—3p +r. 


. » ry 


Il. MULTIPLICATION. 


36. THE operation of finding the sum of a numbers each 
equal to 6 is called Multiplication. 


The number a is called the Multiplier. 
Petar fossa pas BD. sacconsevcscacsn MUULEL Deana. 


This Sum is called the Propucr of the multiplication of b 
by a. 
This Product is represented in Algebra by three distinct 
symbols : 
I. By writing the symbols side by side, with no sign 
between them, thus, ab ; 
II. By placing a small dot between the symbols, thus, a.b; 
III. By placing the sign x hetween the symbols, thus, 
axb; and all these are read thus, “a into b,” or “a times 0.” 


In Arithmetic we chiefly use the third way of expressing a 
Product, for we cannot symbolize the product of 5 into 7 by 
57, which means the sum of fifty and seven, mor can we well 
represent it by 5.7, because it might be confounded with the 
notation used for decimal fractions, as 5°7. 


37. In Arithmetic 
2x7 stands for the same as 7+ 7. 


= See Saar et ah AE al RE oe 4+4+4, 
In Algebra 
ab stands for ine same as 0+04+6+ ... with b written 
a times. 


(a+ 6) c stands for the same ase+ce+c... with c written 
a+b times, 
[s.4.] RB 
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38. To shew that 3 times 4=4 times 3. 


8times4= 4+4+4 
= 1414141 
+1+1+1+41 
+J4+141+41 


4times3= 3+3+4+3+3 
=14+1+41 
+14+1+41 
F +14+1+4+1 
+14+141 


Now the results obtained from I. and II. must be the same, 
for the horizontal columns of one are identical with the verti- 
cal columns of the other. 


39. To prove that ab=ba., 


ab means that the sum of a numbers each equal to 6 is te 
be taken. 


“ ab= b+b+......with b written a times 


= 6 
+b 
of. 
to a lines 
= 1+1l+1+...... to } terms 
+14+1+1+...... to 6 terms I 
Fs ccusskas posduvneccdiarestursaucn bs Sore 
to a lines. 
Again, 
ba= a+a+......with a written b times 
= @ 
+a 
+} 
to h lines 
= 1+4+14+1+4.,..... to a terms 
i { 
; +1+1+4+...... toaterms( IL 


b lines 
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Now the results obtained from I. and II. must be the same, 
for the horizontal columns of one are clearly the same as the 
vertical columns of the other. 


40. Since the expressions ab and ba are the same in mean- 
ing, we may regard either a or 6 as the multiplier in forming 
the product of a and 6, and so we may read ab in two ways : 

(1) a into 8, 
(2) a multiplied by 6. 


41. The expressions abc, ach, bac, bea, cab, cba are all the 
same in meaning, denoting that the three numbers symbolized 
by a, 6, and care to be multiplied together. It is, however, 
generally desirable that the alphabetical order of the letters 
representing a product shoula be observed. 


y 42. Each of the numbers a, b, c is called a Factor of the 
product abe. 


43. When a number expressed in figures is one of the 
factors of a product it always stands first in the product. 

Thus the product of the factors a, y, and 9 is represented 
by 9xyz. 

44. Any one or more of the factors that make up a product 
is called the CozFFiciENT of the other factors, 

Thus in the expression 2a, 2a is called the coefficient of x. 


45. When a factor a is repeated twice the product would 
be represented, in accordance with Art. 36, by aa; when three 
times, by aaa. In such cases these products are, for the sake 
of brevity, expressed by writing the symbol with a number 
placed above it on the right, expressing the number of times the 
symbol is repeated ;. thus 

instead of aa we write a? 


eee oan auits GDS eeccssse OF 
Sewn steactas 1 
These expressions a”, a’, a4...... are called the second, third, 


fourth......POWERS of a. 
The number placed over a symbol to express the power of 
the symbol is called the InDEX or EXPONENT. 
a? is generally called the square of a. 
eer reer ek SOCORG SE the cube of a. 
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46. The product of a? and a*=a® x a% 
=aa x aaa =aaaaa= a’, 


Thus the index of the resulting power is the sum of the 
indices of the two factors. 
Similarly at x a =aaae x aaa 
=aaaaaaaaaa =a = att, 
If one of the factors be a symbol without an index, we may 
assume it to have an index!, that is 
a=a'. 
Examples in multiplying powers of the same symbo} are 
(1) ax@=al?=a%, 
(2) Ta*x 5a’ =7x5 xa? x a? =35a°" =35a", 
(3) @xaox Matto 
(4) wy x ap=ory.c.yr=—o*.c.y.y2 atl, ylt8 gigs, 
(5) ab x ab? x abi =a? 46, p47 = g8 BU, 


EX AMPLES.—Vi. 


Multiply 
1. @ into 3y. 2. 3x into 4y. 3. 3xy into 4ay. 
4. 3abe into ac. 5. a into at, 6. a™ into a, 
7. 3a*b into 4a°b*, 8. Tate into 5a%bc®, —s.g,.: LBab4c® by 12a%be. 
10. Ta’c’ by 4a*be®, 11. a® by 3a4, 12. 4a%ba by 5ab y. 


13- 19a yz by 4ay*z*, 14. 17ab 2 by Bboy. 15. Ga®y*z® by Sasy*z%, 
16, 3abc by 4any. 17. ab*c by 8a7b'c. 18. 9m*np by mSntp?. 
19. ay*z by ba, 20. lla®bx by 3a'7bm*, 
47. The rules for the addition and subtraction of powers 
are similar to those laid down in Chap. I. for simple quantities. 
Thus the sum of the second and third powers of « is repre- 
sented by 
x? +a, 
and the remainder after taking the fourth power of y from the 
fifth power of y is represented by 
y a y', 


and these expressions cannot be abridged, 
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But when we have to add or subtract the same powers of 
the same quantities the terms may be combined into one : 
thus 

Cen. 

3y? + 5y3 + Ty? = 15y3, 
81 — 5a4= 324, 

Sy? — By? — 2y? = 4y?. 

Again, whenever two or more terms are entirely the same 
with respect to the symbols they contain, their sum may be 
abridged. 

Thus ad + ad=2ad, 

3a*b — 2a°b =a*b, 
5a%b? + 6a°b3 — 9a%b? = 2ab3, 
Ta*x — 10a*x — 12a%a= — 15a?e. 


48. From the multiplication of semple expressions we pass 
on to the case in which one of the quantities whose product is 
to be found is a compound expression. 

To shew that (a+b) c=ac + be. 

(a+b) c=c+c+c+ ... with ¢ written a+b times, 

=(c+c+c+ ... with ¢ written a times) 
+(c+c+c... with c written b times), 
=ac + be. 


49, To shew that (a—b) c=ac—be. 
(a—b)c=c+ce+c+ ... with c written a—b times, 
=(c+e+c+ ... with c written a times) 
—(c+c+c... with c written b times), 
=ac— be. 
Note. We assume that a is greater than 6. 


50. Similarly it may be shewn that 
(a+b+c) d=ad + bd + cd, 
(a—b—c) d=ad—bd—cd, 
and hence we obtain the following general rule for finding the 
product of a single symbol and an expression consisting of two 
or more terms. 
“Multiply each of the terms by the single symbol, and con- 
nect the terms of the result by the signs of the several terms 
of the compound expression.” 
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EXAMPLES.—Vii 


Multiply 
1. a+b—c by a. 7. 8m? +9mn + 10n? by mn. 
2. a+3b—4c by 2a. 8. 9a° + 4a4b — 3a5b? + 40°b3 by ab. 
3. a+ 3a? + 4a by a. g. vy — ay? +ay—7 by wy. 
4. 34° —5a*—6a+7by3a*, 10. m§—3m?n + 3mn*—n3 by n. 
5. a*—2Qab +b? by ab. 11. 12a5b —6a*b? + 5ab3 by 12a7b?. 
6. a®—3a7h? +3 by 3a%b. = 12. 1303 — 1 7a%y + Bay? — y8 by Bry. 


51. We next proceed to the case in which beth multiplier 
and multiplicand are compound expressions. 


First to multiply a +6 into ¢+d. 

Represent c+d by a. 

Then (a+b)(c+d)=(a+b)x 
=axr+ba, by Art. 48, 
=a(c+d)+b(c +d) 
=ac+ad+be+bd, by Art. 48. 


The same result is obtained by the following process ; 
c+d 
a+b 
ac +ad 
+be+bd 
ac +ad + be + bd 
which may be thus described ; 


Write a+b considered as the multiplier under ¢+d con- 
sidered as the multiplicand, as in common Arithmetic. Then 
multiply each term of the multiplicand by a, and set down the 
result. Next multiply each term of the multiplicand by 6, and 
set down the result under the result obtained before, The 
sum of the two results will be the product required, 


Note. The second result is shifted one place to the right 
The object of this will be seen in Art, 56, 
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52. Next, to multiply a+b into c—d. 
Represent c—d by a. 
Then (a+b)(c—d)=(a+b)e 


=a + be 
=a(c—d) + b(c—d) 
=ac—ad+be—bd, by Art. 49. 

From a comparison of this result with the factors from 
which it is produced it appears that if we regard the terms of 
the multiplicand c—d as independent quantities, and call them 
+c and —d, the effect of multiplying the positive terms +a 
and +b into the positive term +c is to produce two positive 
terms +ac and +bc, whereas the effect of multiplying the 
positive terms +a and +6 into the negative term —d is to 
produce two negative terms —ad and —bd. 


The same result is obtained by the following process ; 


c—a 

at+b- 

ac—ad 
+be—bd 

ac—ad +bc—bd 


This process may be described in a similar manner to that 
in Art. 51, it being assumed that a positive term multiplied 
into a negative term gives a negative result. 


Similarly we may shew that a—b into c+d gives 
ac + ad — be — bd. 

53. Next to multiply a—b into c—d. 

Represent ¢—d by a. 

Then (a—b)(c—d)=(a—b)x 


=an— 

=a(c—d)—b(c—d) 

=(ac —ad) —(be — bd), by Art. 49, 
=ac—ad—be + bd. 


When we compare this result with the factors from which 
it is produced, we see that 
The product of the positive term @ into the positive 
term c is the positive term ac. 
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The product of the positive term a into the negative 
term —d is the negative term —ad. ; 
The product of the negative term —6 into the positive ) 
term c is the negative term — be. . 
| 
| 


The product of the negative term —b into the negative 
term —d is the positive term bd. 


The multiplication of c—d by a—b may be written thus : | 
c—d 


—be + bd 
ac—ad —be +bd 


) 

54. The results obtained in the preceding Article enable us . 
to state what is called the Rute or Ste@ns in Multiplication, | 
which is 

“The product of two positive terms or of two negative terms 
is positive: the product of two terms, one of which ts positive and 
the other negative, is negative.” 

) 


55. The following more concise proof may now be given of 
the RULE oF Srans. 

To shew that (a—b)(c—d)=ac—ad —be + bd. | 

First, (a—b)M=M+M+M+...with M written a—b times, 


=(M+M+M+...with M written @ times) | 
—~(M+M+M+... with M written b times), 
=aM—bM. 


Next, let M=c—d. 
Then aM =a (c—d) 
=(c—d)a Art. 39. 
=ca—da, Art. 49. 
Similarly, bM=cb—db, 
“. (a—b) (c—d)=(ca—da) — (ch — db). 

Now to subtract (cb—db) from (ca—da), if we take away ch 
we take away db too much, and we must therefore add db to 
the result, 

“. we get ca —da—ch + db, 
which is the same as ae — ad — be + bd. Art, 33. 
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So it appears that in multiplying (a—0)(c—d) we must 
multiply each term in one factor by each term in the other 
and prefix the sign according to this law :— 


When the factors multiplied have like signs prefix +, when 
unlike — to the product. 


This is the RULE oF Siaqns. 


56. We shall now give some examples in illnstration of the 
principles laid down in the last five Articles. 


Examples in Multiplication worked out. 


(1) Multiply «+5 by «+7. (2) Multiply «—5 by «+7. 


2+ 5 ip (5) 
e+ 7 o+7 
w+ 5a xv? — 5a 
+ %x+35 + 7a —35 
a? +122 +35 a2 + 2a —35 


The reason for shifting the second result one place to the 
right is that it enables us generally to place dike terms under 
each other. 


(8) Multiply 2+5 by «-7. (4) Multiply «—5 by «-7. 


£2+5 a—- 5 
2-7 s— 7 
xu? + 5a a? — 52 

— 7a —35 — 7x+35 
x? — Ir — 35 x? — 1274-35 


(5) Multiply 2? + y? bya? —y?. (6) Multiply 3ax— 5by by Tax — 2by. 


x+y" 3axc— Sby 
ey? Tac— Qby 
wt + xy? 21a%x? — 35abay 
— ay? —y* — Gabry + 10b?y? 


at—y! 21a*x* — 4labey + 10b%y? 


Reet: 
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87, The process in the multiplication of Bata ie one or 
both of which contains more than two terms, is similar to the < 
a 
processes which we have been describing, as may be seen from — 


the following examples : 


Multiply 
(1) a+ay+y? by c-y. (2) a? +6a+9 by a?-—6a+9. 
x + oy +? : a’+6a +9 
ey. a*—6a +9 
03 + ay + ay? a4 + 6a5 + 9a? 
— aly — wy? — — 6a’ — 36a? — 54a 
ay +9a* +54a+81 
— 18a? +81 
(3) Multiply 3a?+ 4ay —y? by 302 -4ay +y% 
Ba? + day -— x? 
3a*-— day + y? 
9a! + 12a8y — 3a%y? 
— 1228y — 162%? + dary’ 
+ 3xy? + day —y4 


Gat — 16x2y? + Bay? —y! 
(4) To find the continued product of #+3, +4, em 
x+6, 
To effect this we must multiply «+3 by x+4, and then | 
multiply the result by «+6. 
z+ 3 P 
a+ 4 . 
w+ 3a 
+ 4x7 +12 
e+ Tx +12 
c+ 6 
a+ Ta? + 12x 
+ 60" + 42x +72 
a + 1302 + 54a +72 ’ 


- Note, The numbers 13 and 54 are called the coefficients of 
2 and # in the expression «° + 132% +542 +472, in accordance 
with Art. 44. ‘ 
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(5) Find the continued product of a+a,#+6, and a+c. 


L+a 
x+b 


x" + ae 
+ ba + ab 
w+ ax+bae+ab 
e+e 
x3 + ax? + ba? + aba 
+ ca? + aca + bex + abc 
x + (a+b+c)u +(ab+ac + be)x + abe 


Note. The coefficients of x? and « in the expression just 
obtained are a+b+c and ab+ac + be respectively. 


When a coefficient is expressed in letters, as in this example, 
it is called a literal coefficient. 


EXAMPLES.—viii. 


Multiply 
‘1.0+3bye+9. 2. 2+15bya—7%. 3. 2-12 by x+10 


I 
4.%-8byxz-7. 5.a-3bya—-5.s 6. y-6 by y+13. 
7. «7 —4 by v7 +5. 8. «?-—624+9 by 2?-6xr+5. 
9. «?+5¢—3 by a-5e-3. 10. a'—3a+2 by at—3a?+2. 
Il. 22—2+1 by a+e-1. 12. 2 +ay+y? by 2?—ay + y*. 
1g. a? +ay+y" by xy. ‘14. a?—a2? by at + a’? + at, 


MI5. 2? —327+3e-1 by 27+32+4+1. 
16. «3+ 3x%y + 9xy? + 27y> by x— 3y. 
17. a? +2a7b + 4ab? + 8b? by a—2b. 
18. 8a*+4a*b+2ab? +b? by 2a—b. 
Ig. a®—2a*b+3ab?+ 4b> by a*—2ab— 3b? 
20. a®+3a°b- 2ab? +3b* by a? + 2ab— 362, 
21. a®—2axv+4a? by a? +2ax + 402, 
' 22. 9a?+3ax+2" by 9a?—3ax+27. 
23. «'—2ax?+ 4a? by a+ 2ax? + 4a? 
24. a? +6?+c?—ab—ac—be by at+bte. 
25. 2% +4ay+ 5y? by x — 3x2y — Qary? + 3y3. 
26. ab+cd+ac+bd by ab+ed—ac—bd. 
Find the continued product of the following expression : 
27. £—-0,¢+4, # +a", at+at, 28, @~a,0+6,¢—C¢, 


——— ia ——— el 
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a9. 1-2, i+a, l+a*, l+at 
30. oy, o+y, Pay ty’, Pray ry? 
RI. a—2, a+, a? +27, at+24, a®+a8, 
Find the coefficient of « in the following expansions : 
\ 32. (@—5)(a—6) (w@+7)=-4) 33. (v +8) (+38) (w—2). 
34 @—2)(e-3)(@4+4). 35. @—a)(@—-2) (2-0), 
36. (a? + 30-2) (@?— 3x +2) (at—5). 
37. (a?-—a+1) (a? +a—-1) (at—2? +1). 
a8. (a?—max+1) (@?—ma—1) (t-—m*z—- 1). 


58. Our proof of the Rule of Signs in Art. 55 is founded 
on the supposition that a is greater than b and c is greater 
than d. 

To include cases in which the multiplier is an isolated nega- 

- tive auantity we must extend our definition of Multiplication. 
For the definition given in Art. 36 does not cover this case, 
since we cannot say that c shall be taken —d times. 

We give then the following definition. “The operation of 
Multivlication is such that the product of the factors a—b and 
e—d will be equivalent to ac—ad—be+bd, whatever may be the 
walues of a, b, c, d.” - 

Now since 

(a—b) (c—d)=ac—ad—be + bd, 
uum. »— 9 and d=0. 


aa oe (0—b) (c—0)=0xc—0x0—be+bx0, 


or —bxc=—be. 
" . t+ it may be shewn that 
—bx —d= +bd. 
EX AMPLES.—ix. 
Multiply 
i. a by —b. 2, a by —a’. 3. a% by — 


4 ~—4a%by —3ab*%, 5. 5a5y by —6ry*, 6. a®— Lipty o —4, 
7. 2a3 + Aa? — fa by — 2a’. 8. —a’—a*-a by -a-1. 

+, Baty — Say? + 4y3 by —2a—3y. 

“m= — 5m? —6mn+7n* by —m+n. 

mt, 13r?-—17r—45 by —r—-3. 

wm, 73 — 8x2 — 92? by —a—-2, 

Mit —a + aby — ay? by —y—a. 

+ —y—ay*—aty—a by —2-y, 


rs 


a 


~~ \ III. INVOLUTION. 


Involution. This is the operation of multiplying a quan- 


59. To this part of Algebra belongs the process called 
( tity by wtself any number of times. 


The power to which the quantity is raised is expressed by 
the number of times the quantity has been employed as a 
factor in the operation. 


Thas, as has been already stated in Art. 45, 
a? is called the second power of a, 
a’ is called the third power of a. 


60. When we have to raise negative quantities to certain 
powers we symbolize the operation by putting the quantity in 
a bracket with the number denoting the index (Art. 45) placed 
over the bracket on the right hand. 


Thus (—a)? denotes the third power of —a, 
(—2zx)* denotes the fourth power of —2a, 


. “n, 
h61. The signs of all even powers of a negative quanuty _ 
will be pasitive, and the signs of the odd powers will 2). 


ae J 
* Thus (—a)?=(—a) x(—a)=a?, 
(-a8=(-a).(—4) (~a)=a2.(- a)= a i 


62. To raise a simple quantity to any power we multiply 
the index of the quantity by the number denoting the power 
te which it is to be raised, and prefix the proper sign, 


{ 


. 
} 


Thus the square of a? is a, 
the cube of a? is a, 
the cube of —ayz? is — aSy%29, 
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63. We form the second, third and fourth powers of a+b 
inthe following manner : 


(a +hy'=a? + 2ab +0 
a +b 
a’ + 2a*b + ab? 
+ ab +2ab? +8 


a +b 
at + 3a%b + 3a*b? + ab 
+ ah +3a*b? + 3ab3 + 04 
(a + b)t=a* + 40%) + 6a*b? +- dab? + bt 
Here observe the following laws : : 
I. The indices of a decrease by unity in each term. 
Il. The indices of b inerease by unity in each term. 


II. The numerical coefficient of the second term is always 
the same as the index of the power to which the 
binomial is raised, 


64.. We form the second, third and fourth powers of a-6 
in the following manner : 


a—b 
a-—b 
a?—ab 
—ab +b 
(a - b)? =a — 2ab + b? 
a -4 
‘a3 — 20% + ab* 
— ab+2ab* — db 
yet - bf = a — 3a") + 3ab? — b8 
a —b 
a‘ — 3a5b + 3a2b? — ab? 
— ab +3a*b? — 3ab* + bf 
(a — b)* =a — 4a%d + 6a4b® — dab? + UA, 
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- Now observe that the powers of a—b do not differ from the 
powers of a+b except that the terms, in which the odd powers 
of 6, as b, b°, occur have the sign — prefixed. 


Hence if any power of a+b be given we can write the 
corresponding power of a—6: thus 
since (a+b)’=a>+5a‘b + 10a°b? + 100763 + 5abt + B, 
(a — b)®=a® — 5a4b + 10a°b? — 10a7b? + Sab! — 6%. 
65. Since (a+b)?=a?+b?+2ab and (a-b)?=a? +b? -2ab, 
it appears that the square of a binomial is formed by the 
following process : ’ 


“To the sum of the squares of each term add twice the 


»_ product of the terms.” 


Thus (a+y)?=2? + y? + Qay, 
(7+3)? =a? +9 + 6x, 
(w— 5)? =a? + 25 — 10x, 
(2x — Ty)” = 4a? + 49y? — Z8ary. 
66. To form the square of a trinomial ; 
a+b+e 
at+bt+e 


5 Sart 
a?+ab+ac 
+ab+b? +be 
+ac+be+c? 


a? + 2ab + b + 2ac + 2be + c*. 
Arranging this result thus a* +b? +c? + 2ab + 2ac + 2be, we sete 
that it is composed of two sets of quantities : 
( I. The squares of the quantities a, b, c. 
( IL. The double products of a, b, ¢ taken two and two. 
Now, if we form the square of a—b-c, we get 
a—b-e 
a-—b-c 
a? — ab —ac 
—ab+b?+be 
-—act+be+¢e 


a? — Qab + b? — 2ac + Qhe + c?, 


The law of formation is the same as before, for we have 
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I. The squares of the quantities. 

II. The double products of a, —b,—c taken two by two: 
the sign of each result being + or —, according as 
the signs of the algebraical quantities composing it 
are like or unlike. 


67. The same law holds good for expressions containing 
more than three terms, thus 
(a+b+c+d)P=a?+b+c+d* 
+ 2ab + 2ac + 2ad + 2be + 2hd + Acd, 
(a-—b+c-—dP=a?+0?+c?+d? 
— 2ab + 2ac — 2ad — 2be + 2hd — 2cd. 
And generally, the square of an expression containing 2, 3, 
4 or more terms will be formed by the following process ; 


“To the sum of the squares of each term add twice the 
product of each term into each of the terms that follow it.” 


EXAMPLES.—x. 


Form the square of each of the following expressions : 


I. o+a, 2.0-a 3042. 4. 2-3. 5. wy’ 
6. a-y. 7. a5+b. 8 a -B. gg, mt+y+s%. 10, e—-yt+R 
Il, M+n-p-—?. 12. 2° +2¢ -3. 13. 2 —-60+7. 
14. Qa?-7x+9. 15. w+? — 22, 16, xt — 4a*y? + y!, 
17. +63 +03, 18. 2 —y3 — 23, 19. &+ Qy — 3x. 


20. 2? — Qy? + 52%, 


Expand the following expressions : 
21. (+a). 22. (@@-a) = 23. (a +-1)8. 24. (w—1)*. 
25. («+2)°. 4 26. (a®-b*)% 27. (a+b+c). 28. (a—b-c)’, 
29. (m+n)*.(m —n)*, . 30. (m+n)*.(m? — 1), Na ~ 


68. An algebraical product is said to be of 2, 3......dimen- 
sions, when the sum of the indices of the quantities composing 
the product is 2, 3.......... 


Thus ab is an expression of 2 dimensions, 
; a*b*c is an expression of 5 dimensions, 
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69. An algebraical expression is called homogeneous when 
each of its terms is of the same dimensions. 

Thus 2?+ay +4? is homogeneous, for each term is of 2 dimen- 
sions. 

Also 323+ 4a*y+5y? is homogeneous, for each term is of 3 
dimensions, the numerical coefficients not affecting the dimen- 
sions of each term. 


70. An expression is said to be arranged according to 
powers of some letter, when the indices of that letter occur in 
the order of their magnitudes, either increasing or decreasing. 

Thus the expression a3 + a*a+aa+a% is arranged according 
to descending powers of a, and ascending powers of a. 


71. One expression is said to be of a higher order than 
another when the former contains a higher power of some dis- 
tinguishing letter than the other. 

Thus a3+a’x+aa?+«3 is said to be of a higher order than 
a*+ax+x%, with reference to the index of a, 


IV. DIVISION. 


72. Division is the process by which, when a product is 
given and we know one of the factors, the other factor is deter- 
mined. 

The product is, with reference to this process, called the 
DIVIDEND. 

The given factor is called the Drivisor. 

The factor which has to be found is called the QuoTrEnt. 


73. The operation of Division is denoted by the sign +. 
Thus ab+a signifies that ab is to be divided by a. 
The same operation is denoted by writing the dividend 


ar ‘ ; ab 
over the divisor with a line drawn between them, thus—. 


In this chapter we shall treat only of cases in which the 
dividend contains the divisor an exact number of times. 


[s.a. | ) 


ie calla ree a 
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Case I. 


74. When the dividend and divisor are each included in 
a single term, we can usually tell by inspection the factors of 
which each is composed. The quotient will in this case be 
represented by the factors which remain in the dividend, when 
those factors which are common to the dividend and the di- 
visor have been removed from the dividend. 


ab 
Thus a 
8a? 3aa 
— =—=3a, 
a a 
a aaaaa 3 
—=——_ =aa=a 
a aan 


Thus, when one power of a number is divided by a smaller 
power of the same number, the quotient is that power of the 
number whose index is the difference between the indices of the 
dividend and the divisor. 


qi? ; 
Thus — ==, 
a 
L5a%h? 
—=5a*b 
3ab 


75. The quotient is wnity when the dividend and the 
divisor are equal. 
a Era 
and this will hold true wnen the dividend and the divisor are 
compound quantities. 


aOR kad 
Thus a+b =1; a s ye l. 
EXAMPLES,.—xi. 
Divide 
1. @ by a, 2. #9 by a, 3. ty? by ay. 
; 4. aby? by ays. 5. 2dab%o by dab, 6. 72a? by Da*B%, 
7. 26a*bic? by 16ahe*, 8. 1331m'"nl"p? by L1lm*ndp, 
g. 60a%x*y’ by Say. 10. 96a%b%e3 by 12be. 


. a ( - 


DIVISION. 35 


Case II. 

76. If the divisor be a single term, while the dividend 
contains two or more terms, the quotient will be found by 
dividing each term of the dividend separately by the divisor 
and connecting the results with their proper signs. 


Thus a =a+b, 


asa + a2x? + aa 
ax 
12a3y4 + 16x2y3 — Say? 
Any? 


=are*+ac+1, 


= 307y + day — 2. 


EXAMPLES.—xii. 
Divide 
I. 23+ 207+ by «. 4. mpx* + m*px? + m3p3 by mp. 

2. y—yt+ y—y? by y?. 5. 16a°%xy — 28a7x? + daa? by 4a?x, 
3. 8a + 16a*b + 24ab? by 8a. 6. 72x>y8— 36xty3 — 18x7y? by 9x2. 
7. 8lm8n™ — 54min? + 27m3n2p by 3m?n2. 

8. 12x°y? — 8xty? — 4a3y4 by 42%, 
g. 169a4b — 117a*b? + 91a7b by 18a. 
10. 361b%c3 + 228b4c! — 133b%c> by 19b2c. 


77. Admitting the possibility of the independent existence 
of a term affected with the sign —, we can extend the Exam- 
ples in Arts. 74—76, by taking the first term of the dividend 
or the divisor, or both, negative. In such cases we apply the 
Rule of Signs in Multiplication to form a Rule of Signs in 
Division. 


Thus since —a x b= —ab, we conclude that atl S = 
Sree (pai nent | | a ae a 
Sees EWU ede ds invaders eo —a; 


and ‘hence the rules 
I. When the dividend and the divisor have the same 
sign the quotient is positive. 
II. When the dividend and the divisor have different 
signs the quotient is negative. 
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78. The following Examples illustrate the conclusions just 
obtained : 


qy) SE = ~abe. (3) ae =I, 
(2) late _sattet, (4) Mat, 
| (5) SS se BS + ab? — a*b +a. 
en ae 


EXAMPLES.—Xilil. 
Divide 
1. 72ab by —9ab. 6. — ax — a?x*—ax by —am. 
2. — 60a’ by — 4a’. 7. —34a8 + 5la?—17ax* by 17a. 
3. — 84c8y® by 4a%y’. 8. — 8a%b? — 24058 + 32a7b8 by — 4a5b2, 
Ae —18m4n? by 3mn. g. — 14403 + 108x7y — 96xy* by 122, 
5. —128a%b*c by —8be. 10. brs? — boatat — byte? by —b*?, 


Case III. 


79. The third case of the operation of Division is that in 
which the divisor and the dividend contain more terms than 
one, The operation is conducted in the following wey : 


Arrange the divisor and dividend according to the 
powers of some one symbol, and place them in the 
same line as in the process of Long Division in 
Arithmetic, 


Divide the first term of the dividend by the first term 
of the divisor. 


Set down the result as the first term of the quotient. 


Multiply all the terms of the divisor by the first term 
of the quotient. 


Subtract the resulting product from the dividend. If 
there be a remainder, consider it as a new dividend, 
and-proceed as before. 
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The process will best be understood by a careful study of 
the following Examples: 


(1) Divide a?+2ab+b? bya+b. (2) Divide a?—2ab+ b? bya —b. 


a+b)a*+2ab+b? (a+b a—b)a*—2ab+b?(a—b 
a*+ab a*—ab 
ab +b? —ab+b? 
ab + 6? —ab+ 6? 


(8) Divide a*~ y® by a — y?. 
fied [= y") 8 = y®( at ae ary? a y' 


x8 — opty? 
aly? — y8 
aty? — ay 
amyt—ye * 
ay — y8 


(4) Divide x® — 4a%x*+ 4ata? — a® by a? — a2. 
x? — a?) 2° — dat + data? — a8 (xt — 3a?a? + at 


x8 — arzt 
—3a2a! + date? — a8 
— 3074 + 8ata? 
ata? —a8 
“ne ae 


(5) Divide 3xy+2°+ 43-1 by y+a—-1. 
Arranging the divisor and dividend by descending powers 
of x, 
e+y—1) 0+ 80y+y>—1(at-ay+otyt+y+l1 
0 + oy — x? 
— ay +a? + Bay +43 -1 
— ay — vy? + vy 
a? + ay? + Qny + 43-1 


x + wy —@ 
xy? +cyt+at+y>—1 
xy? + y> — y? 
aytae+y?—1 
ay +y?—y 


“at+y—1 
cty—-1 
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80. We must now direct the attention sab the s sipilts ; 
two points of great importance in Division, — ed 
I. The dividend and divisor must be arranged ee q 

ing to the order of the powers of one of the symbols _ / . 
involved in them. This order may be ascending 0 or 
descending. In the Examples given above we have 
taken the descending order, and in the Examples 
worked out in the next Article we shall take an 
ascending order of arrangement. 

II. In each remainder the terms must be arranged in. 


the same order, ascending or descending, as that in — 
which the dividend is arranged at first. | 


81. Todivide (1) 1-a* by #+e?+2+1, 
arrange the dividend and divisor by ascending powers of «, 
thus : ie 

1l+a+a*+a3)1—-at(1—a2 } 
l+et+e?t+a3 7 
-x2—a—73—a4 
—«—a? —73 — aft 

(2) 482° + 6 - 3505 + 58x! — 7028 - 232 by 6x? — 5a+ 2 — Ta, 

arrange the dividend and divisor by ascending powers 6 


thus : 
\ 2a + 6a — 73) 6 — 230+ 48a? — 7003 + 5804 — Ba (3 = dar + Ba 
6 — 15a + 18a? — 2125 » $b 
= 8a + 30x? — 4923 + 58:4 
— 8a + 20x? — 243 + 284 
10x? — 2525 + 304 — 3525 
10x? — 25a3 + 304 — 35a5 
EXAMPLES.—Xiv. 
Divide 
® «. w+ 150+50 by «+10. 5. a+ 132? + 540472 by +6 
2. 2— > lial ef 6, +4+a?—-2-1 by a+ 
3. +a-12 by x-; 7. 03+ Qa + Qa 1 


4. aiitie =. (8. «5 — 50° + Te? + 60 +1 by a?. 
g. at — 4a 4 20? +4041 by 2? - Oe - 1. 
yo. at = 408 + 6a? - d+ 1 by a? - 2741, 
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11. ef—a22+2¢—-l1 by @+a-1. 12. of- 422+ 80+16 bye +2. 
\ 13. 03+ 4a?y + Bay? + 12y3 by w+ 4y. 
14. a+ + 4a%d + 6a*b? + 4ab? + bt by a+b. 
15. a — 5atb + 10a%b? — 10a*b? + 5ab4 — b° by a—b. 
16. wt — 120° + 50x? — 840+45 by a?- 6249. 
17. a — 4a*h + 4a3b? + 4a7b3 — 17ab* — 126° by a? — 2ab — 3b”. 
18. 4a%x! — 12a%x3 + 13atx? — 6a'x+.a® by 2ax —3a2x.4+ a’, 
19. a*—4?+2x-1 by 27+ -1, 
20. «$+ a*x? —2a4 by 27+2a% =. 23, a8 —y® by ay. 
21. «?~— 18ay —30y? by a—15y. 24. a? -0?+2be—Cbya-b+e. 
22. e+y> by r+y. 25. b— 3b? +33 — bf by b-1. 
26. a?-B- 24d -2(ad —be) by a+b-c—d, 
27. 8+y2+23— 3xyz by a+y+z2. 28. v5 + y! by a3 + y2, 


‘ 


29. p?+pq + 2pr —2q2+ 7gr — 3r? by p—qt3r. 
30. a& + a®b? + atbt + a7b6 + b8 by at + a3b + a7b? + ab? + bf. 
31. 28+ ay? + atyt + a2y8 + y8 by af — ay + o2y? — xy y!. 
32. 405-23 + 40 by 2u7+3x+2. 33. a— 243 by a—38. 
Vv 34. M°-k by B-1. VY 35. v8 —5x?- 462 —40 by + +4. 
\ 36. 48x — 76ax? — 64a7x + 105a3 by 2x — 3a. 
\ 37- 18x 4523 + 82a? — 67a +40 by 3x? — 4+ 5. 
38. 1624 —'72a7x? + 8la* by 2a — 3a. 
39. 8lat—256a* by 3x+4a. 41. «+ 2aa? —a%er — 2a3 by x? — a. 
4o. 2a3 + 3a%b — 2ab? — 3b? bya? — 6%. 42. at — a?b? — 1264 by a? + 36%, 
43. vt — 9x? — Gay —y” by 7 +3a4+y. 
44. at — 6x5y + 9x7y? — 4y* by a — Bay + 2y?, 
45. xt—8ly* by x— 3y. 47. 8lat—16b* by 3a+ 2b. 
46. a4— 1664 by a— 26. 48. 16x*— 8ly* by 27+ 3y. 
\ 49. 3a?+ 8ab + 4b? + 10ac + 8be + 3c? by a+ 26+ 3c. 
50. at + 4a?x? + 16x by a? + 2ax + 427, 
51. ett a7y? +44 by 2? —ay+ y?. 
52. 25604 + 16x7y? + y* by 1627+ 4ay + y*. 
53. + aty — ay? +25 — Qay? +a by B+z—y, 


54. ax’ + 3a%x? — Qa8v —2a* by «—a. 55. eae at by aa. 
56. 2a? + ay — By? — 4yz— a2 —27 by 2a + 3y +z. 
57. 9u+ 3at+ 140° +2 by 14+ 5a+a2%. 
58. 12 — 382+ 82x? — 1120+ 1060! — 7025 by 7a2—5a+3, 
59. @ +y? by xf —a8y +.a7y? — ay +y', 
60. (a2? + by”) — (ab? + xy”) by aa+ by +ab+xy. ‘ 
61. ab (a? + y”) +. xy(a? +b?) by aa +t by. , 
62. a+ (2b? — a*)a? + bt by a? +an+ 
82. The process may in some cases be shortened by the use 
_ of brackets, as in the following Example. 
o+b)a+(a+b+c) a +(ab+act be) c+ abe(x*+(a+c) e+ac 
a3 + bx* 
(a+c) 22+ (ab+ac+be) x 
(a+c) x? +(ab+bc) & 


aca + abe 
; aca + abe 
%—1) & — mat + nad — nx? + ma —-1 (at-(m—-1) 2 
ab — aA —(m-n-1) #-(m-I atl 
—(m-—1) at +nad <a 


—(m—1) a#+(m-1) 2 
~(m—n—1) &—na? w 
—(m-n-1) + (m-n- 1) 
—(m—1) a+ ma 
—(m-1) 2?+(m-1) 
a—1 
a-1 


EXAMPLES.—xv. 
- Divide 

1. a*-(a? -b-c) a? -(b-—c) aw+be by x -ar+e, 
2. P—(l+ m+n) y? + (lm +ln+mn) y-lnn by y= 
3, 8 —(m—c) a8 +(n—om+d) a+ - 
(r+en— dm) x* + (or + dn) «+ dr by x3 — ma? + nant. 
4 O4(5 4a) 2 — (4 — 5a +b) 2? - (40+ 5b) 2+ 4d by a2 4+ 5-4 
\ 5 A-(atbtord) 2+ (ab+ac+ad+be+bd+ cd) a 
(abe +abd + acd + bed) «+ abed by x* — ~ (a+ 6) + a 


* 
. 


a ees 2 7 - | pe 
a eft a. trechil clote mH- 2 A Ly. i 
me. otrothil aL Kins Uk. ayn 
I 


“ite 4. 
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83. The following Examples in Division are of great 
importance. 


Divisor. DIVIDEND. QUOTIENT. 


c+y x? — y? 2-Yy 
xZ-y ao? — y? x+y 
ety a + y3 x — ay + y? 
Z-y Soy a+ ay ty? 


84. Again, if we arrange two series of binomials consisting 
respectively of the sum and the difference of ascending powers 
of x and y, thus 

at+y, 2+y, 8 +y%, +y4 o+y?, 2%+y8, and so on, 

a—y, x—y?, —y%, xt— yt, a —y°, 2 —y®, and so on, 

x+y will divide the odd terms in the upper line, 
and the even ...... in the lower ..... . 


x~y will divide all the terms in the lower, 
DWE TONG daccesctece in the upper. 


Or we may put it thus : 


If nm stand for any whole number, 
a" +y" is divisible by x+y when n is odd, 
by x=y never ; 


x" —y" is divisible by 2+y when n is even, 
by #-y always. 


Also, it is to be observed that when the divisor is x—y all 
the terms of the quotient are positive, and when the divisor is 
«+y, the terms of the quotient are alternately positive and 

- negative. 


a 
Thus Va tay tm +4°, 


x 


7 7 
z - = a8 — aby + athy? — aby + ary! — ay +96, 


Bats yeah atta -y - 
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85, These properties may be easily remembered by taking 
the four simplest cases, thus, x+y, w—y, 2?+y*, 2®-y?, of 
which 

the first is divisible by x+y, 


eBpond 31.28 5.bvase L-Y, 
TIP 525d paseays Vance neither, 
TORUUDD "oes aaboaash les va both. 


Again, since these properties are true for all values of « and 
y, suppose y= 1, then we shall have 


-g?—1 x — 

orl =2 i, Fee Wiziae i, 

P+Ls -« a — 

07 Praia roy tetl 
Also 

w+ P 

SRT ete eed 

Whaat tte tottotl. 


EXAMPLES.—XVi. 


Without going through the process of Division write dowm 
the quotients in the following cases : 


1. When the divisor is m+n, and the dividends are 
respectively 
m* —n?, m3 +n3, m+n, m> — n°, m9 +n°, 
2. When the divisor is m-—n, and the dividends are 
respectively 
m* —n?, m3 —n3, m4 — ni, m®—n®, m™ —n". 
3. When the divisor is a+1, and the dividends are 
respectively ;, 
a*—1, a? +1, a5 +1, a? +1, a-1. 
4 When the divisor is y—1, and the dividends are 


respectively 
P y-1, ¥-1, Y-1, y'-1, yY-1. 


‘1 
- 


V. ON THE RESOLUTION OF EXPRES- 
SIONS INTO FACTORS. 


86. WE shall discuss in this Chapter an operation which 
is the opposite of that which we call Multiplication. In Mul- 
tiplication we determine the product of two given factors : in 
the operation of which we have now to treat the product is 
gwen and the factors have to be found. 


87. For the resolution, as it is called, of a product into its 
component factors no rule can be given which shall be applic- 
able to all cases, but it is not difficult to explain the process 
in certain simple cases. We shall take these cases separately. 


88. Case I. The simplest case for resolution is that in 
which all the terms of an expression have one common factor. 
This factor can be seen by inspection in most cases, and there- 
fore the other factor may be at once determined. 


Thus a*+ab=a (a+b), 
2a° + 4a? + 8a=2a (a? + 2a+ 4), 
Gary — 18a07y? + 54ary = Ixy (a — 2ry +6). 


Resolve into factors : 
1. 5a?—152. 
2. 322+ 1807 - 6x. 
3. 49y?-14y+7. 
4 Aady — 1222? + Bary’. 


at — aa + ba? + cx. 

3a5y> — Qlarty? + 27x3yt, 
54a5b? + 108a%D’ — 243a8b%, 
45a7y! — 90x5y? — 360x478. 


00. St SY in 


44 asta albaaias INTO FACTORS. . 
89. Case II. The next case in point of simplicity is that 

in which four terms can be so arranged, that the first two have 

a common factor and the last two bare a common factor. 
Thus 


x* + ax + be + ab= (a? + ax) + (ba + ab) 
=2£ (x+a)+b (a@+a) 
=(x+b) (a@+a). 


ac — ad — be + bd = (ac — ad) — (be — bd) 
=a (c—d)—b (c—d) 
= (ab) (¢-d), 


Again 


EXAMPLES.—XViii. Ep 
Resolve into factors : 
1. 2? -—ax—br+ab. 
2. ab+azc—br—2% 
3. be+by—cy-y’. 
4. bm+mn+ab+an. 


aba? — ary + bry - 1”. 

abe — aby + eda — edy. 

cdx* + dmay — enay — mny?. 
aber — da ~ acdy + bd2y. 


90. Before reading the Articles that follow the student i 
advised to turn back to Art. 56, and to observe the manner ir 
which the operation of multiplying a binomial by a binomial — 
produces a trinomial in the Examples there given. He will 
then be prepared to expect that in certain cases a trino 
can be resolved into two binomial factors, examples of which 
shall now give. 


SO A 


91. Case III. To find the factors of 
x + 7a +12, 
Our object is to find two numbers whose product is 12, . 
; and whose sum is 7. 
These will evidently be 4 and 3, 

"+ Ta +12=(¢+4) (e+). 
Again, to find the factors of ’ ap. na 

. ax + Bhar + 6%. > 
Our object is te find two numbers whose product is oe, 


and whose sum is 6b, 
These will clearly be ab and 2b, 


4, “2+ Sha + 6b = (x + 3b) (a + 2b). 
¢ 9 : 


6 
Le * 
rs 
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Resolve into factors : 


1. #+11lx+30. Y 9 yF+19ny+48n7, 

2. #+17%+60. Io. 22+ 29pz+ 100p%. 

3. y?+13y+ 12. 11. t+ 52?+6. 

4. y?+21y+110. 12. 28+ 4a3+ 3. 

5. m?+35m+ 300. 13. wy?+ 18ay +32. 

6. m*+23m + 102. 14. ay*+ Taty? +12. 
¥7, a®+9ab+ 8b. 15. m+10m> +16. 
V8. 284+13mar+36m?, 16. n?+27nq + 140q%. 


93. Case IV. To find the factors of 
x? — 9x + 20. 


- Our object is to find two negative terms whose product is 20, 
and whose sum is ~ 9, 


These will clearly be -5 and —4, 
“. a —90+20=(«%—5) (x - 4). 


EXAMPLES.—xXxX. 


Resolve into factors ; 


1. 2—7x+10. 6. n*-57n+56. 

2. «—29x%+190. 7, 0 — 723 +12. 

3. y? — Wy + 132. 8. ab? — 27ab + 26. 

4. y?—30y+ 200.9% g. b4c® — 11b?c? + 30. 

5. n?—43n+ 460. 10. 2?y’2? — 13ayz +22, 


92. Case V. To find the factors of 
a? + 5a — 84. 
Our object is to find two terms, one positive and one negative, 
whose product is — 84, and whose sum is 5. 


> 


These are clearly 12 and —7, 
“+ 5a ~ 84 (4% +12) (x - 7). 


46 RESOLUTION INTO FACTORS. 


eT 


EX AMPLES,.—XXi. 


Resolve into factors : 


1. 224 7x —60. 6. 02+ 25b- 150. 

2. «+127—45. 7. ow+3at-4, 

3. a?+lla—12. 8. xy? + Bay — 154, 

4. a? +13a—140. g. m+ 15m>— 100. X 
5. b?+4+13b-—300. 10, n*+17n—390. 


94. Case VI. To find the factors of 
— 3a — 28. 


Our object is to find two terms, one positive and one negative, 
whose product is — 28, and whose sum is ~3. ; 


These will clearly be 4 and — 7, 
— 3a —28=(2+4)(e—7). 


EXAMPLES.—xXXii. 


Resolve into factors : 


1. «#—5x- 66. 6. — 152-100. 

2, a-Tx-18. 7. 2— 9x5 — 10, 

a. — 9m — 36. 8. c’d? —24cd — 180, 

4. ~—11n- 60. 9g. mn?~min—2. 

5. y’—ldy-14. 10. p*q* — Sp'q? — 84m 


95. The results of the four preceding articles may be thus 
stated in general terms: a trinomial of one of the forms 


a? +an+b, 2? —ax+b, «+ ax—b, w—an—b, 


may be resolved into two simple factors, when } can 
solved into two factors, such that their sum, in the fi 
forms, or their difference, in the last two forms, is eq i to a, 

96. We shall now give a set of Miscellaneous Examples on 
the resolution into factors of expressions which come under 
one or other of the cases already explained. 


eg 


zs 
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Resolve into factors: 


1. o—157+36. - 8. a+me+na+mn. 
2. a+4a—-45. 9. y®—4y3+3. 
3. ab? — 16ab — 36. 10. «*y — aba — cay + abe. 
4? a8 —38mat— 10m. 11. «+(a—b)a-ab. 
5. y'+y>—90. a I2, “—(c=-d)u—ced. 

at — ~? — 110. I 

a + 3ax7 + 4a7x. I 


3. ab? —bd+cd —abe. 
4. yao — 28xry + 48y?. Nf. ie “Hae 
97. We have said, Art. 45, that when a number is multi- . 
plied by itself the result is called the Square of the number, 
and that the figure 2 placed over a number on the right hand 
‘indicates that the number is multiplied by itself. 


Thus a? is called the square of a, 
(c —y)? is called the square of «—y. 


The Square Root of a given number is that number 
whose square is equal to the given number. 

Thus the square root of 49 is 7, because the square of 7 
is 49. 


So also the square root of a? is a, because the square of a is 
a2: and the square root of («—y)? is —y, because the square 
of a—y is («—y)”. 

The symbol J placed before a number denotes that the 
square root of that number is to be taken: thus ,/25 is read 
“the square root of 25.” 


Note. The square root of a positive quantity may be either 
positive or negative. For 
since a multiplied by a gives as a result a, 
and —a multiplied by —a gives as a result a?, 
it follows, from our definition of a Square Root, that either a 
or —a may be regarded as the square root of a? 


But throughout this chapter we shall take only the postéive 
value of the square root, 
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98. We may now take the case of Trinomials which are 
perfect squares, which are really included in the cases dis- 
cussed in Arts. 91, 92, but which, from the importance they 
assume in a later part of our subject, demand a separate con- 
sideration. 


99. Case VII. To find the factors of 
a? + 129+ 36. 


Seeking for the factors according to the hints given in Art. 
91, we find them to be «+6 and 7+6. 


That is 2? + 127+ 36=(%+6)*. 


EXAMPLES.—xXXiv. 


Resolve into factors : 


1. 2 +180+81. 6. «t+ 1402+ 49, 

2. 2 +260 +169. 7. @ + 1Owy + 25y?. 

3. a? +340 +289. 8. m+ 16m*n? + 64n4, 
4. y?+2y+1. 9. a+ 2403 +144, 

5. 2+ 2002+ 10000. 10. wy? + 1620y +6561. 


100, Case VIII. To find the factors of 
xv? — 12%+ 36. 


Seeking for the factors according to the hints given in Art 
92, we find them to be «—6 and w- 6, 


That is, 2? - 120+ 36=(a -6)*. 


EXAMPLES,—XXV. 
Resolve into factors : 


1. 22-804 16, 2. a? — 280 +196. 3. o — 3624+ 324, 
4. y? — 40y + 400, 5. 2° — 100z + 2500. 6. at — 2272 + 191. 
7, x — 30xy + 225". 8. m* ~ 32m*n® + 256n4, 


9. 2 ~ 380° + 361. ; 
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101, Case IX. We now proceed to the most important 
tase of Resolution into Factors, namely, that in which the ex- 
pression to be resolved can be put in the form of two squares 
“vith a negative sign between them. 


Since m —n?=(m +n) (m—n), 


we can express the difference between the squares of two 
quantities by the product of two factors, determined by the 
“ollowing method ; 


Take the square root of the first quantity, and the square 
root of the second quantity. 

The sum of the results will form the first factor. 

The difference of the results will form the second factor. 


For example, let a? —b? be the given expression. 
The square root of a? is a. 
The square root of b? is b. 
The sum of the results is a +6, 
The difference of the results is a —b. 


The factors will therefore be a+b and a—6, 
that is, a? —b?=(a+b) (a—D). 


102. The same method holds good with respect to com- 
pound quantities. 
_ Thus, let a?—(b-—c)? be the given expression. 
~The square root of the first term is a. 

The square root of the second term is b —c. 

The sum of the results is a+b-—c. 

The difference of the results is a—b+c. 

. a—(b-c)?=(a+b-c)(a-b+e). 


Again, let (a — b)?— (c —d)? be the given expression. 
The square root of the first term is a — 6. 
The square root of the second term is ¢—d. 
The sum of the results is a~b+¢e~—d. 
The difference of the results is a—b—c+d. 
“. (a—b)?- (c-d)?=(a—-6+c-d) (a—b-c+d), 
[s.a.] = 


D 


103. The terms of an expression may often 
so as to form two squares with the negative § ign 


Thus a’?+b*—c?—d?+2ab+2cd 
=a? + 2ab +b? — 0c? +2cd — d* 
= (a? + Qab + b*) — (c? -— 2cd + d*) 
=(a+b)- (¢-d? 
=(a+b+c-d)(a+b-c+d). 


EX AMPLES.—XXVi. 


Resolve into two or more factors : 


1, 2 -y?. 2, c?-9. 3. 40?- 25, 
4. at—a4 5. v—1, 6. a -1, 

7. 8-1. 8. m*—16. 9. 36y? — 4922, 
10. 8la*y?-1210°b% 11. (a—b)?-c2, 12, 2 —(m=n)*. 
13. (a+b)?—(c+d). 24. Qay 2? —y? +1, 

14. (@+y)?-(@-y)*. ne25) P— Qyz— yr — 2, 


15. ©? — Qay + y? — 27, 26. a? — 4b? — 9c? +] 2he. 


16. (a—b)*— (m+n). a7. at 160", 

17. a*—2ac+c?—-b?-Qbd-d*%, 28. 1-49c%, 

18. Qbe — b? — 2 +a”. 29. a? +b? — c? — d? — % 
19. Qcy + a2 + y?— 2. 30. a*—b? +c? — d*— 2ae4 
20. Imn —m?—n2+a2+b?-2ab. 31. 3a%x*—2Qax, De 

21. (ax+by)-1. 32. att8— 8, 

22. (ax + by)* — (ax — by)’. 33. (6a~2)— 

23. 1-a?—b?+2ab, 34. (Ta+ 4 


35: en Se fete ee 


104. Case X. Since 


e+as 
t+a 


we know the following important frcts ; 


=2?-ar+a’, 


) 
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(1) The swm of the cubes of two numbers is divisible by 
the sum of the numbers : 

(2) The difference between the cubes of two numbers is 
divisible by the difference between the numbers. 

Hence we may resolve into factors expressions in the form 
of the sum or difference of the cubes of two numbers. 

Thus 0 + 27 =a + 33= (w~ + 3) (x? - 324+ 9) 

y> — 64=y8 — 4° = (y — 4) (y? + 4y + 16). 
a 
EXAMPLES.—xXvVii. 


Express in factors the following expressions : 
I. a+b? 2. a> - BP. 3. a - 8. 4. 22 +348, | 


5. D3 - 125. 6. x? + 64y°, 7. a —216. 8. 8x3 + 27y%. 
9. 64a? — 100083, 10. 72923 + 512y3. 


Express in fowr factors each of the following expressions : 
Ir. 28 —y?, EZ. a — 1 13. a°— 64. 14. 729—y8, _ 


105. Before we proceed to describe other processes in 
Algebra, we shall give a series of examples in illustration of 
the principles already laid down. 

The student will find it of advantage to work every example 
in the following series, and to accustom himself to read and to 
explain with facility those examples, in which illustrations are 
given of what may be called the short-hand method of expressing 
Arithmetical calculations by the symbols of Algebra. 


EX AMPLES.—XXViii. 


1. Express the sum of @ and 6. 

2. Interpret the expression a—b+e. 

3. How do you express the double of x? 

4. By how much is a greater than 5? 

5. If « be a whole number, what is the number next 
above it ? 


6. Write five numbers in order of magnitude, so that « 
shall be the third of the five. 


9 
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7. Ifa be multiplied into zero, what is the result ? 
8. If zero be divided by z, what is the result ? 
9. What is the sum of a+a+a... written d times? 


1o. If the product be ac and the multiplier a, what is the 
multiplicand ? 


11. What number taken from z gives y as a remainder ? 


12. A isa years old, and B is y years old ; how old was A 
when B was born ? 


13. A man works every day on week-days for « weeks in 
the year, and during the remaining weeks in the year he does 
not work at all. During how many days does he rest ? 


14. There are x boats in arace. Five are bumped. How 
many row over the course ? 


15. A merchant begins trading with a capital of x pounds. 
He gains a pounds each year. How much capital has he at 
the end of 5 years ? ' 


16. A and B sit down to play at cards. A has « shillings 
and By shillings at first. .A wins 5 shillings. How much has — 
each when they cease to play ? 


17. There are 5 brothers ina family. The age of the eldest 
is « years. Each brother is 2 years younger than the one next _ 
above him in age. How old is the youngest ? 


18. I travel « hours at the rate of y miles an hour. How 
many miles do I travel ? ts 
19. From a rod 12 inches long I cut off inches, and t 
I cut off y inches of the remainder. How many inches are 
left ? ‘ 
20. If n men can dig a piece of ground in g hours, ho 
many hours will one man take to dig it? 
21. By how much does 25 exceed a? 


22. By how much does y exceed 25? 


“ 


23. If a product has 2m repeated 8 times as a factor 
do you express the product ? 


x 24. By how much does a+ 2h exceed a— 2h? 
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26. <A boy is y years of age, how old will he be 7 years 
hence ? 


27. Express the difference between the squares of two 
numbers. 


28. Express the product arising from the multiplication of 
the sum of two numbers into the difference between the same 
numbers. 


29. What value of x will make 8z equal to 16? 

30. What value of x will make 28x equal to 56? 
2 
7 
32. What value of x will make 7+ 2 equal to 9? 


31. What value of « will make = equal to 4? 


33. What value of x will make x— 7 equal to 16? 
34. What value of x will make 2?+9 equal to 34? 
35. What value of x will make «- 8 equal to 92? 


EX AMPLES,.—xXxXix. 


Explain the operations symbolized in the following expres- 
sions : 


I. a+b. 2. a? — b*, 3. 4a + 3, 4. 4(a7 + b?). 
g. a?-2b+3c. 6. at+mxb-—c. 7. (a+m)(b-c). 8 Ja 
9. Je +y% Xio. a+2(3-c). Il. (a+2)(3—c). 
_ @+b? Je—y? Ja? + y2 
12. Aad ° 13. oy T4. WE 


EXAMPLES,—xXxXxX,. 


If a stands for 6, 6 for 5, x for 4, and y for 3, find the value 
of the following expressions : 


/1, at+e-—b—-y. 2. a+y-—b-a. 3. 8a + 4y —b— Qa, 
4. 3(a+b)-2(x—-y). 5. (+2) (b-y). 6. 2a4+3(e+y). 
7. (2a+3) (x+y). 8. 2a+3x0+y. 9. ee 


10. aba. II, ab(z@+y). 12. ay(b+a)%. 


—— 


~ 
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13. ab (a — y)?. 14. /5b. 15. /y. 

16. (,/a)*. 17. (Jx+b)2. 18. ,/5bz. 

19. ,/2acy. 20. pene 21. 3a+(Qr—y)?. 
22. ja—(b-y)}{a-(a-y)}. 24. 3(a+b-y)+4(at+ay. 
23. (a-—b-y)?+(a-a+y). 25. 3(a—b)? + (4a —y*)*. 


EXAMPLES,.—xXXXi. 


1. Find the value of 
3abe — a8 +b? + c8, when a=3, b=2, c=1. 
2. Find the value of 
a + y3 — 23 4+ 3eyz, when 2=3, y=2, 2=5. 
3. Subtract a? +c? from (a+c)?. 
4. Subtract («—y)? from 2? + y*. 
5. Find the coefficient of in the expression 
' (a+b)? a — (a+ ba)’. 
6. Find the continued product of 
22 -—m, 2e+n, + 2m, x - Qn. 
7. Divide 
acr® + (be + ad) r? + (bd + ae)r + be by ar+b; 
and test your result by putting 
a=b=c=d=e=1, and r=10. 
8. Obtain the product of the four factors 
(a+b+c), (b+ce-a), (c+a—6), (a+b—c), 
What does this become when c is zero; when 6+c=a; 
when'a=b=c? 


9. Find the value of 
(a+b)(b+c)—(c+d)(d+a)—-(a+c)(b-d), 
where b is equal to d. 
10. Find the value of 
3a + (2b - c%) + {c? - (Qa +3b)| + {3c — (2a + 3b){%, 
when a=0, b= 2, c= 4, 
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11. If a=1, b=2, c=3, d=4, shew that the numerical 
values are equal of 
{}d—(c—b+a)}{(d+c)-(b+a){, = 
and of d? — (c? +b") + a? + 2(be — ad). 
12. Bracket together the different powers of x in the follow- 
ing expressions ; 
(a) ax? + ba? + cx+ da. 
(8B) aa? — ba? — ca? — da? + Qa? 
(y) 423 — ax’ — 3x? — ba? — 5a — cx. 
(5) (a+)? -(b - 2). 
(e) (ma? + qa + 1)? — (na?+ gat 1), 
13. Multiply the three factors x-a, «-—b, x-—c together, 
and arrange the product according to descending powers of a. 


14. Find the continued product of (a+) (c+b) (« +c). 


15. Find the cube of a+b+c; thence without further 
multiplication the cubes of a+b-c; b+c—a; c+a—6b; and 
subtract the sum of these three cubes from the first. 


16. Find the product of (3a + 2b) (3a +2c— 3b), and test the 
result by making a=1, b=c=3. 


17. Find the continued product of 
a-2, a+, a*+2%, at+at, ab+2%, 

18. Subtract (b—a)(c-—d) from (a—b)(c-d). 

What is the value of the result when a=2b and d=2c? 

19. Add together (b+ y)(a+2), x—y, ax—by, and a(a+y). 

20. What value of x will make the difference between 
(a+1) (7+2) and. (#—1) (a —2) equal to 54? 

21. Add together ax —by, x—y, x(z—y), and (a—x)(b-y). : 

22. What value of x will make the difference -between’ 
(22 +4).(3x¢+4) and (3% -2)(2a—8) equal to 96? 

23. Add together - 

Qa —3ny, x+y, 4(m+n)(«—y), and ma+ny. 


24. Prove that 
(ctytartety?t+2=(2t+y)?+(yts)?t+ (ete) 
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25. Find the product of (2a +36) (2a + 3c — 2v), and test the 
result by making a=1, b=4, c=2. 
26. If a, b,c, d,e... denote 9, x 5, 3, 1, find the values of 


ab —cd 2 
cde 3 (007 ad) (bd ce); = as 


27. Find the value of 

sabe — a + U3 +c when a=0, b=2, c=1. 
28. Find the value of 

2Qab? 


300 when a=4, b=1, c=2. 


29. Find the value of 
(a—b-c)?+(b-—a—c)?+(c—a—b)? when a=1, b=2, c=3. 
30. Find the value of 
(a+b—c)?+(a—b+c)?+(b+ce-a)? when a=1, b=2, c=4, 
31. Find the value of 

(a+b)? +(b+c)?+(c+a)? when a= - 1, b=2, c= -3. 
32. Shew that if the sum of any two numbers divide the 


difference of their squares, the quotient is equal to the differ- 
ence of the two numbers. 


qd} and da‘ —c’%. 


33. Shew that the product of the sum and difference of any 
two numbers is equal to the difference of their squares, 


34. Shew that the square of the sum of any two consecu- 
tive integers is always greater by one than four times their 
product. 


35. Shew that the square of the sum of any two consecutive 
even whole numbers is four times the square of the odd number 
between them. 


36. If the number 2 be divided into any two parts, the 
difference of their squares will always be equal to twice the 
difference of the parts. 


37. If the number 50 be divided into any two parts, the 
difference of their squares will always be equal to 50 times the 
difference of the parts. 


38. If a number n be divided into any two parts, the 
difference of their squares will always be equal to n times the 
difference of the parts. 


os 
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39. Iftwo numbers differ by a unit, their product, together 
with the sum of their squares, is equal to the difference of the 
cubes of the numbers. 

40. Shew that the sum of the cubes of any three consecu- 
tive whole numbers is divisible by three times the middle 
number. 


VI. ON SIMPLE EQUATIONS. 


106. An Equation is a statement that two expressions 
are equal, 

107. An IpENTICAL EQuaATION is a statement that two ex- 
pressions are equal for all numerical values that can be given 
to the letters involved in them, provided that the same value 
be given to the same letter in every part of the equation. 

Thus, (x+ a)? =a? + 2ax+ a? 
is an Identical Equation. 

108. An EquaTIOoN oF CoNDITION is a statement that two 
expressions are equal for some particular numerical value or 
values that can be given to the letters involved. 

Thus, o+1=6— 
is an Equation of Condition, the only number which # can 
represent consistently with this equation being 5. 

It is of such equations that we have to treat. 

109. The Roor of an Equation is that number which, when 
put in the place of the unknown quantity, makes both sides of 
the equation identical. 

110. The Sonuriton of an Equation is the process of find- 
ing what number an unknown letter must stand for that the 
equation may be true; in other words, it is the method of 
finding the Root. 

The letters that stand for unknown numbers are usually 
x, y, 2, but the student must observe that any letter may 
stand for an unknown number. 

111. A Simple. Equation is one which contains the 
jirst power only of an unknown quantity. This is also called 
an Equation of the First Degree. 
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112. The following Axioms form the grouniwork of the 
solution of all equations. 

Ax. I. If equal quantities be added to equal quantities, 
the sums will be equal. 

Thus, if a=b, 

at+c=b+e. 

Ax. II. If equal quantities be taken from equal quantities, 
the remainders will be equal. 

Thus, if 2=4, 

g-2=Y—2 

Ax. III. If equal quantities be multiplied by equal quan- 
tities, the products will be equal. 

Thus, if a=6, 

ma=mob. 

Ax. IV. If equal quantities be divided by equal quantities, 
the quotients will be equal. 

Thus, if DY = 2, 

y=2. 

113. On Axioms I. and ITI. is founded a process of great 
utility in the solution of equations, called Taz TRANSPOSITION 
or Terms from one side of the equation ‘« the other, which 
may be thus stated : 

“ Any term of an equation may be transferred from one side . 
of the equation to the other ¢f its sign be changed.” 

For let x—-a=b, 

Then, by Ax. I., if we add a to both sides, the sides remain 
equal : 


therefore «-a+a=b+a, 
that is, o=b+a. 
Again, let a+c=d, 


Then, by Ax. IL, if we subtract c irom eerh side, the sides 
remain equal : 
therefore a+ce—c=d-c, 
that is, £=t—c. 
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114. We may change all the signs of each side of an equa- 
tion without altering the equality. 

Thus, if a-xz=b-c¢, 

Z—a=c—b, 

115. We may change the position of the two sides of the 
equation, leaving the signs unchanged. 

Thus the equation a—b=a-—c, may be written thus, 

*%—c=a—b. 

116. We may now proceed to our first rule for the solution 
of a Simple Equation. 

Rule I. Transpose the known terms to the right hand side 
of the equation and the unknown terms to the other, and com- 
hine all the terms on each side as far as possible. 

Then divide both sides of the equation by the coefficient of 
the unknown quantity. 

This rule we shall now illustrate by examples, in which « 
stands for the unknown quantity. 

Ex. 1. To solve the equation, 

5a —-6=32+2. 
Transposing the terms, we get 
5x2 —30=2+6. 
Combining like terms, we get 
22=8. 
Dividing both sides of this equation by 2, we get 
v=4, 
and the value of x is determined. 
Ex. 2. To solve the equation, 
7x +4=252 — 32. 
Transposing the terms, we get 
7x —25x= —32-4, 
Combining like terms, we get 
— 18x= — 36. 
Changing the signs on each side, we get 
18x= 36. 
Dividing both sides by 18, we get 
e=Y, 
and the value of a is determined. 
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Ex. 3. To solve the equation, 
2a — 32+ 120= 4a —- 6x + 132, 


that is, 2x — 30 — 40+ 6a=132— (x, 
or, 82 — 7x=12, 
therefore, c= 12, 


Ex. 4. To solve the equation, 
32 +5-—8(13—2)=0, 


that is, 3¢+5-—104+8%=0. 
or, 32 +8xr=104—5, 
or, llz=99, 
therefore, e=Q, 


Ex. 5. To solwe the equation, 
6x — 2 (4—32)=7-3 (17 -a@ 


that is, 6x —8+ 62=7 —51 +432, 
or, 6x + 6c - 3a=7 -51+8, 

or, 12 —82=15 -51, 

or, 9r= — 36, 

‘therefore, =-4, 


EXAMPLES.—xXxXxxii. 


1%. 7a+5=5e+11. g. 26 -8x=80- 14m, 

2. 124+7=8a-+-15. 10. 133 -32=2-83. 

3. 236x + 425 = 972+ 564. HH. 13-3a=54~5. 

4. 5a—-7=32+7. 12. 127+ 97=12¢+100. 

§. 12a-9=82-1. 13. 15-5%=6 — 4a. 

6. 1247+ 19=1127+ 43. 14. 30-22=7x+6. 

7. 18 -2a0=27 — 5a. 15. 8+4¢7= 127-16. 

8. 125 — 7a= 145 — 122. 16. bx — (8a —'7)= 4a — (6% - 35), 


17. 6a — 2(9 — 4a) +3 (5a —'7)= 10x — (4 + 162) + 35. 
18. 9 —3 (5a -6)+30=0, 

19. 122-5 (9a+3)+6(7 — 8x) + 783=0. 

20, «-7(4e—11)=14(@-—5)- 19(8 — a) — €2. 

21. (a+7)(a—-3)=(a—5)(a- 15). 
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22. (w©—8)(w@+12)=(%+ 1) (w-6). 

23. (w—2)(7 —x) + (w— 5) (w+ 8) —2(@-1)+12=0. 

24. (2a —7)(w+5)=(9 — 2x)(4—@) + 229. 

25. (7 — 6x) (3 — 2x) = (4a — 3) (3a — 2). 

26. 14-—a«-5(e@-—3)(w@+2)4 (5 — a) (4 — 5x) = 45x — 76. 
27. (e+ 5)?-(4—2)?=2102. 

28. 5(w—2)?+ 7(«@—3)?=(8x —7)(4a — 19) + 42. 

29. (3u—17)?+ (4x — 25)? — (5a — 29)? =1. 

30. (w+ 5)(a@—-9)+ (w+ 10)(@— 8) = (2443) (a — 7) - 118. 


VII. PROBLEMS LEADING TO SIMPLE 
EQUATIONS. 


117. WHEN we have a question to resolve. by means of 
Algebra, we represent the number sought by an unknown 
symbol, and then consider in what manner the conditions of 
the question enable us to assert that two expressions are equal. 
Thus we obtain an equation, and by resolving it we determine 
the value of the number sought. 


The whole difficulty connected with the solution of Alge- 
braical Problems lies in the determination from the conditions 
of the question of two different expressions having the sameé 
numerical value. 

To explain this let us take the following Problem: 


Find a number such that if 15 be added to it, twice the sum 
will be equal to 44. 


Let x represent the number. 
Then «+15 will represent the number increased by 15, 


anl 2(e +15) will represent twice the sum, 
But 44 will represent twice the sum, 

therefore 2(%+ 15)=44, 
Hence 2x + 30=44, 

that is, : 2n= 14, 

or, x=7, 


and therefore the number sought is 7. 


“ hos i aan 
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118. We shall now give a nebie of Easy Probie s, In 
which the conditions by which an equality between two expres- 
sions can be asserted may be readily seen. The student should 
be thoroughly familiar with the Examples in set xxviii, the use 
of which he will now find. 


We shall insert some notes to explain the method of repre- 
senting “quantities by algebraic symbols in cases where some 
difficulty may arise. ew! 


EXAMPLES.—xXXxXiii. A 

1. To the double of a certain number I add 14 and obtain 
asa result 154. What is the number? 

2. To four times a certain number I add 16 and obtain as 
a result 188. What is the number? 

3. By adding 46 to a certain number I obtain as a ie a 
number three times as large as the original number. Find the 
original number. 

4. One number is three times as large as saad ft. 
take the smaller from 16 and the greater from 30, the Tremaim- 
ders are equal, What are the numbers ? 

5. Divide the number 92 into four parts, such that th 
is greater than the second by 10, greater than the third b 
and greater than the fourth by 24. : 


2 6. The sum of two numbers is 20, and if sty the a st! 


i, Smaller number be added to five times the greater 
84. What are the numbers? \5 _ 
a 

7. The joint ages of a father and his son are 80 years. If 
the age of the son were doubled he would be 10 years old 
than his father. What is the age of each? 

8. A man has six sons, each 4 years older than t 
next to him. The eldest is three times as old as the younges 
What is the age of each ? oe 


9. ra £24 to a certain sum, and the amount will be a 


10. Thirty snake of cloth and forty vial of silk 1 ogeth 
<e cost £66, and the silk is twice as valuable as the ie ‘Find 
_ the cost of a yard of each. : 


" . 3 r 
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11. Find the number, the double of which being added to 
24 the result is as much above 80 as the mumber itself is below 
100. — 

12. The sum of £500 is divided between A, B, Cand D; 
A and B have together £280, A and C £260, A and D £220, 


How much does each receive ? 


13. Inacompany of 266 persons, composed of men, Women, 
and children, there are twice as many men as there are women, 
and twice as many women as there are children. How many 
are there of each ? 


14. Divide £1520 between A, B and C, so that A has £100 
less than B, and B £270 less than C. 


15. Find two numbers, differing by 8, such that four times 
the less may exceed twice the greater by 10. 


..&16. A and B began to play with equal sums. A won £5, 
and then three times A’s money was equal to eleven times B’s 
money. What had each at first ? 

17, Ais 58 years older than B, and A’s age is as much 
above 60 as B’s age is below 50. Find the age of each. 

18. A is 34 years older than B, and A is as much above 50 
as B is below 40. Find the age of each. 

19. A man leaves his property, amounting to £7500, to be 
divided between his wife, his two sons and his three daughters, 
as follows : a son is to have twice as much as a daughter, and 
the wife £500 more than all the five children together. How 
much did each get ? 

20. A vessel containing some water was filled up by pour- 
ing in 42 gallons, and there was then in the vessel 7 times as 
much as at first. How many gallons did the vessel hold ? 

21. Three persons, A, B, C, have £76. B has £10 more 
than A, and ( has as much as A and B together. How much 
has each ? . 

y 22. What two numbers are those whose difference is 14, 
and their sum 48 ? " 

23. A and B play at cards. A has £72 and B has £52 
when they begin. When they cease playing, A has three times 
as much as B. How much did A win }? 


NSF 
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‘ Norn I. If we ies? to express algebraically + two pari rt 
which a given number, suppose 50, is divided, and we re e- 
sent one of the parts by 2, the other will b ote by 
50 -@. 


| 


EX. Divide 50 into two such parts that the dou 
part may be three times as great as the other part. — 


Let x represent one of the parts. 
Then 50~—« will represent the other part. 
Now the double of the first part will be’ represen ¢ 


2x, and three times the second part will be represente 
3 (50-2). 


Hence 2a =3 (50 —2), 
or, 27%= 150 — 32, 
or, 5a= 150; 

“. ©=30. 


Hence the parts are 30 and 20. 


24. Divide 84 into two such parts that three times on e part 
may be equal to four times the other. 


25. Divide 90 into two such parts that four times o ne p 
may be equal to five times the other. 


26. Divide GO into two such parts that one part is g 
than the other by 24. a 


- 27, Divide 84 into two such parts that one part is less 
the other by 36. . 


28. Divide 20 into two such parts that if three ti imés one 
part be added to five times the other part the sum may 


Nore lI]. When we have to compare the seeialie 
sons at one time and also some years after or before, we yi 
be careful to remember that both will be so many yea ars ol 
or younger. 


Thus if « be the age of A at the present time, 
the aye of B at the present time, , 


i 
ee: 


The age of A 5 years hence will be a+ 5, 
and the age of B 5 years hence will be 2H +5, 
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Ex. A is 5 times as old as B, and 5 years hence A will 
only be three times as old as B. What are the ages of 4 and 
B at the present time ? 


Let « represent the age of B. 
Then 5a will represent the age of A. 


Now «+5 will represent B’s age 5 years hence, 
and 5x+5 will represent A’s age 5 years hence. 


Hence 5a+5=3(«+8), 
or 5a4+5=32+ 15, 
or Yi == IN(0) & 

“. ©=5. 


Hence A is 25 and B is 5 years old. 40 


29. Ais twice as old as B, and 22 years ago he was three. 301 = /2 4 
times as old as B. What is A’s age ? 


> 
) 30. A father is 30; his son is 6 years old. In how many 
years will the age of the father be just twice that of the son ? 


31. A is twice as old as B, and 20 years ae he was three 
times as old. What is B’s age? 


32. A is three times as old as B, and 19 years hence he will 
be only twice as old as B. What is the age of each ? 


33. A man has three nephews. His age is 50, and the sutx ~42* 


joint ages of the nephews are 42. How long will it be before’ ‘~x “sv 
the joint ages of ae Boone will be equal to the age of the -,, . ¢ 
uncle? J44* > 1 ) hi uf 


Nore III. In problems involving weights and measures, 
after assuming a symbol to represent one of the unknown 
quantities, we must be careful to express the other quantities 
an the same terms. Thus, if « represent a number of pence, all 
the sums involved in the problem must be reduced to pence. 


Ex. A sum of money consists of fourpenny pieces and six- 
pences, and it amounts to £1. 16s. 8d. The number of coins 
is 78. How many are there of each sort ? 

[s.a.] E 


é -_ & 


66 PROBLEMS LEADING TO SIMPLE EQUATIONS. 


Let « be the number of fourpenny pieces. 
Then 4a is their value in pence. 

Also 78 —« is the number of sixpences. 
And 6 (78 —2) is their value in pence. 

Also £1. 16s. 8d. is equivalent to 440 pence. 


Hence 4¢ + 6 (78—a)=440, 
or 4% + 468 — 62 = 440, 
from which we find «= 14. 


Hence there are 14 fourpenny pieces, 
and 64 sixpences. ‘ 


34. A bill of £100 was paid with guineas and half-crowns, 
and 48 more half-crowns than guineas were used. How many 
of each were paid ? 


Sh Person paid a bill of £3. 14s. with shillings and 
half-crowns, and gave 41 pieces of money Seer How 
many of eash were paid ? 


36. A man has a sum of money amounting to £11. 13s. 4d., 
consisting only of shillings and fourpenny pieces. He has in. 
all 300 pieces of money. How many has he of each sort ? 


37. A bill of £50 is paid with sovereigns and moidores of 
27 shillings each, and 3 more sovereigns than moidores are 
given. How many of each are used ? 


38. A sum of money amounting to £42. 8s. is made up of 
shillings and half-crowns, and there are six times as many 
half-crowns as there are shillings, How many are there of 
each sort ? . 


39. Ihave £5. 11s. 3d. in sovereigns, shillings and pence. 
I have twice as many shillings and three times as many pence 
as I have sovereigns. How many have I of each sort ? 


- hot LAL 


VIII. ON THE METHOD OF FINDING 
THE HIGHEST COMMON FACTOR. 


119. AN expression is said to be a Factor of another 
expression when the latter is divisible by the former. 


Thus 3a is a factor of 12a, 
BO le da vusin's’ of 15x?y?. 


120. An expression is said to be a Common Factor of two 
or more other expressions, when each of the latter is divisible 
by the former. 


Thus 3a is a common factor of 12a and 15a, 
SY cocsintatgscnmessecs ss. of 15a7y? and 21a3y3, 
Aes Sid oetnedicscacs accesses of 8z, 122? and 1623, 


121. The Highest Common Factor of two or more expres- 
sions is the expression of highest dimensions by which each of 
the former is divisible. 


Thus 6a? is the Highest Common Factor of 12a? and 18a, 
SEEM eg Cuaron \ueuwesets Uap aedies of 10a%y, 15a2y? 
and 25arty3, 


Note. That which we call the Highest Common Factor is 
named by others the Greatest Common Measure or the Highest 
Common Divisor. Our reasons for rejecting these names will 
be given at the end of the chapter. 


122. The words Highest Common Factor are abbreviated 
thus, H.C.F. 

123. To take a simple example in Arithmetic, it will 
readily be admitted that. the highest number which will 
divide 12, 18, and 30 is 6; © 

Now, 12=2x3xZ, 

18=2x3x3, 
30=2x3x5. 
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Having thus reduced the numbers to their simplest factors, 
it appears that we may determine the Highest Common Factor 
in the following way. 


Set down the factors of one of the numbers in any order. 


Place beneath them the factors of the second number, in 
such order that factors ke any of those of the first number shall — 
stand under those factors. 


Do the same for the third number. 


Then the number of vertical columns in which the numbers — 
are alike will be the number of factors in the H.c.F., and if — 
we multiply the figures at the head of those columns together 
the result will be the H.c.¥. required. 


Thus in the example given above two vertical columns are 
alike, and therefore there are two factors in the H.c.¥. 


And the numbers 2 and 3 which stand at the heads of 
those columns being multiplied together will give the H.c.¥, 
of 12, 18, and 30. 


124. Ex. 1. To find the n.c.r. of a3}?x and a*b3x%, 
ab’ac=aaa.bb .x, 
ebxr=aa .bbb.xx; 
’. H.c.F. =aabba 
=a"bx, 


EX. 2. To find the a.c.r. of 34a7b8c! and 5la®hte® 


3407b%ct =2 x 17x aa_ . bbbbbb. ecce, 
5la®%btc? =3 x17 x aaa. bbbb .cc; 
“. H.C.F. = 17aabbbbee 

=17a*bic?, 


EXAMPLES.—xxxiv, 
Find the Highest Common Factor of | 


1. ab and a*)*. 3. Ida*y” and 24r8y, ¥ 
2. ays and a*y*2", 4 45m*n*p and 60m'np*, i 


j 
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5. 18ab%c*d and 36a*bed?. 8. 17pq?, 34p?¢ and 51p%q’. 
* 6. ab?, a7b? and abt. 9. SuPy?zt, 12034223 and 20axty322, 
7. 4ab, 10ac and 30bc. ro. 380xty®, 90x?y8 and 120x%y4. 


125. The student must be urged to commit to memory the 
following Table of forms which can or cannot be resolved into 
factors. Where a blank occurs after the sign = it signifies 
that the form on the left hand cannot be resolved into simpler 
factors. 2 

x? —y?=(e@+y)(@—y) w?—1=(e+1)(@—1) 

8 + y? = e+ l= 
B—y=(x—y)(a+ayty) #2—-1l=(2—-1)(@+2+1) 
a+ yF=(e+y)(a?-ayty*) #8 + 1=(@4+1) @?-a2 +1) 


atyta(2+y)(@—y) at 1=(22+ 1) (@=1) 
a+ yt= at+1= 

x? + 2ey+y?=(e+y)? a+ 20+1=(¢+1)? 
x? —2Qay + y?=(«-y)y? x —2e+1=(«¢—1)? 


a+ 3a7%y + 3ay?+y=(e@+y)> +3e?4+3c2+1=(c+1)8 
x — 3a°y + 3ay?—-y=(x—y)> =a — 347+ 38a—-1=(a—1)8 
The left-hand side of the table gives the general forms, the 
right-hand side the particular cases in which y=1. 


126. Ex. To find the H.c.r. of 2?—1, 2?—2x2+1. and 

a? + 20-3. 

x?—-1=(x—1)(#+1), 

x? —22+1=(«%-—1)(«-1), 

a + 2u—3=(e—1)(x+3), 
EGP. =a2—1,. 


EX AMPLES.—XXXV. 


1. a?—0? and a?— 6°. 4. a +27 and (a+2)*. 
2. a®—0? and at— Ot. 5. 9x?—1 and (87+1)%. 
3. a? —2? and (a—2)*. 6. 1—25a? and (1—5a)* 


7. x2—y?, (ety)? and a? + 3ay + 2y”. 
8. 22 —y?, 23 —y8 and x? — Tay + 6y”. 
9. 2?-1, #—1 and 2?+2—-2. 

ro. 1—a?,1+a' and a?+5a+4, 


~~ METHOD OF FINDING THE 


127. In large numbers the factors cannot often He deter- 
mined by inspection, and if we have to find the H.c.F. of two ~ 
such numbers we have recourse to the following Arithmetical 
Rule : 


“ Divide the greater of the two numbers by the less, and the 
divisor by the remainder, repeating the process until no re- 
mainder i is left : the last divisor is the H.c.F, required.” 

‘Thus, to find the u.c.F. of 689 and 1573. 

689) 1573 (2 
1378 


195) 689(3 
585 
104) 195 (1 
104 
~91)104(1 
91 


13)91(7 
91 


”. 13 is the n.o.F. of 689 and 1573. 


Find the u.c.F. of 


1. 6906 and 10359. 4. 126025 and 40115. 
2. 1908 and 2736. 5- 1581227 and 16758766. 
3. 49608 and 169416. 6. 35175 and 236845, 


128. The Arithmetical Rule is founded on the following 
speration in Algebra, which is called the Proof of the Rule for 
finding the Highest Common Factor of two expressions. 


Let a and b be two expressions, arranged according to de- 
scending powers of some common letter, of which a is not of 
lower dimensions than b. 


Let b divide a with p as quotient and remainder c, 
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The form of the operation may be shewn thus : 


Then we can shew 
I. That d is a common factor of a and 6, 


II. That any other common factor of a and 0 is a factor of 
d, and that therefore d is the Highest Common Factor 
of a and 6. 


For (I.) to shew that d is a factor of a and 6b: 
b=qe+d 
=qrd+d 
=(gr+1)d, and .. dis a factor of 6; 


and a=pb+c 
=p(qce+d)+e 
=pge+pd+e 
=pqrd + pd+rd 
=(pqgr+p+r)d, and .. dis a factor of a. 


And (II.) to shew that any common factor of a and bisa 
factor of d. 


Let 6 be any common factor of a and 6, such that 
a=m6 and b=n0. 


Then we can shew that 6 is a factor of d. 


For d=b-—qe 
=b-q(a—pb) 
=b-qa+pqb 
=nd—gmd + pqnd 
=(n—qm+pqn) 6, and .. 6 is a factor of d. 


Now no expression higher than d can be a factor of d ; 
“. dis the Highest Common Factor of a and 6. 
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129, Ex. To find the n.c.¥. of 2?4+2¢+land © 
w+ 203 +244 1. 


w+ 2e+1) 2+ 20°+20+1 (a 
+207 +% 
w+1)a2+20+1(¢+1 
x +a 
e+1 
+1 


Hence «+1 being the last divisor is the H.0.F. required. 


‘130, ‘Tn the algebraical process four devices are frequently 
useful. These we shall now state, and exemplify each in the 
next Article. 


I. If the sign of the first term of a remainder be negative, 
we may change the signs of all the terms, 


II. If a remainder contain a factor which is clearly not a 
common factor of the given expressions it may be 
removed. 


III. We may multiply or divide either of the given expres-. 
sions by any number which does not introduce or 
remove a common factor. 


IV. If the given expressions have a common factor which 

can be seen by inspection, we may remove it from 
both, and find the Highest Common Factor of the 
parts which remain. Jf we multiply this result by 
the ejected factor, we shall obtain the Highest Com- 
mon Factor of the given expressions, 


131. Ex. I. To find the n.c.r. of 227—ax-1 and 
6a? — 4a — 2, 
2a? —~x- 1) 6x? - 4c -2(3 
62? - 32-3 
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Change the signs of the remainder, and it becomes. c— li. 
%—1) 20? -w-1(2a+1 
Qa? — Qar 
t—1 
%—1 
The .¢.¥. required is x—1, 


Ex. II. To find the u.c.¥. of 2?+32+2 and 2?+50+6. 
a+ 3xe+2)0?+50+6(1 
x + 30+2 
20+ 4 
Divide the remainder by 2, and it becomes «+2. 
T+2)0?+30+2(e+1 
x + Qa; 
L+2 
+2 
The u.¢.F, required is 7+ 2. 


Fix. III. To find the u.c.r. of 1222+ ¢—1 and 15x24 8r+1. 


Multiply 15a? + 8a+1 
by 4 
12x? + %—1) 60x? +320+4(5 
6027+ 52-5 © 
272+9 


Divide the remainder by 9, and the result is 3x41. 
3n+1) 120?+a—-1(4e—-1 
12a? + 4a 
—3a2-1 
—3r-1 
The u.c.F. is therefore 37 +1. 


Ex. IV. To find the u.c.F. of 23-52? + 6x and 
x -—- 102? + 217, 


Remove and reserve the factor 7, which 1s common to both 
expressit05, 
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Then we have remaining «?—52+6 and a?—10z+21. 


The u.c.¥. of these expressions is x—3. 


The u.c.F. of the original expressions is therefore x* — 3a. 


EXAMPLES.—xXxXXVii. 


Find the u.c.¥F. of the following expressions ; 


I. 


2 
3 
4. 

‘ > 
6. 
7 
8 
9 


10. 


Il. 


w+ 7e+12 and x? +9x +20. 

x +120 +20 and x? + 14a +40. 

«“?—17x¢+70 and #— 13x + 42. 

a? + 5a—84 and x? + 212+ 108. 

x? +e%—12 and 2?—22-3. 

x? + Sey + 6y? and 2? + 6xy + Dy”. 

a” — 6xy + 8y? and a? — 8ay + 16y*. 

x? — 132y —30y? and a? — 18xy + 45y”, 

e—y' and x —Qay + y?. 

a+ y3 and a + 3a%y + day? + y%, 

at —y* and a? ~ 2ay + y?, 

+a and a + y%, 

at —y* and a + Qay + 4?, 
a* —b? + 2be—c? and a? + 2ab +b? — Qac —2Qhe + ¢% 
12a? + Tay +y? and 282 + 3ay —y*. 

62? + 2y—y? and 39a? — 22xy + 3y*. 
15a? — 8xy + y* and 40x? — 3ay — y?. 

wo —5a3 + 522-1 and at +a3—4a2+a"41, 

a4 4a? +16 and a + at — Qa +1722 —10x+ 20, 
aA + ay? + y4 and a! + Qaty + Ba%y? + Day? + ys, 
a — 624 + 9a?—4 and 2° + 25 —Qat + 327-28, 
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22. 15at+ 10a%b + 4a7b? + 6ab? — 3b4 and 6a? + 19a7b + 8ab? — 5d. 
23. 15a3—14a?y + 24ay? — Ty? and 272 + 33a — 20xy? + 2y3. 
24. 21a? — 88xey — 27x + Wy? + 99 and 12x? — 35ay — 6x 
~ 33y? + 22y. 
25. 3a%—12a?—a*b + 10ab— 26? and 6a? —17a7b + 8ab? — b%, 
26. 18a3— 18a*x + 6ax?~ 6x and 60a?— 75au + 152%. 
27. 2la>— 26a? + 8x and 6x?-—x-2. 
28. 6x'+ 29a7x? + 9a‘ and 323 — 1l5az? + ae — 5a’, 
29. 28+ ay? + a7y + y% and «t— y', 
30. 203 + 10a? + 140 +6 and «3+ 27+ '7x+ 39. 
31. 45a%x + 3a2x?—9ax + 6a and 18a?x— 8x3, 


132. It is sometimes easier to find the H.c.F. by reversing 
the order in which the expressions are given. 


Thus to find the H.0.F. of 21a? + 38x +5 and 129”? + 221”+10 
the easier course is to reverse the expressions, so that they 
stand thus, 5+38x2+21e? and 10+ 221c2+129z?, and then to 
proceed by the ordinary process. The H.c.F.is 30+5. Other 
examples are 

(1) 1870? — 8427+ 31lxa—6 and 253a3— 14a? + 29-12, 
(2) 371y? + 26y?—50y+3 and 469y° + 75y?— 103y —21, 
of which the H.c.F. are respectively lla—3 and 7y+3. 


133. If the Highest Common Factor of three expressions 
a, b, c be required, find first the H.c.F. of aand 6. Ifd be the 
H.¢.F. of a and 6, then the u.c.F. of d and ¢ will be the u.c.R, 
of a, b, ¢ 


134. Ex. To find the u.c.¥. of 
w+ 7a?—x2—7, a + 50?—x—5, and 2?—-2Qr+1. 


The H.0.F. of 2°? + 7a?—a2—7 and a+ 5x22?—ax2—5 will be found 
to be 2?—1. 

The uu.c.F. of «?—1 and »?—2x7+1 will be found to be 
z—l. 

Hence x—1 is the u.¢.¥. of the three expressions, 
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EXAMPLES.—xxxviii. 


Find the Highest Common Factor of 


2 
2 
3 
4. 
5 


6. 


x? +5e+6, 22+ 72+10, anda?+liw+ . 
+ 4¢?—5, ow —32 +2, and a3 + 4a?—-82+4+3. 
Qu? +a2—1, 2? +5044, and a+1. 
ys —y? —y +1, 3y?—2y—1, and y—y?+y—1. 
x —4x?+ 9x—10, x3 + 2a?—-3x+ 20, and 
a + 5a¥— yo +35. 


e— Tat + 16 — 12, 323 — 142? + 162, aud 
503 — 10x? + 7a— 14, 


y>—5y? + lly —15, y8—y?+3y+5, ana 
Qy? — Ty? + L6y— 15. 


Norn. We use the name Highest Common} acto namead 
of Greatest Common Measure or fails. Common Divisor tor the 
‘following reasons : 


(1) We have used the word “ Measure in nye. dd Nid a 
different sense, that is, to denote the number of times any 
quantity.contains the writ of measure ent at ey 12 y 


19 Ws 


£iViA CA - 
A 2cetderAL @ « > Ly AAeK ad i/* 


(2) Divisor does not netessarily ake a quantity wiich 
is contained in another an exact number of times. ‘vnus in — 
performing the operation of dividing 333 by 13, we cau 13 
divisor, but we do not mean that 333 contains 13 an exact 
number of times, 


IX. FRACTION! 


135, A Quantity a is called an EXaAcT I91VISOR 01 & qaem- 
tity b, when.) contains @ an exact number or umes. 


A quantity @ is called a MunripLe of a quantity waen @ 
contains b amexaet number of times. i? 
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136. Hitherto we have treated of quantities which contain 
the unit of measurement in each case an exact number of 
times. 


We have now to treat of quantities which contain some exact 
divisor of a primary unit an exact number of times. 


137. We must first explain what we mean by a primary 
unit. Pon 


We said in Art. 33 that to measure any quantity we take a 
known standard or unit of the same kind. Our choice as to 
the quantity to be taken as the unit is at first unrestricted, but 
when once made we must adhere to it, or at least we must 
give distinct notice of any change which we make with respect 
to it. To such a unit we give the name of Primary UNIT. 


138. Next, to explain what we mean by an exact divisor of 
a primary unit. 

Keeping our Primary Unit as our main standard of mea- 
surement, we may conceive it to be divided into a number of 
parts of equal magnitude, any one of which we may take asa 
Subordinate Unit. 

Thus we may take a pound as the unit by which we mea- 
‘sure sums of money, and retaining this steadily as the primary 
unit, we may still conceive it to be subdivided into 20 equal 
parts. We call each of the subordinate units in this case a 
shilling, and we say that one of these equal subordinate units.is 
one-twentieth part of the primary unit, that is, of a pound. 


These subordinate units, then, are exact divisors of the 
primary unit. 


139. Keeping the primary unit still clearly in view, we 
represent one of the subordinate units by the following nota- 
tion. 


We agree to represent the words one-third, one-fifth, and 


one-twentieth by the symbols " 2 fa and we say that if 
the Primary Unit be divided into three equal parts, ; will 


represent one of these parts. 
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If we have to represent two of these subordinate units, we 


do so by the symbol ; ; if three, by the symbol : ; if four, by 


the symbol 2 and soon. And, generally, if the Primary Unit 
be divided into 6 equal parts, we represent a of those parts by 
the symbol _ 


140. The symbol we call the Fraction Symbol, or, more 
briefly,a Fraction. The number below the line is called the 
DeNoMINATOR, because it denominates the number of equal 
parts into which the Primary Unit is divided. The number 
above the line is called the Numerator, because it enumerates 
how many of these equal parts, or Subordinate Units, are 


taken. 


141. The term nwmber may be correctly applied to Frac- 
tions, since they are measured by units, but we must be 
careful to observe the following distinction : 


__An Integer or Whole Number is a multiple of the Primary 
Unit. 


Fractional Number is a multiple of the Subordinate 


Unit. 
142. The Denominator of a Fraction shews what multiple 
the Primary Unit is of the Subordinate Unit. 
The Numerator of a Fraction shews what multiple the 
Fraction is of the Subordinate Unit. 


143. The Numerator and Denominator of a fraction are 
called the Terms of the Fraction. 


144, Having thus explained the nature of Fractions, we 
next proceed to treat of the operations to which they are sub- 
jected in Algebra. 


145, Der. If the quantity « be divided into b equal parts, 
and a of those parts be taken, the result is said to be the 


fraction ; of a. 


If x be the unit, this is called the fraction ° 
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146. Ifthe unit be divided into b equal parts, 


will represent one of the parts. 


2 
b Pee eee reese aeeeeres two Peeeeeeseesseee 
3 
b Per eeeeeee eeeeeees three ee enaaseamae 


And generally, 


; will represent a of the parts. 


147. Next let us suppose that each of the b parts is sub- 
divided into ¢ equal parts: then the unit has been divided 
into be equal parts, and 


~ will represent one of the subdivisions. 


2 


be eeeeseseoe two BPeeseseesesesesseseeneeee 


And generally, 
be Bea seeeseeceere eee a Seeeesaccerscrsasesesaee 


hers 
Geri: 
Let the unit be divided into 6 equal parts, 


148. To shew that 


Then ; will represent a of these parts. .....0..sscesceees (1). 


Next let each of the b parts be subdivided into ¢ equal 
parts. 


Then the primary unit has been divided into be equal parts, 
ac 


be 


Now one of the parts in (1) is equal to ¢ of the subdivisions 
in (2), 


and —— will represent ac of these subdivisions. ..........4. (2). 


. @ parts are equal to ac subdivisions ; 


a 
Oe be. 


ee ae eG 
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Cor. We draw from this proof two inferences: 


I. If the numerator and denominator of a fraction be 
multiplied by the same number, the value of the frac- 
tion is not altered. 


Il. If the numerator and denominator of a fraction be 
divided by the same number, the value of the fraction 
is not altered. 


149. To make the important Theorem established in the 
preceding Article more clear, we shall give the following proof 


that = > by taking a straight line as the unit of length. 
| et | bd | et ee! | Lol 
A E D F B C 


Let the line AO be divided into 5 equal parts, ° 
Then, if B be the point of division nearest to 0, 


AB lng Gb AG:  rerhergMrcgest (1). 


Next, let each of the parts be subdivided into 4 equal parts, 


Then AC contains 20 of these subdivisions, 
and BB smigvenis LG... consdsenoovsesvnvis vivhes 
16 
AB 15 20 of A yy etree . ef (2). 
Comparing (1) and (2), we conclude that 
4 16 
5 20 


150. From the Theorem established in Art. 148 we derive 
the following rule for reducing a fraction to its lowest terms : 


Find the Highest Common Factor of the numerator and denomi- 
nator and divide both by it. The resulting fraction will be 
one equivalent to the original fraction expressed in the simplest 
terms. 
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151. When the numerator and denominator each consist of 

a single term the H.c.F. may be determined by inspection, or 
we may proceed as in the following Example: 


azh2c 
To reduce the fraction aoe ee , to its lowest terms, 
10a%b?ct_ 2x5 x aaabbecce 
12a*bc2 2x 6 x aabbbee ” 
We may then remove factors common to the numerator and 


x GCC 
6xb? 


: Lae Dix 
denominator, and we shall have remaining 


. the required result will be Sac! 


6b * 


152. Two cases are especially to be noticed. 


(1) If every one of the factors of the numerator be removed, 
the number 1 (being always a factor of every algebraical 
expression) will still remain to form a numerator. 


Barc 3aac eels 
12a%c? 3x4xaaacc 4ac 


‘Thus 


(2) If every one of the factors of the denominator be removed, 
the result will be a whole number. 


12a%c? 3x4x aaacc 
Thus eS eee ee 
3a*c 3 x aac 


This is, in fact, a case of exact division, such as we have 
explained in Art. 74. 


EXAMPLES.—xXXXix. 


Reduce to equivalent fractions in their simplest terms the 
following fractions: 


4a? ,, oe 10a2b3 
12a" "36a J Baap 
18a>y228 Tabi cS 6 Auay 
4 aye 5: a1 asbece "Babe" 
Blay’2 3 15abic3 SaSy?n8 
7 34a? y2® ". 12a8b%c? 7 GaP ya 


[s.a.] FP 


82 ¢ FRACTIONS, 
se 210m8n*p : a? eS 14mx 
*  42m?n®p  @+ab “ 21mSp -— Tmax" 
vy 4an + 22x? ayt+y" 
- Bay? — 5x*yz 14 Baa3 — On?" 1 abet bey" 
a Aara + 6ii7y : 12ab? — 6ab ; _@—4at 
* 8a? — 18y?* 7 “3B%e—2e * @+4ac+4a? 
34 + 3a?y? Tabix8 — Tabsy? 
TH Bak + Baty 24° 14a bea® — 14asboy? 
20, __L0#~10y ge, _ be + 45da? 
' EP Bay + ay? 5+ Oca + 90cda® 
ax+by _ 6 10a? + 20ab + 108? 
Tea? — Tye ve ba® + 5a% 
oo, ____ bab + 8ed ay, 4th Sty + 4y? 
27 a*b’x ~ 480%d*ax » “8B («—y)? 
bi de Lp Snipe 
23° Sag — Pan sd 3my + Snay" 


153. We shall now give a set of Examples, some of which 
may be worked by Resolution into Factors. In others the 
H.¢.F. of the numerator and denominator must be found by 
the usual process. As an example of the latter sort let us 
take the following: 

a’ — 47? —19%—14 
203 — 92? — 38a + 21 

Proceeding by the usual rule for finding the u.c.¥, of the 

numerator an:l denominator we find it to be #-7. 


To reduce th: fraction to its lowest terms. 


Now if we divide 2'—4x”?—19%—14 by w—7, the result is 
a? +3x2+2, aml if we divide 2a3—9a?—38r+4+21 by a—7, the 
result is 2x? + 5a —3. 

r+2 

Hence the fraction ” 9 a fa 

fraction and is in its lowest aes 


3 is equivalent to the proposed 


EXAMPLES.-~xIl, 


a*+7a +10 P a? ~ 9x + 20 wt — 2-3 
a? +5a+6" "gt Ja+12 3 gt 10n +8’ 


nelle ig NT en ae 
Lon -2a7** 2ee UI“ LY pek toe 


II. 
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x? — 180y + 45y2 ott+attl 


a3 — 827+ 21x—18 


a8 + Qary> + y® 


x* — 8xy — 105y"" * @+e+1 @ ® — y® 

3 — 4724 92-10 ; m3 + 3m*—4m 

w+ 20? — 3a 420° o> “mim +6 

a8 — 5a? + llg—15, : a+ px 
e—o2+3a+5 > a? + 2a? + 2a +1" 


38aa?— 13ax4-14a 


3a3— 1607+ 212 © a 7a — 17074 6x * 
v3 — 7a? + 162-12 1422 —34e-1.12 
3a° — 14a? + 16a * 17 9a? — 39a0 -+-42a° 
at + xy + cy> — yt 18 10a — 24a? + 1403 
at — xy — avy? — y* * 15-240 +380? + 6a* 
a’ 4- 4a? —5 : 2ab3 + ab? — 8ab + 5a 
a? —3a+2° 9: 76° — 1267 + 5b 
63 + 4b? — 5b aS a? —3a? + 3a —2 
b3—6b+5° * @—4a?+6a—-—4 
307+ 20-1 ; a? —a—20 v3 — 3x74 4r-—2 
e+e2—7-1 ‘@+a—12 * g—o?—974+2 


(e+ y+e)'+ @—y)+ (e-2 + (y-0) 


a + y? + 2 
Qat — a3 — 9x? + 13a—5, 


703 — 192? + 17a—5 33: 


l6at — 53a? + 452 +6 


@t— 30a +3le@—19° 


4x? — 12ax + 9a? 


803-2705 35: 
6x3 — 232? + 162-3 - 
62° — 172? + lla —2 : 
x? — 62? + lla—-6 

x? — I-27 +2 ° 37° 
m +m? +m—3 
m3 + 3m? +5m +3" oe 
+ 5at — a? — 5a 
‘ah 3—a—3 * 39. 


a? — 6? —2Qbe — c? 


a+ 2ab+P— oF i 


15a? + ab — 26? 

9a? + 8ab — 2b” 

x? —7x+10 

on? —¢—6° 

a + 3a" + 4a +12 

xo + 407 +40-+3° 

eae 
In? —G = I 

ve? — Qn? —~ 1524+ 36 

3a2—4¢—15 - 

823 +e? — 59421 

6a? + 29x? + 26a —21° 

xt —a3 — 4e2—x2+1 
4x5 — 3x—8x—1 

a? — 7a? + 16a— 12 \ 
3a° — 14a7+ 16a °’ 
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154, The fraction ; is said to be a proper fraction, when a 


is less than b. 


The fraction ; is said to be an improper fraction, when a is 


greater than b. 


155. A whole number x may be written as a fractional 


number by writing 1 beneath it as a denominator, thus : 


156. To prove that b gt = ie a 


Divide the unit into bd parts, 


Then ¥ of 5= oof (Art. 148) 


et: * of be of these parts (Art. 147) 


= of be of these parts (Art. 148) 


= ac of these parts (Art. 147). 


~ 


But w=" of these parts ; 


‘et aia 

aS ae ee 
This is an important Theorem, for from it is derived the. 
Rule for what is called Muntrerication or Fractions. We 


extend the meaning of the sign x and define AX (which 
2 -aies to our definition in Art. 36 has no meaning) to mean 


5G 
us this rule—“Take the product of the numerators to form — 
the numerator of the resulting fraction, and the product of the 


denominators to form the denominator.” 


, and we conclude that ;X = oh which in words gives 


The same rule holds good for the multiplication of three or 
more fractions. : 


~ 


The quotient, «, of ; divided by ‘i is such a number that « 
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157. To shew that a +5 ar 


multiplied by the divisor © will give as a result the dividend F 


d 
el 
ab 
ad. te @ 26 
Beasts 
eae a 
cd bc’ 
ait 
o= >. 


Hence we obtain a rule for what is called Division or 
FRACTIONS. 


Hence we reduce the process of division to that of multipl 
- cation by inverting the divisor. 


158. The following are examples of the Multiplication an 
Division of Fractions. 


2a 3 Qu xe BH _ Gar Qu 
ans Se?" 3a® a 
3x bn , 38a 32 1 She at 


a oh Lt Ob. Sa Gab OE 


4a? _ 3¢ 3x4xa%c_ 2a 
3 90 * 9a 2x9xac? 3c’ 

1427 | Tax _ 140° 9y -9x14xaty QW 
4 OTP” Oy QTY? Ta Tx QT xay? By 


Qa 9b Se _ 2ax9bx be _3 
5} 35% 100 ~4a 3bxl0cx4a 4 


a oe 
T TP 


FRACTIONS. 


te Te _ ae) ,2(07) 
w+ 7a 2-4 2*(e@+7) 
_u(e- oto) = 
a? (a@+7)(a—4) 
-B .4@-ab) a-P a? +ab 
writ “at+ab ~ a? +2ab +b? 4(a?— ab) 
_(a+b)(a—b) . a(a+b) 
= (a+b)(a+b) « 4a(a—b) 
_ (a+b)(a—b)a(at+b) _ 


~ (a +b)(a+6)4a(a—b) 


EXAMPLES.—XZli. 


Simplify the following expressions ; 


ey 4, Sh = dat 5 22 

* dy * oy" "3a 3+ oy? * By" 
8a7b? | L5axy? QnPya 20a**c 6. 2m, 4b » 59 

4 45a%y * 24a = TOa*b% * T8ny’s’ = 5b Bc 6a’ 
Bay 4 yee. 12a2 7a5b' " 20c3d? . 4ac 

1 Gee? Gry * 20x" * Be'd3 ~ 42a4b3 ~ 3bd’ 
LO q ,, 24aty? aon 25k%m* 70n%q ye BPM, 

% Bpiq? * Bry “ 90mn' "  Tantg? * 75p%m ™ 42 n” 


EXAMPLES.—XIlii. 


Reduce to simple fractions in their lowest terms; 


a-b a@-b w+a-2, a - 180+ 42 
I. Gi+ab* at—ab 4- ae — 70 2+ Qe 
a? + 4x 4a" — 12a @?—11e+30 a ~3¢ 
2 3a * 30% + 190° 5° “Go ée+9 “mba” 
2+ 3a 2 a — Te+12 6 a4 x 2 25 
3 ba +6 e+a * aba” 420° 


=4a+3 a? er * ~Ta 
7 Gi—ba+4”* a—-l0a+2l a@—5a’ 
g, = Tb4+6 1+ 10d +24 b— BbH 
* BP 43b-4 > 14h 448° + 6b" 


TO, 


iG 


12. 


13, 


fRACTIONS. 


a2 — y? 


2 i 2y? 


Se a ee 


a? — wy 


Pa 
Soa AS 


aay Gy) 


~(a— b)? 


a*— (b—c)? xo 
(a—m)y—n? 
(x — n)? — m? 


(a+b)? -(c+d) 
(a+c)*- (b+d)? 


x? — Qey + y? — 2 
a* + Qaey + y? — 2" 


a +b)” 


—(n—m)? 


x? — (m — n)* 


_(a— be (d- 0? 
“(a= oF (db) 
e+y—z 
G-YtsE 


EXAMPLES.—XxXliii, 


Simplify the following expressions : 


2 

24 3 iy, 5y Bay Bat 

Z aC 14% ° 7 15ab3 * 30ab 

a 3p 2p 4a 

—+3ab ._ ot. . lee 
4 5 2p-2° p-1 on x 5x 

Bat. g Tees ee l al 
7 hin \ 2 -304+2°e-1 x? —1¥%+30° 2-15" 


158. We are now able to justify the use of the Fraction 
Symbol as one of the Division Symbols in Art. 73, that is, 


a 
we can shew that — 


b 
resulting from the division of a by b. 


is a proper representation of the quotient 


For let x be this quotient. 


Then, by the definition of a quotient, Art. 72, 
Ox D—Uh 


But, from the nature of fractions, 
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159. Here we may state an important 1neorem, which we 
shall require in the next chapter. 


If ad=be, to shew that — 


6d 
Since ad=be, 

ad be 

bd bd 

_@ ¢ 

“Sg 


X. THE LOWEST COMMON mo LTIPLE. 


160, AN expression is a ComMMoN Muuivirue of two or 
more other expressions when the former is exavuy divisible by 
each of the latter. 


Thus 242° is a common multiple of 6, 82° and 122%, 


161. The Lowest Common Mo.tipLe of two or more 
expressions is the expression of lowest dimenewns which is 
exactly divisible by each of them, 


Thus 1824 is the Lowest Common stuiapie of 62%, 922, 
and 32. 


The words Lowest Common Multiple are abbreviated 
into L.C.M. 


162. Two numbers are said to be prime to each other 
which have no common factor but unity. 


Thus 2 and 3 are prime to each other, 


163. If a and b be prime to each other the fraction ; 


is in its lowest terms. 


Hence if a and b be prime to each other, aud er and 


if m be the H.c.r. of ¢ and d, ; 


c d 
a=— and b=—. 
m m 
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164. In finding the Lowest Common Multiple of two or 
more expressions, each consisting of a single term, we may 
proceed as in Arithmetic, thus : 


(1) To find the t.c.m. of 4a%x and 18az3, 
2 | 4a%x, 18a 
a | 2a°x, 9a 
x | Qa%, 903 
2a7, 9a? 
L.O.M.=2 x ax x x 2a? x 9x? = 36°28, 
(2) To find the t.o.m. of ab, ae, be, 


a | ab, ae, be 


Bol ten op, be 
Cal yy. a6) 76 
Ll a 


L.O.M.=axbxc=abe. 


(8) To find the t.c.m. of 12a%c, 14bc? and 36ab%, 
2 12a%c, 14bc?, 36ab? 
6 | 6a%e, 7bc?, 18ab? 
a atc, Tbe*, Bab? 
b ac, + ‘hoc, 3b" 
c Wt, Fe, x80 
a, tt; * 8b 
L.O.M.=2x6xaxbxcexax 7c x 3b=252a7h7c?, 


EXAMPLES.—Xliv. 


Find the t.c.m. of 


I. 4a°x and 6a2z?. 6. ab, ac and b2c3, 

2. 3a*y and 12xy*. 7. ax, a®y and xy? 

3. 4a%b and 8a7b’. 8. 5la%x*, 34ax° and az, 
4. aa, ax and a%x?. 9. 5p7q, 10g*r and 20pqr. 
5. 2ax, 4ax? and a, 10. 18ax*, 72ay? and 12ay. 


1 


90 THE LOWEST COMMON MULTIPLE. 


165. The method of finding the 1.c.M., given in the pre- 
ceding article, may be extended to the case of compound 
expressions, when one or more of their factors can be readily 
determined. Thus we may take the following Examples : 


(1) To find the L.o.M. of a—a, a®?—2*, and a*+az, 
a—« | a—«a, a*—2*, a*+a0 
a+a| 1, ata, a+ac 
is i; a 
LOM. =(a—2) (a +2) a=(@—22)a=a3—aa’, 


(2) To find the L.c.m. of z?-1, et—1, and 4a°—4a4, 
w?—1 | a®—1, «t—1, 40° - 424 
1, w@+1, 4 
L.C.M. = (a? — 1) (a? + 1) 4at= (at — 1) 4art= 4a8 — dart. 


166. The student who is familiar with the methods of 
resolving simple expressions into factors, especially those given 
in Art. 125, may obtain the 1.c.M. of such expressions by a 
process which may be best explained by the following Ex- 
amples ; 


Ex. l. To find the Lo.m. of a®?—2? and a’-2', 
a? —a°=(a—2)(a+2), 
a’ — a3 =(a—2) (a* + an+a%) 
Now the t.c.M. must contain in itself each of the factors in 
each of these products, and no others, 
”. L.0.M. is (a—2) (a+) (a*+an+a%), 
the factor a—a occurring once in each product, and therefore 
once only in the L.c.M. 


Ex. 2. To find the t.c.m. of 
a? — b*, a®—2Qab + b?, and a? + Qab+b% 
a?—1%=(a+b) (0-2), 
a* — Qab + b*= (a—b) (a—b), 
a? + Qab +b? = (a+b) (a+b); 
L.0.M. is (a + b) (a—b)(a—b) (a+b), 


( 
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the factor a—b6 occurring twice in one of the products, and a + 6 
occurring twice in another of the products, and therefore each 
of these factors must occur ¢wice in the L.0.M. 


EXAMPLES,.—XIlVv. 


Find the t.c.M. of the following expressions : 


1. 2? and av+2?. Io. «7-1, «?+1 and a*-1. 

2. v—1 and x?—~2. Il. 22—@, a —1 and 2+1, 

3. V@—B? and a? + ab. 12. 27-1, 2?-«# and 2-1, 

4. 2a—1 and 4”?—1, 13. 2a+1, 4a?—1 and 8a3+1. 

5. a+b and a+b. 14. c+y and 2a? + 2ay. 

6. x+1,¢—1 and 2-1. 15. (a+b)? and a?—6?, 

7, o+1,02—landa?+a2+1. 16. a+b, a—b and a?—6?2, 

8. 2+1,2?+landa3+1. 17. 4(1+2),4(1—2)and 2(1 —2?). 
9. c—-1,a?-landa—1. 18. s—1, 2?4+a+41 and 4-1. 


19. (a—b)(a—c) and (a—c) (b—c). 

20. (@+1) (+2), (w+ 2)(@+3) and (+1) («+3). 

21. a—y?, (a+y)? and («—y)* 

22. (+38) (a+1), (@+3)(a—1) and a?-1. 

23. a2(a—y), v(a?—y") and a+ y. 

24. (+1) (w+3), (© +2) (w+) (a@+4) and (~+1) (w+ 2). 
25. x¢—y?, 3(~—y)? and 12 (a+). 

26. 3(a?+ay), 8(ay—y") and 10 (a?—y’). 


167. The chief use of the rule for finding the L.c.M. is for 
the reduction of fractions to common denominators, and in the 
simple examples, which we shall have to put before the student ; 
in a subsequent chapter, the rules which we have already given 
will be found generally sufficient. But as we may have to find 
the t.c.M. of two or more expressions in which the elementary 
factors cannot be determined by inspection, we must now pro- 
ceed to discuss a Rule for finding the L.c.at. of two expressions 
which is applicable to every case. 
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168. The rule for finding the L.o.M. of two expressions a 
and } is this. 


Find d the highest common factor of a and 6, 


a 


d 


or, =5xa. 


d 


In words, the L.o.M. of two expressions is found by the fol- 
lowing process ; 


Then the Lom. of a and b =. xb, 


Divide one of the expressions by the u.0.F. and multiply the 
quotient by the other expression. The result is the L.C.M. 


The proof of this rule we shall now give. 
169. To find the t.c.m. of two algebraical expressions, 
Let a and 6 be the two algebraical expressions. 


Let d be their H.¢.¥., 
x the required L.0.M. 


Now since « is a multiple of a and b, we may say that 
t=ma, c=nb; 
=? (Art. 159) 
> k ‘ 


Now since z is the Lowest Common Multiple of a and 8, 
m and » can have no common factor ; 


.. the fraction = must be in its lowest terms ; 


sg m=5 and n=s (Art. 163), 


Hence, since c= ma, 
snake 
=4X a 
Also, since a= nb, 
a 
c=—xb, 
ad. 


THE LOWEST COMMON MULTIPLE. 93 


—— ~ _- 


170. Ex. Find the t.c.m. of a?— 132+ 42 and x?— 19a +84. 
First we find the u.c.F. of the two expressions to be «—7. 


Gots ve 
Then L.C.M. = ae * ee 
Now each of the factors composing the numerator is divisible 
by x—7. 
Divide «*— i3a+42 by «—7, and the quotient is «—6. 


Hence L.c.M. =(«—6)(x?— 19x + 84) =a3 — 252? + 198x - 504, 


EXAMPLES.—XxlVvi. 


Find the t.c.m. of the following expressions ; 

I. «?+50+6 and «?+6zx+8. 
2. a*-a-—20 and a?+a-12. 
3. @+30+2 and w+424+3. 
4. w+11¢+30 and a?+ 124435. 
5. «@—9e- 22 and 2? - 13¢+ 22. 
6. 2u?+3xe+1 and a?-x-2. 
7. w@+aey+ayt+y? and at yt, 
8. a?—80+15 and z+ 2x - 15. 
g. 21la?-262+8 and 7x*— 4a? - 217 +12. 

10. w4+a°y+ay?+y? and x — ay + xy? — y°. 

11. @+2a*b— ab? — 2b and a — 2a7b — ab? + 2b. 

171. To find the t.c.m. of three expressions, denoted by 
a, b, c, we find m the t.c.m. of a and 6, and then find M the 
u.c.M. of mandc. M is the L.c.. of a, b and ¢. 

The proof of this rule may be thus stated : 

Every common multiple of a and 6 is a multiple of m, 

and every multiple of m is a multiple of @ and 6, 

therefore every common multiple of m and ¢ is a common 
multiple of a, 6 and c¢, 

and every common multiple of a, b and ¢ is a common 
multiple of m and ¢, 

and therefore the L.c.M. of m and c is the L.c.M. of a, b 
and ¢. 
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EXAMPLES.—XxIlvii. 
Find the t.c.m. of the following expressions : 
I. e—824+2, 2? -404+3 and 2?-52+4. 
2. v+50+4, 2? +404+3 and 2?+ 72412. 

3. 2? -90+20, x -12¢+35 and a? - 1lz+ 28, 
won, 4. 60?—2- 2, 21a?-17¢+2 and 14a? +5z-1, 
5. a—1, 2 +2e-3 and 62?-2-2. 

08 — 27, a —152+36 and a — 322 -27+6, 


XI. ON ADDITION AND SUBTRACTION 
OF FRACTIONS. 


172. Havine established the Rules for finding the Lowest 
Common Multiple of given expressions, we may now proceed 
to treat of the method by which Fractions are combined by 
the processes of ADDITION and SuBrRActION. 


173. Two Fractions may be replaced by two equivalent 
fractions with a Common Denominator by the following 
rule : 


Find the t.0.m. of the denominators of the given fractions, 
Divide the L.c.m. by the Denominator of each fraction. 

/ Multiply the first Numerator by the first Quotient. 
Multiply the second Numerator by the second Quotient. 


The two Products will be the Numerators of the equivalent 
fractions whose common denominator is the L.c.M. of the 
original denominators, 


The same rule holds for three, four, or more fractions, 
174. Ex. l. Reduce to equivalent fractions with the 
lowest common denominator, 


Qa +5 bakes 4-7 
3 ra 
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Denominators 3, 4. 

Lowest Common Multiple 12, 
Quotients 4, 3. 

New Numerators 8% +20, 12a — 21. 


87+20 127-21 


Equivalent Fractions ia 1S 


EX. 2. Reduce to equivalent fractions with the lowest 


common denominator, 


5b+4c 6a-—2c 3a—5b 
quae does a Ucens 


Denominators ab, ac, be. 

Lowest Common Multiple abe. 

Quotients c, b, a. 

New Numerators 5bc + 4c?, 6ab — 2hbc, 3a? — 5ab. 
5be+4c? 6ab-—2be 3a?-5ab 


Equivalent Fractions Aa hn, oi 


EXAMPLES.—xXlVviii. 


Reduce to equivalent fractions with the lowest common 


denominator : 

3x Az. a—-b a? —ab 

Io ae and = 6. “ib and ab? 
30 —7 47-9 3 3 

Ze 6 nd ee 7. (ea and t= 
2x —4y 3x — 8y : 

B oe and - lz 8 1 g and 5 — 3 
4a +5b aa 3a—4b ee 

4 Qa? 5 oe Ree 1-2 
da—5e , q 3H 2c Hl ape b 

5 Bac 12a? 6°) eO +a) 

oe and ‘fale 
tT GB) bc)” (@—B) (a—0) 


l 1 : 
12. ab (a—6) (a—c) anc ac (a—e) (0=0) 


>. 2a 
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c ad+t+he 
175. To shew that $+ = 


Suppose the unit to be divided into bd equal parts. 


Then a will represent ad of these parts, 


and us will represent be of these parts. 


ad 
Now ¢ =i by Art. 148, 


b 
c_ be 
and = eT 
Hence ¢ A re q will represent ad + be of the parts. 
But sa will represent aa + be of the parts. 
Therefore ; + i= = — 2 


By a similar process it may be shewn that 
a c_ad—be 


Dt 06 
c ad+be 
176. Since © eer a a 


our Rule for Addition of Fractions will run thus : 

“Reduce the fractions to equivalent fractions having the 
Lowest Common Denominator. Then add the Numerators of 
the equivalent fractions and place the result as the Numerator 
of a fraction, whose Denominator is the Common Denominator 
of the equivalent fractions. 


The fraction will be equal to the sum of the original frac- 
tions.” 


The beginner should, however, generally take two fractions 
at a time, and then combine a third with the resulting fraction, 
as will be shewn in subsequent Examples, 


ec ad—be 


Also, since ¢—9= i? 


the Rule for Subtracting one fraction from another will be, 
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“Reduce the fractions to equivalent fractions having the 
Lowest Common Denominator. Then subtract the Numerator 
of the second of the equivalent fractions from the Numerator 
of the first of the equivalent fractions, and place the result as 
the Numerator ofa fraction, whose Denominator is the Common 
Denominator of the equivalent fractions, This fraction will be 
equal to the difference of the original fractions.” 


These rules we shall illustrate by examples of various degrees 
of difficulty. 


Note. When a negative sign precedes a fraction, it is best 
to place the numerator of that fraction in a bracket, before 
combining it with the numerators of other fractions. 


177. Ex. 1. To simplify 


4x — Pub oot ES 5a — 2y _ Det 2y 
7 14 21 42 ~ 


Lowest Common Multiple of denominators is 42. 
Multiplying the numerators by 6, 3, 2, 1 respectively, 
240 — 18y 9e+21ly 10%— 4y 9a + 2y 
42 42 42 ay 
24x —18y + 9x + 21y — (10x —4y) + 92+ 2y 
i 42 
_ 24a —18y + 9a + 2ly — 10x + 4y + 9a + 2y 
ay ie! rd a Sy 


32x + Oy 
ike AG * 


a 
5a io 


Lowest Common Multiple of denominators is 105z, 


Ex. 2. To simplify 


Multiplying the numerators by 35, 21, 152, respectively. 
700+385 840+42 15x 
105 105¢  105a 
_ 10% + 35 — (84% + 42) + 15a 
105a 


70a +35 — 84¢ — 42-+-15¢ «-7 
105z ~ 1052" 


[S.A.] @ 
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4o+7 30-4 

5 io 

4a — By | 3+ Ty 5x —Qy 
is 14 21 


3a—2y 5a-—Ty , Satay 
ee (le 25 


Aa? — Ty? , 3a - By | 5 -Qy 


> Ba? 6a 12° 


4a?+5b? 3a+2b 7-Qa 
aa a 


5a+2b 4c-3b 6ab— The 


3a—4b 2a-b+ec 13a—4e 


7 ge Mangia 
4 a+ 2y 
~~ 42 


5 


3c Qa l4ac 


Qa+5¢e 4ac— 3c" Bac — 2c? 


ae }©=0C asa 


ve Bry—4 5y?+7  6a?- ay 
a a | 

a—b  4a—6b  3a—7b 

a®h a*be bec? * 


II. 


178, Ex. To simplify 
a—b 
a+b 


L.c.M. of denominators is a? — 


a+b 


t-6 


b*. 


Multiplying the numerators by a—b and a+b respectively, 


we get 
—2Qab +b? 
a? —}? 


a? + Qab +b? 
— 


; _v—2ab + b? +a? + 2ab +b? 


a? —b?* 


— bh? 
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EXAMPLES.—1. 


: 1 2 1 5 18 eee At 4. ul 
° ¢-6 “+5 “2-7 @-3 Hee toe 
a+y “%-y ee 6 a (ad—be)& 
i e-y “+y a ar =a "6 ee+dz) 
page © 8 1 pee 
opty ey "ey (ey) 
2 _ 3a Io fuedin, a Oe —— 
% gta’ @tare " 2a (a+a) 2a (a~a)" 


179. Ex. 1. To simplify 


gael Si 4s 
l+y l-y 1+y* 


Taking the first two fractions 


we can now combine with this result the third of the original 
fractions, and we have 
3 a 5 6 
l+y l-y 1+y¥ 


8+ 2y + By? +2y° 6 - by? 
vs 1-y  l-yt 
_ 84+ 2y + 8y? + 2y3 — 6 + Gy? 
= Tae 
+ 14y? + Qy +2 

1—y# ; 
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Ex, 2. To simplify 
2 


(a—b) (6-0) * (a= Cer "i (=<) (¢—ay 


L.0.M. of first two denominators being (a — 6) (b- ‘: (¢-a) 


2Q¢— Qa 2b — 2c 
"a= -b) (b-c) (c- a (a—b) (b—c) (c—a) i (b-c) = (b=) (c—a) 
2b — 2a 2 


~ (@—-5b) (6-0) (c—a)* = (c—ay 
L.c.M. of the two denominators being (a— 6) (b-¢) (¢-a@) 


2b — 2a + 2a — 2b 0 
= b)(b-c)(c-a) © ~ (a0) (6-0) (c- a) 


EXAMPLES.—li. 


1, sos an ing ee aa 
* Ten le 1 + G-b a+b @+e8 ator 
1 1 Qa c Y ao 
* Toe Ieatiee © ytoayteroy 
x aot x +3 4-4 2+5 
o ios ioe ta goatee oe 
2-1 “2-2 2£-3 
7 Be be 
_— _ rT— 
8 3 4a 5a? 
’ g-a (z-a)*? (ata) 
et es 
% gl a+2 (tl) @t2) : 
10 : iguana te heat 
, @+y) (+2) (a+1) (@+2) @+3y 
a © a 
i 7 toeteee 
12 Lo Shae 
" (a+ce)(a+d) (a+c) (ate) 
a-—b b-e e-a 


13° (40) (ct a) (c+) (a+b) (a+b) (b te) i 
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z-a «-b (a — bY 


14 5b aa (@ — a) (a — by 


ety Wz ay — a3 


1 yey yey) 

at+b b+e e+a 
i Gay G@adG@aan GanGoe 
17. x Qxy 


2 at So 8 
P+oyty? —y 
Pee 2 (a—b)?+(b-c)*+(c—a)? 
: oie ca? (a — b) (b—c) (ca) 
atb 2a eae 
ae ne oh ae 
one 1 ae fi 
(n+1)(v+2) (n+1)(n4+2)(n4+3) (n+1)(V4+3) 
a? —be i b? — ac " c?—ab 
(a+b) (a+c) (b+a)(b+c) (c+6)(c+a) 


20. 


21. 


: ab —ab 
180. Since 5 =4, and = 


ida all 

6b -b° 
From this we learn that we may change the sign of the 
denominator of a fraction if we also change the sign of the 
numerator. 


=a, Art. 77, 


AJ 


Hence if the numerator or denominator, or both, be expres- 
sions with more than one term, we may change the sign of 
every term in the denominator if we also change the sign of 
every term in the numerator 


Z a—b —(a—b) 
For ah. —(6—8) 
_—atb. 
~ —¢e+d’ 


or, writing the terms of the new fraction so that the positive 


terms may stand first, 
ie 


= ° 


8 


i+) 
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2 
181, Ex. To simplify — _ Bawa 


Changing the signs of the numerator and denominator of the. 
second fraction, 


(a+) —5ar+a? 


a-x a-x 
+a? —(—5ar+a*) ac+2*+5ac-27 bax 
a-Z oe a-x a-x 


182. Again, since —ab= the product of —a and b, 
and ab= the product of +a and }, 


the sign of a product will be changed by changing the signs of 
one of the factors composing the product. 


Hence (a—b)(b—c) will give a set of terms, 


and (b—«a) (b—c) will give the same set of terms with dif- 
ferent signs 


This may be seen by actual multiplication : 
(a —b) (b-c)=ab—ac—b? +be, 
(b—a) (b-c)= —ab+ac+b?—be. 


Consequently if we have a fraction 


1 
(a-8) (=e) 


and we change the factor a-—b into b—a, we shall in effect 
change the sign of every term of the expression which would 
result from the multiplication of (a —}) into (b-c), 


Now we may change the signs of the denominator if we also 
change the signs of the numerator (Art. 180) ; 
1 —] 
“@-0 0-9 (b-a b-0 


If we change the signs of two factors in a denominator, the 
sign of the numerator will remain unaltered, thus 


1 1 


(a-B) (=e) (b= a) (c- by 
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183. Ex. Simplify 


i 1 1 
(a8) (b—c) * (@—a) (@—c) (e—a) (0-8) 

‘First change the signs of the factor (b—a) in the second 
fraction, changing also the sign of the numerator ; and change 
the signs of the factor (c—a) in the third fraction, changing 
also the sign of the numerator, 

-1l -1 
the result is E = G5 = Gan Dez! (eo 
Next, change the signs of the factor (c—b) in the third, 
changing also the sign of the numerator, 
; 1 —1 tL 
the result is EEO + (G0) Ge Go) CSO 
L.c.M. of the three denominators is (a — 6) (b—c) (a—o), 


—b+t+e a—b 
Us SD C=DIAC On OC DICEC TUS 


—c—b+c-(a—-b) 0 0 
Gs b) (b—c)(a—c) (a—b) (b—c) (a—c) 


EXAMPLES.—lii. 


2  @-y P 3+2¢ 2-30  16x—2? 
Moy ye " Q-e 2+ae a?-4° 
Cy i aid Mia ge ed 
ee ba a2) 4- 6y+6 2-2 3-3y* 
1 fies ec eee eS 
5+ Gm —2) (m—8) * (m—1) (8—m) * (m—1) (m—2)" 
6 LO ee a+b Zab? 20% 
' GD (etd) G-a@ta " PP S-B BLE 
1 1 1 
8. Za+a) 4@—1) +20 +a)" 
1 1 ¥ 


% Gay G-)* U-9 @-9 * ea Gy 


1 1 
10. G(a—))(a—0) | b(b—a) (bc) * c(e—a) @— OY 


a rom 
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184. Ex. To oe 


1 
oes 30 +21 19%+35° 


Here the denominators may be expressed in factors, and we 


have 
1 


1 
(@—5) (@—6) * @—5) @—7) 


. The Lo.M. of the denominators is (c—5) (c—6) (x~ 7), and 


we have 
“2-7 x—6 
(a —5) (w@—6) («@— "* (@—5) (a- 5) («@— - 6) (w—) («~7) 
2a —13 


"e=B (a—6) «@—7) 


1 1 
a+ 90420 224 120438" 


i | 
2. —loea+49 > lbe4 bd 


ata ei 1 
w+ 32+2° 2? +40+3 ‘2? +524+6 
m 2m 2mn _ 

n m+n (m+n)* 


4 ee, I-e 3 
* l4+a+e"T—-c+a? T4+a2+a% 
5 = 8 : Tx Ta 
7 3(1—2) +2 ' 30843” 3-9 
one Se 
8 («—1)° 4(3—a) © 8(«—5)" (=a) (@—3) @—5) 
at 


9. l-«+a*— le 


XII. ON FRACTIONAL EQUATIONS. 


185. We shall explain in this Chapter the method of 
solving, first, Equations in which fractional terms occur, and 
secondly, Problems leading to such Equations. 


186. An Equation involving fractional terms may be 
reduced to an equivalent Equation without fractions by mul- 
tiplying every term of the equation by the Lowest Common 
Multiple of the denominators of the fractional terms. 


This process is in accordance with the principle laid down 
in Ax. 1. page 58; forif both sides of an equation be multt- 
plied by the same expression, the resulting products will, by 
that Axiom, be equal to each other. 


187. The following examples will illustrate the process of 
clearing an Equation of Fractions. 


The u.o.m. of the denominators is 6. 


Multiplying both sides by 6, we get 


4S 248, 
or, 32 +2=48, 
or, 4x =48 ; 

. t=12, 
Bx. 2. 5 ao a=0-2. 


The u.c.m. of the denominators is 14. 
Multiplying both sides by 14, we get 
iz , 140+ 14 


: 7 = 142-28, 


=* 


«4 
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or, 7x + 2a +2=14% — 28, 
or, 7a + 2a —-147= — 28-2, 
or, —5a“= — 30. 
Changing the signs of both sides, we get 
52=30; 
. ©=6. 


188. The process may be shortened from the following 
considerations. If we have to multiply a fraction by a multiple 
of its denominator, we may first divide the multiplier by the 
denominator, and then multiply the numerator by the quotient. 
The result will be a whole number. 


x 


Thus, q X 12=0x 4—4e, 
7 x56=(0-1)x8=8r-8, 
oo @ 


The .c.M. of the denominators being 12, if we multiply the 
numerators of the fractions by 6, 4, and 3 respectively, and the 
other side of the equation by 12, we get 


6x + 4a + 3a= 468, 
or, 13a = 468 ; 
“. ©=36. 

6.15. 7 iF 


The u.c.m. of the denominators is 12%. Hence, if we mul- 
tiply the numerators by 12, 6, 4, and @ respectively, we get 
96 ~ 90 +28=172, 
or, 34= 17a, 
or, 17a=34; 
. o=Q, 


Io, 


Il. 


12. 


13. 


14. 


RS. 


16. 
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EXAMPLES.—liVv. 


5=o 2 a = 9, 3 a+5=8 
t77=3 5 36-2 =8, 6 a 
4a eg x7. Se aa, 
419-46, 18. cte=oe- 2 
20 5a ys 5 18 
Le o Te Ee cee 
Eee 21. ea =0. 
a 4=24-% 22, sere t=O, 
pe— 5? 489, if fa 3 3a7 1 
ee 20, 24. ate 58 
eae ie pee io+sp0tgat=40, 
epee 26. a a5 320 — 438 
2 gh 81 _Bes 
4 a2 «x 100 
28. oe ee 
29. 2 GF 19152 58, 
7z+2 3u 3a@+13 172 
sloeiorn  : £6 a 
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189. It must next be observed that in clearing an equation 
of fractions, whenever a fraction is preceded by a negative sign, 
we must place the result obtained by multiplying that nume- 
rator in a bracket, after the removal of the denominator. 


For example, we ought to proceed thus :-— 


Ex, 1 2+2 a—2 «4-1 


Multiply by 70, the t.c.m. of the denominators, and we get 
14x + 28 =35a — 70 —(10xc—10), 
or 14x + 28 =35e—70- 102+ 10, 
from which we shall find «=8. 
eh eel, 
5a on 
Multiplying by 15, the 1.c.m. of the denominators, we get 
51 — 6x — (20x +10) = 152, 
or 51 —6x2—202—10=15z2, 
from which we shall find «=1. 
Note. It is from want of attention to this way of treating 


fractions preceded by a negative sign that beginners make so 
many mistakes in the solution of equations, 


EX AMPLES.—lV. 


£+2 ba 5a 9 38-—a% 
I ba—-—- = 71 c<¢ r a 
3- 2 5a — — Ww 
2 e——z—-=be, 5 Qu —- | ah dete g | s- 
5-2 9 0-8 = g, SHB 148460 
ie ie) Bee ee 
br+3 3-40 a _31_9~-5s 
oS i a ae 
2+56 2-2 w+9 +2 @ 
8. 5 ae 10. -5--—4 "5 
 @+1_ 2-4 +4 ry, Eth e+2_ 2-2 
Poe. ae F, Te 
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CG Lerl +1 «2-3 «+30 
12. che ll =x-9, 15. = a jas 
Sr2 2-2 w— Qe x£+3 
1h: eG Sa 16. ee =3e—-21 
: +9 _30-6_, 2 2 2e+7 9-8 w-I11 
ee 2 cee he 8S ort mp ay 
1g, 22=81_8+152_7-8 
; 4 26 7 22m 
; 8e—15 llz—-1_ T+2 
ae ie Ti 
es Ta+9 30+1 9-13 249—9e 
ets age at ee: 
Hy x 10-2 3 
OA 10+ @=5tEt+ ZH 7 +937 


190. Literal equations are those in which known quantities 
are represented by letters, usually the first in the alphabet. 
The following are examples :— 


Ex. 1. To solve the equation 
ax + be=bx + ac, 


that is, ax — bx=ac — be, 
or, (a —b)x=(a—b)e, 
therefore, C=C. 


Ex. 2. To solve the equation 
a’ + ba — c= + cx —d, 


that is, | ax + ba — b’a —cv=c-ad, 

or, (a? +b-b?—c)v=c—d, 
c—d 

therefore, oe ae ee ee 


EXAMPLES.—IVi. 
I. at+be=e. 9 4. dm-5x=be-aa, 
2. 2a—cu=38c— 5be. 5. abe—a’x=an—arb, 
3. be+ax—d=a*b — fa. 6. 3acx—6bed =12cdx + abe. 


- 
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7. K+ 3acke + 3k=ke + 8abk —k? — acke. 

8. —ac? + bc + abea=abe + ema — ace + be — me. 
9. (a+a+b)(a+b—«)=(a+ a) (6-2) —ab. 

10. (a—«) (a+«) =20? + 2ax— 2. 

11. (a@+2)%=2? + 4a? + at. 

12. (a?—«) (a? +a) =a! + 2ae — a, 


az—-b —-x+ac m (pata) _ mac? 
oN ee amas ct aca ly 17. a =mget hi 
14. ap —20— 8 18 <—b=5—2 
4ax — 2b ev—a‘a-x% 2% a 
15 eae aii 1) On See a 
br+1 a(a?-1 3 ab-a? 4x-—ac 
16, ae—-———_ = —“—_—. 20. --——- = —— 
x % ce be CL 


ab+x W-a a—b ab—2 


ee eae ee 
ey eo RG ee 
a 


og, 2m _- te, Bake Sacro Sale 
4+ +b) a(at+b) a+b b (a+0) * 


2 
25. stat = 5 27. O abo+d+' 
2 - 
26. 1G +O) na0+F. 28. ena mO— 4), 


2 
29. (at+a)(b+2)—a(b+e)= 4" 40% 


2 
30. oe Et * _ bu = ae — 3ba. 


~ 
191. In the examples already given the Lom. of the 
denominators can generally be determined by inspection, 
When compound expressions appear in the denominators, it 
is sometimes desirable to collect the fractions into two, one 
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ee. -— 


on each side of the equation. When this has been done, we 
can clear the equation of fractions by multiplying the nu- 
erator on the left by the denominator on the right, and the 
numerator on the right by the denominator on the left, and 
making the ee ts equal. 
For, if 2 7 > it is evident that ad=be. 
4e+5 13¢-6 2x-3 
"10, wees) “15? 
. 404+5 20-3 _ 13% -—6 
Oe eran eee 
4a+5—(4e-6) 132-6, 
10 Wet? 
ll les 6 
"10 Ta+4? 
. 11(72+4)=10 (132-6); 


EX. 


whence we find =F" 


- OReitiat Ech 6 eee 
4a+5 40+3 1-20 > eae 
“+6 x il 1 3 

* Ont5 In—5 5) ae eee 
2¢+7 4-1 8 4e+3 80+19 Ta—29 

3 42 Qn" 9 Rg, pe ogeeie. 
5a-1 52-3 wo w—5e Y 

9543 QS" OS eat ae 

1 2 3a+2 4 
oy 9 Agar lO eh ee 


r1. t (@+3)—7(11—a) =2 (7-4) 2 (a8). 


(@+1) (2e+2) 9 _ S. p e 
> ero ogee: pe hg Pe 
Qe+3)e 1 So ete eee 
Ep sort | +5 ao 5. I-a ita 1-® 
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ae 


4 3 5 2 


16. 5-6 *ae—16 | 34-30-98 
17 Coe) ot Hae 
Pies So =2n*— de 3, 
19. to 1= 75, 42-30-12). 

20. p—( 95-5 )=pe- = e 


192. Equations into which Decimal Fractions enter do not 
present any serious difficulty, as may be seen from the follow- 
ing Examples :— 


Ex. 1. To solve the equation 
‘ba='03e+ 1°41. 


Turning the decimals into the form of Vulgar Fractions, 


we get 
Oe oe oe 
10 100° 100° 


Then multiplying both sides by 100, we get 
50a = 3a + 141 ; 


therefore 472=141 ; 
therefore 2=3. 
Ex. 2, 120-28 tn 489. 


First clear the fraction of decimals by multiplying its 
numerator and denominator by 100, and we get 


18a@—5 


120 — = hat + 89 5 

12a 18-5 4x2 89 
therefore eer” eee ek 
therefore 60x — 18a 4+ 5 = 20x + 445 ; 
therefore 227 = 440 ; 


therefore x= 20, 
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EXAMPLES,—IViil. 
le On 39a 2 — 1. 


2. 3'°25a—5:'1+a2-—°757=3°9 + ‘5a. 


3. 1254+ -Ola=13 — 244 °4, 

4. *3¢+1°305e + ‘52 = 22-95 — "1952. 

5. ‘2e—Olx+:005e=11°7. 

6. Q-4x oe a Be +89. 

7. 2°4¢— 10°75 ="252. 8. *5“2+2—"75a="4e—11. 
4 

g. . 875 =4:025. 
fea) a Oy oy 1l—-lz 48% 3—42 

I]. asa rf . Ue, R= a ee 
2-32 | 5a _ 20-3 2-2 gl 

ete roy oo Ls. 7s 


14. = = 04 (a+ 9) =241°2. 


sn 4 A58- "75 _12_ 30-6 
eos eo 9 
35a 24-30 ., 
16. 6-5 = 87a, 
tbe 41852 - 225 _°36_-092—"18 
Ee e+ 6 5 oe 


193. To shew that a simple equation can only have one root. 

Let «=a be the equation, a form to which all equations of 
the first degree may be reduced. 

Now suppose a and £ to be two roots of the equation. 
Then, by Art. 109, 


a 
and B=a, 
therefore a 
in other words, the two supposed roots are identical. 

[p.A.] H 


: f pro ‘ a~kc - thie 
res Se P 
b *), ; ew, Ay ~— 
; : : — sity : 
$ By lo ) “i "a a 
XIII. PROBLEMS IN FRACTIONAL 
EQUATIONS. 


194, Weshall now give a series of Easy Problems resulting 
for the most part in FracrionaL Equations. 


Take the following as an example of the form in which such 
Problems should be set out by a beginner. 


* Find a number such that the sum of its third and fourth 
parts shall be equal to a 


Suppose « to represent the number. 


Then 5 will represent the third part of the number, 


and will represent the fourth part of the number. 


Hence at will represent the sum of the two parts. 
But 7 will represent the sum of the two parts. 
, 2 
Therefore a Gs 7. 
Hence 4x + 307 = 84, 
that is, 7e= 84, 
that is, c= 12, 


and therefore the number sought is 12, 


EX AMPLES,.—lix. 
1. What is the number of which the half, the fourth, and 
the fifth parts added together give as a result 95? 


>, What is the number of which the twelfth, twentieth, 
and fortieth parts added together give as a result 38 ? 

3. What is the number of which the fourth part exceeds 
the fifth part by 4? 


| 
| 
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4. What is the number of which the twenty-fifth part 
exceeds the thirty-fifth part by 8 ? 


5. Divide 60 into two such parts that a seventh part of one 
may be equal to an eighth part of the other. 


6. Divide 50 into two such parts that one-fourth of one 
part being added to five-sixths of the other part the sum may 
be 40. 


7. Divide 100 into two such parts that if a third part of the 
one be subtracted from a fourth part of the other the remainder 
may be 11. 


8. What is the number which is greater than the sum of its 
third, tenth, and twelfth parts by 58 ? 


9g. When I have taken away from 33 the fourth, fifth, and 
tenth parts of a certain number, the remainder is zero. What 
is the number ? 


10. What is the number of which the fourth, fifth, and 
sixth parts added together exceed the half of the number 
by 112? 

11. Ifto the sum of the half, the third, the fourth, and the 
twelfth parts of a certain number I add 30, the sum is twice ag 
large as the original number. Find the number. 


12. The difference between two numbers is 8, and the 
quotient resulting from the division of the greater by the less 
is 3. What are the numbers ? 


13. The seventh part of a man’s property is equal to his 
whole property diminished by £1626. What is his property ? 


14. The difference between two numbers is 504, and the 
quotient resulting from the division of the greater by the less 
is 15. What are the numbers? 


15. The sum of two numbers is 5760, and their difference 
is equal to one-third of the greater. What are the numbers? 


16. Toa certain number I add its half, and the result is as 
much above 60 as the number itself is below 65. Find the 
pumber. 


~ one 
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17. The difference between two numbers is 20, and one- 
seventh of the one is equal to one-third of the other. What 
are the numbers ? 

18. The sum of two numbers is 31207. On dividing one 
by the other the quotient is found to be 15 and the remainder 
1335. What are the numbers? 

19. The ages of two brothers amount to 27 years. On 
dividing the age of the elder by that of the younger the quo- 
tient is 3}. What is the age of each? 

20. Divide 237 into two such parts that one is four-fifths of 
the other. 

21. Divide £1800 between A and B, so that B’s share may 
be two-sevenths of A’s share. 


22. Divide 46 into two such parts that the sum of the 
“quotients obtained by dividing one part by 7 and the other by 
3 may be equal to 10. 
23. Divide the number a into two such parts that the sum 
of the quotients obtained by dividing one part by m and the 
other by n may be equal to 0. 
24. The sum of two numbers is a, and their difference is b. 
Find the numbers. ; 
_©25. On multiplying a certain number by 4 and dividing | 
the product by 3, I obtain 24. What is the number ? 


26. Divide £864 between A, B, and 0, so that A gets ny 


of what B gets, and 0’s share is equal to the sum of the shares 
of A and B, 


27. A man leaves the half of his property to his wife, a 
sixth part to each of his two children, a twelfth part to his 
brother, and the rest, amounting to £600, to charitable uses. 
What was the amount of his property ? 

28. Find two numbers, of which the sum is 70, such that 
the first divided by the second gives 2 as a quotient and las . 
a remainder, 

29. Find two numbers of which the difference is 25, such 
that the second divided by the first gives 4 as a quotient and — 
4 as a remainder. 
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30. Divide the number 208 into two parts such that the 
snm of the fourth of the greater and the third of the less is 
less by 4 than four times the difference between the two parts. 


31. There are thirteen days between division of term and 
the end of the first two-thirds of the term. How many days 
are there in the term ? 


3. Out of a cask of wine of which a fifth part had leaked 
away 10 gallons were drawn, and then the cask was two-thirds 
full. How much did it hold ? 


33. The sum of the ages of a father and son is half what it 
will be in 25 years : the difference is one-third what the sum 
will be in 20 years. Find the respective ages. 


34. A mother is 70 years old, her daughter is exactly half 
that age. How many years have passed since the mother was 
34 times the age of the daughter ? 


35. A is 72, and B is two-thirds of that age. How long is 
it since A was 5 times as old as B? 


Nore I. If a man can doa piece of work in zw hours, the 
part of the work which he can do in one hour will be repre- 


sented by - 


Thus if A can reap a field in 12 hours, he will reap in one 


i 
hour rp} of the field. 


' Ex. Acandoa piece of work in 5 days, and B can do it 
in 12 days. How long will A and B working together take to 
do the work ? 


Let x represent the number of days A and B will take. 


Then will represent the part of the work they do daily. 


» Now 2 represents the part A does daily, 


and 5 represents the part B does daily. 


, ‘ 
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Hence + c will represent the part A and B do daily. 


Consequently : + a = > 


Hence 12x + 5a=60, 
or 172z=60 5 
60 


a 17" 


That is, they will do the work in 3m days. 
36. A can doa piece of work in 2 days. B can dow in 3 
days. In what time will they do it if they work together ? 


37. A can do a piece of work in 50 days, Bin 60 days, 
and Cin 75 days. In what time will they do it all working 
together ? 


38. A and B together finish a work in 12 days; A and C 
in 15 days; B and OC in 20 days. In what time will they 
finish it all working together ? 


39. A and B can do a piece of work in 4 hours ; A and UV 


in a2 hours ; Band C in O, hours. In what time can A do 


it alone ? 

go. A can do a piece of work in a days, B in os days, | 
and C in a days. In what time will they do it all working 
together? 

41. A does ; of a piece of work in 10 days. He then calls 


in B, and they finish the work in 3 days. - How long would B 
take to do one-third of the work by himself? 


Nore II. If a tap can fill a vessel in « hours, the part of 
the vessel filled by it in one hour will be represented by i 
Ex. Three taps running separately will fill a vessel in 20, 


30, and 40 minutes respectively. In what time will they fill it 
when they all run at the same time ¢ 
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Let « represent the number of minutes they will take. 


Then - will represent the part of the vessel filled in } 
minute. 


Now = represents the part filled by the first tap in 1 minute, 


1 


Rp Teretteterteeenteneeeeeeseeeeateeaneees SECON esse. tonustence 
i 2h oe og Stel ee HG EA eoacle er! 
1 1 ll 
Hence 20730 407 2’ 


or, multiplying both sides by 1202, 
6x-+ 4x + 3a =120, 


- that is, 13c— 120); 
1% 
13 


Hence they will take 9° minutes to fill the vessel, 


42. A vessel can be filled by two pipes, running separately, 
in 3 hours and 4 hours respectively. In what time will it be 
filled when both run at the same time? 


43. A vessel may be filled by three different pipes: by the 


first In i hours, by the second in Be hours, and by the third 


in 5 hours. In what time will the vessel be filled when all 
three pipes are opened at once ? 


44. A bath is filled by a pipe in 40 minutes. Ut is emptied 
by a waste-pipe in an hour. In what time will the bath be 


full if both pipes are opened at once ? 


45. If three pipes fill a vessel in a, b,c minutes running 
separately, in what time will the yx»+¢! be filled when all three 


are opened at once } 


46. A vessel containing 755 : gallons can be filled by three 
pipes. The first lets in 12 gallons in 35 minutes, the second 


15 gallons in 2% 
in what time will the vessel be filled by the three pipes all 
running together ? 

47. A vessel can be filled in 15 minutes by three pipes. 
one of which lets in 10 gallons more and the other 4 galions 
lessthan the third each minute. The cistern holds 2400 gallons. 
How much comes through cach pipe in a minute? 


Nore III. In questions involving distance travelled over in 
a certain time at a certain rate, it is to be observed that 


That is, if I travel 20 miles at the rate of 5 miles an hour, 


Ex. A and B set out, one from Newmarket and the other 
from Cambridge, at the same time. The distance between the 
towns is 13 miles. 
Where will they meet? 
Let # represent their distance from Cambridge when they 


hour. 


mvet. 


Then 13 —« will represent their distance from Newmarket. 


Then 4 atime in hours that B has been walking, 


13-2 


4 


on Hh vinenins deine ansine 
And since both have been walking the same time, 
e 13-0 
> Aaa 
or 4xr=39 - 32, 
or Txr=39; 
ee 
fi 7 
‘ xr ph Wi xX j } 
a —— eee fy 
- OF 


< ry, - 
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ve 


minutes, the third 17 gallons in 3 minutes : 


Distance 
Rate 


= Time. 
number of hours I ules aint 


5° 


A walks 4 miles an hour, and B 3 miles an 


ie 7 


— 
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That is, they meet at a distance of ce miles from Cam- 


bridge. 
48. A person starts from Ely to walk to Cambridge (which 
is distant 16 miles) at the rate of 4 miles an hour, at the 


same time that another person leaves Cambridge for Ely 
walking at the rate of a mile in 18 minutes, Where will they 
meet ? 


49. A person walked to the top of a mountain at the rate 


i 
of 25 


35 miles an hour, and was out 5 hours. How far did he walk 


altogether ? 


miles an hour, and down the same way at the rate of 


50. A man walks a miles in b hours. Write down 
(1) The number of miles he will walk in ¢ hours. 
(2) The number of hours he will be walking d miles, 


51. A steamer which started from a certain place is fol- 
lowed after 2 days by another steamer on the same line. The 
first goes 244 miles a day, and the second 286 miles a day. In 
how many days will the second overtake the first ? 


52. A messenger who goes 315 miles in 5 hours is followed 
after 8 hours by another who goes 225 


will the second overtake the first ? 


53. Two men set out to walk, one from Cambridge to 
London, the other from London to Cambridge, a distance of 
60 miles, The former walks at the rate of 4 miles, the latter 


miles in 3 hours. When 


at the rate of a miles an hour. At what distance from Cam- 


bridge will they meet ? 


54. A sets out and travels at the rate of 7 miles in 5 hours, 
Eight hours afterwards B sets out from the same place, and 
travels along the same road at the rate of 5 miles in 3 hours 
After what time will B overtake A? 
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Nore IV. In problems relating to clocks the chief point to 
be noticed is that the minute-hand moves 12 times as fast as 


the hour-hand. 
The following examples should be carefully studied. 
Find the time between 3 and 4 o’clock when the hands of a 
clock are 
(1) Opposite to each other. 
(2) At right angles to each other. 
(3) Coincident. 


yee 


(1) Let ON represent the position of the minute-hand in 
Fig. 1. 
OD represents the position of the hour-hand in Fig. I. 
M marks the 12 o’clock point. 


TT vvixevowpsinnse 3 o'clock ...... 
The lines OM, O7' represent the position of the hands at 
3 o'clock. 


Now suppose the time to be # minutes past 3. 
Then the minute-hand has since 3 o’clock moved over the 


are MDN. 
And the hour-hand has since 3 o'clock moved over the 


are 7'D. 
Hence arc MDN= twelve times arc cD. 


If then we represent MDN by 2, 
we shall represent 7’) by -_ 


Also we shall represent MT by 15, 
and DN by 30. 
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Now _ MDN=MT+TD+DN, 
that is, w=15 +55 +30, 
or 12¢=180+2+360 
or llea=540; 
_ 540 
eth 


Hence the time is 49 minutes past 3. 


(2) In Fig. II. the description given of the state of the 
clock in Fig. I. applies, except that DN will be representec by 
15 instead of 30. 

Now suppose the time to be « minutes past 3. 


Then since 
MDN=MT+TD+DN, 


x 
e=15+75 +15. 


from which we get 
360 


Al? 


that is, the time is ee minutes past 3. 


(3) In Fig. ITI. the hands are both in the position ON. 
Now suppose the time to be « minutes past 3. 


Then since 
MN=MT+TN, 


H 0) 
e2=15 ate 12’ 
or 127=—180+42, 
180 


or c= iia 


that is, the time is 16= minutes past 3. 
> ; 


55. At what time are the hands of a watch opposite to 
eavh other, 
(1) Between 1 and 2, 
(2) Between 4 and 5, 
(3) Between 8 and 9? 


ey s 


“ 
* 
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56. At what time are the hands of a watch at right angles 
- to each other, 
(1) Between 2 and 3. 
(2) Between 4 and 5, 
(3) Between 7 and 8? 


57. At what time are the hands of a watch together, 
(1) Between 3 and 4, 
(2) Between 6 and 7, 
(3) Between 9 and 10? 


58. A person buys a certain number of apples at the rate 
of five for twopence. He sells half of them at two a penny, 
and the remaining half at three a penny, and clears a penny 


by the transaction. How many does he buy ? 


59. A man gives away half a sovereign more than half as 
many sovereigns as he has: and again half a sovereign more 
than half the sovereigns then remaining to him, and now has 
nothing left. How much had he at first ? 


60. What must be the value of » in order that ac 
3n+ 69a 


may be equal to 53 when a@ is =] 

61. A body of troops retreating before the enemy, from 
which it is at a certain time 25 miles distant, marches 18 miles 
aday. The enemy pursues it at the rate of 23 miles a day, 
but is first a day later in starting, then after 2 days is forced 
to halt for one day to repair a bridge, and this they have to do 
again after two days’ more marching. After how many days 
from the beginning of the retreat will the retreating force be 
overtaken ! 


62. A person, after paying an income-tax of sixpence in the 
pound, gave away one-thirteenth of his remaining income, and 
had £540 left. What was his original income ? 


63. From a sum of money I take away £50 more than the 
half, then from the remainder £30 more than the fifth, then 
from the second remainder £20 more than the fourth part : 
end at last only £10 remains. What was the original sum ? 


- Dae 


~y 
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64. I bought a certain number of eggs at 2 a penny, and 
the same number at 3a penny. I sold them at 5 for twopence, 
and lost a penny. How many eges did I buy? 

65. A cistern, holding 1200 gallons, is filled by 3 pipes 
A, B, Cin 24 minutes. The pipe A requires 30 minutes more 
than C to fill the cistern, and 10 gallons less run through C per 
minute than through A and 8 together. What time would 
each pipe take to fill the cistern by itself? 


66. A, B, and CO drink a barrel of beer in 24 days. A and 
B drink ord of what C does, and B drinks twice as much as A. 
In what time would each separately drink the cask ? 


67. A and B shoot by turns at a target. A puts 7 bullets 
out of 12 into the centre, and B puts in 9 out of 12, Between 
them they put in 32 bullets. How many shots did each fire? 


68. A farmer sold at market 100 head of stock, horses, 
oxen, and sheep, selling two oxen for every horse. He obtained 
on the sale £2, 7s. a head. If he sold the horses, oxen, and 
sheep at the respective prices £22, £12, 10s., and £1, 10s., how 
many horses, oxen, and sheep respectively did he sell ? 


69. Ina Euclid paper A gets 160 marks, and B just passes. 
A gets full marks for book-work, and twice as many marks 
for riders as B gets altogether. Also Bb, sending answers 
to all the questions, gets no marks for riders and half marks 


for book-work. Supposing it necessary to get ; of full marks 


in order to pass, find the number of marks which the paper . 
carries. 

70. It is between 2 and 3 o’clock, but a person looking at 
the clock and mistaking the hour-hand for the minute-hand, 
fancies that the time of day is 55 minutes earlier than the 
reality. What is the true time? 


71. An army in a defeat loses one-sixth of its number in 
killed and wounded, and 4000. prisoners. It is reinforced by 
3000 men, but retreats, losing a fourth of its number in doing 
so, There remain 18000 men. What was the original force? 


72. The national debt of a country was increased by one- 
fourth in a time of war. During twenty years of peace which 
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a 


followed £25,000,000 was paid off, and at the end of that time 
the interest was reduced from 4} to 4 per cent. It was then 
found that the interest was the same in amount as before the 
war. What was the amount of the debt before the war ? 


73. An artesian well supplies a brewery. The consumy . 
tion of water goes on each week-day from 3 A.M. to 6 P.M. ué 
double the rate at which the water flows into the well. If 
the well contained 2250 gallons when the consumption began 
on Monday morning, and it was just emptied when the con- 
sumption ceased in the evening of the next Thursday but one, 
what is the rate of the influx of water into the well in gallons 


per hour? 


mY. O MISCELLANEOUS FRACTIONS. 


195. In this Chapter we shall treat of various matters con- 
nected with FRACTIONS, 80 as to exhibit the mode of applying 
the elementary rules to the simplification of expressions of a 
more complicated kind than those which have hitherto been 
discussed. 


196. The attention of the student must first be directed 
to a point in which the notation of Algebra differs from that of 
Arithmetic, namely when a whole number and a fraction stand 
side by side with no sign between them. 


Thus in Arithmetic 2 stands for the swm of 2 and 3 


But in Algebra a stands for the product of « and 4 


I 
So in Algebra gos ’ stands for the product of 3 and a1 ' 


a+b _3a+3b 


that is, 3- . - 


‘te 
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EXAMPLES,.—Ix. 


Simplify the following fractions: 


1. atu+3-. = ie Eg f 
4 1) tC Y 
a+an wo a+b .a?—b? 
eee ee eS) are 


197. <A fraction of which the Numerator or Denominator 
is itself a fraction, is called a Complex Fraction. 


y © 
c v f 
; and = are complex fractions. 


Thus 


? 


x 
a 
b n 


A Fraction whose terms are whole numbers is called a 
Simple Fraction. 


All Complex Fractions may be reduced to Simple Fractions 
by the processes already described. We may take the follow- 
ing Examples : 


a 
bo wa,.m_a_n_an 
moo m8 im bat 
n 
a ¢ 
ey ee m p\_ad—be , mqg—np 
2) ee n q? bd ng 
LA 
_ad— be nq __ ng (ad ~ be) 
~ bd mg—np bd (mq = to) 
1 
(@) f-a4e)+(1+7)=Ct2)2o* 
Noe 


_it@, & v1 +2) _ 
2 oh ie 


a 


; * 
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i 
he 
—2 — 1 oie es 
(a) x “\l-a 1+2 1-2 +e 
l-ws 7 ay 
l+a- Pees et+e+l—2 
ae 1-2 
as a oe Ww 
ai be *T¢e 14a" 
6) ee ee 
3 3 3(1-a2) , , 3-30 
a es ns eS 
1—-2+3 ]-a2+3 4-% 
1 
1-2 1-2 
3 3(4-a) _12—30 
ee eee = 
4—a+3-—3% 4-a+3-30 7-4a 


~ S—e 
EX AMPLES.—1lxi. 


Simplify the following expressions : 


4 lie 


L+s 
a 
f. es eS 2. Lesaw, 3. : aes 
are a sy! 
23 
i 
y(Z+1) 5+a+-9 nto 
4 y . 5 ee 6. en 
o( —_ 2-B+-—4 1+ -— 
x 
il © & 
OQ r+a 2-a Qe 
7 T 8. ~ 9. 
ae a — a? slid ROT 
B= 9 , 2tY 
10. oa—e+ i= : . Tt. ae te ; 
Lee a+1 Gy «+y 
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] 
1,  Lteto® =i aa 
heey “i 2m 1 
C fi ree mm 
a+b b js See | 
3 2 atb ab" ac be 
3. il i 'e 15. a = (b+) e 
a b ab 


198. Any fraction may be split up into a number of frac- 
| tions equal to the number of terms in its numerator. Thus 


SteAte+l a Wits 
mm pe ae 


EXAMPLES.—lLxXii. 


Split up into four fractions, each in its lowest terms, the 


following fractions : 


at + 3a3 + 2a74+ 5a 9a? — 12a? + 6a—3 


2a* 108 
abe + ab?d + abc? + bed? 18p? + 129? — 36r? + 728* 
abed , 5° 3pqrs j 
x3 — 3a?y + dxy? — y3 6 10a? — 25a? + 75x — 125 
a ‘ui. Xs Gene LU ae 


199. The quotient obtained by dividing the unit by any 
fraction of that unit is called Toe Recrprocat of that fraction. 


Thus x that is, us is the Reciprocal of . 
a a 


200. We have shewn in Art. 158, that the fraction symbol 
is a proper representative of the Division of a by b. In 
1 


{s.a.] 
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Chapter IV. we treated of cases of division in which the divisor 
is contained an exact number of times in the dividend. We 
now proceed to treat of cases in which the divisor is not con- 
tained exactly in the dividend, and to shew the proper method 
of representing the Quotient in such cases. 


Suppose we have to divide 1 by 1~a. We may at once 


represent the result by the fraction = But we may 
actually perform the operation of division in the following 
way. . 
L—a) 1 (L+a+a?+a3 +e 
l-a 


The Quotient in this case is interminable, We may carry 
on the operation to any extent, but an exact and terminable 
Quotient we shall never find. It is clear, however, that the 
terms of the Quotient are formed by a certain law, and such 
a succession of terms is called a Serres. If, as in the case 
before us, the series may be indefinitely extended, it is called 
an INFINITE SERIES. 


If we wish to express in a concise furm the result of the 
operation, we may stop at any term of the quotient and write — 
the result in the following way. 

a 


3s" a 


wl+a+a!+—, 
l-a l-a 


ON MISCELLANEOUS FRACTIONS. 131 


always being careful to attach to that term of the quotient, at 
which we intend to stop, the remainder at that point of the 
division, placed as the numerator of a fraction of which the 
divisor is the denominator. 


EX AMPEES.— 1 xii, 


Carry on each of the following divisions to 5 terms in the 
quotient. 


1. 2by 1l+a. 7, lby 14+ 20-22, 
2. mby m+2. 8. 1l+aby l-v+22. 
3. a-bby a+b. 9. 14+6 by 1-26. 

4. a?+2? by a®?-23, Io. «—b by a+b. 

5. ax by a-a. 11. a* by xb. 

6. bby ata. 12. a*® by (a+2)*. 


13. If the divisor be x—a, the quotient «?-—2ax, and the 
remainder 4u%, what is the dividend ? 


14. Ifthe divisor be m—5, the quotient m3 + 5m? + 15m + 34, 
and the remainder 75, what is the dividend ? 


201. If we are required to multiply such an expression as 
ee ak by @ 1 
Gag ae ee 
we may multiply each term of the former by each term of the 
latter, and combine the results by the ordinary methods of 
addition and subtraction of fractions, thus 


aaa 

a3. 4 

zl 

2° 3 

es a a 

aT ee 
es 
6 9 12 

See eae 

+ (Zi 
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Or we may first reduce the multiplicand and the multiplier 
to single fractions and proceed in the following way : 


Sp @ 1 
(543 3°4 23 
6x? +4043 30-2 _ 180 +0 = 6 
ac 12 6 72 
18H 4 @ 6 ie ee 1 
oe 3 “7” 4° 72 12 


This latter process will be found the simpler by a beginner. 


EXAMPLES.—lxiv. 


Multiply 
oe el ei 3 1 3 1 
Ze 3 tots by 5+] 4. a—1+—4 by# +1+73- 
a al a A Pee) 1 
2 5 eta V4 5 5 gtr Yaw 
eu Ug Tie era k Vie Fad: 
= ae aed 67> Ses mudlege 
3. Prot +-5 by - es sae by ee 
b Bb i 
a tas +og by leat ar 
1 LL ie dite 
8. L452 + got by 1— gn ge - 5 
eae tag eee 
“ oF 2 8 o£ 2 


2 a Be | 
10. ga toa t 2 by wqr-* | 

202. If we have to divide such an expression as 
a + 3a + : = 4 

by +- : , we may proceed as in the division of whole nae 


wnaitelly observing that the order of descending powers of @ 
is 
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— me eee 


Any isolated digits, w 1, 2, 5 ... will stand between a 
and = 
we 
Thus the expression 
4408+ 4 432a 3s 504, 
x x a 


arranged according to descending powers of x, will stand thus, 


5 
w+ 302450444 2434-5 
en a 


The reason for this arrangement will be given in the Chapter 
on the Theory of Indices. 


1 33 al 
KX, at )aS+304+~+5( o8+245 
e+ 2 
Bee 
% 
on ee 
x 
11 
ec we 
iii 
a 


Or we may proceed in the following way, which will be 
found simpler by the beginner. 


(8+30+545)+(0+4) 
xe x x 


_ +3044 8at+1 , ot+1 


x Con 
: + 3at+ 341. x 
an a8 w+] 
DS ah Dae 
w+ =5 t+ +5=07+2+-5, 


CC 
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Divide : 
i} 1 1 
a =e = ee Tey a8, 
I, @®—-aby #+7. 4 6 aby ¢ 7 
1 1 x y?, ey 
ates ae Ee y by +4, 
2. a by 4 " 5 grita Tote 
1 1 1 1 i deo ge 
reed 4 Sg Me ee eee 
3 mM +73 by m+-. 6. atant py @ ab TB 
se af bf oy et Y 
aC 
8. af ato Tgp — Se 253, 97 by S248, 
a B, ab Io Le ee. Oy Dee u 
® pre sa TRIS Ges ae ee 


203. In dealing with expressions involving Decimal Frac- 
tions two methods may be adopted, as will be seen from the 
following example. 

Multiply ‘la—-2y by “03x + “4y. 

We may proceed thus, applying the Rules for Multiplication, 
Addition, and Subtraction of Decimals. 

‘la—‘2y 
“O3a + dy 
003a? — ‘O06xy 
+04 vy —08y? 
“00302 + 02 Ley —O8y? 


Or thus, 
. . . ®, = nag 2y = rt 
(‘la — *2y) (03a + 4”) =(50 ico 10 
2 fy , Ba + a0y 
10. 100 
_ Ba? + 34ay — 80y? 


1000 © 
= 003a? + ‘034acy — 08y". 


The latter method will be found the simpler for a beginner, 
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EXAMPLES.—lxvi. 


Multiply : , 
f. ‘le-—'3 by ‘5¢+ 07, 2. ‘05e+7 by 2a -3, 
3. “B8a—"2y by -4x+Ty, 4. 43x0+5°2y by 04x — O06y. 


Find the value of 

a’ — 63+ c3 + 3abe when a='03, b="1, and c='07. 
‘6. Find the value of 
a? — 3aa? + 3022 -—a? when «='7 and a='03. 


uw 
. 


204. When any expression # is put in a form of which f is 
‘a factor, then a is the other factor. 


ia 
Thus a+b=a(“**) 


sae) 


So ls ei utec™ +ac+ be 
abe 


= abe (exes 
Bore Now Ue cay: 
a + Qoy + y? 


Nr 


2 
=o? (14444). 
oe 


and a4 Qary ty? =a? ( 


' EXAMPLES.—I1XvVii. 


I. Write in factors, one of which is a,2, the series 
Aye + Oyu? + age? +agtt+... 

2. Write in factors, one of which is xyz, the expression 
wy — 0+ YZ. 

3. Write in factors, one of which is a, the expression 
w+ xy ty”. 

4 Write in factors, one of which is a+), the expression 

(a+b-¢(a+b)?-d(at+b) +e. 


es : oe ae oe 
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ae ee ee ee 
205. We shall now give two examples of a process by 

which, when certain fractions are known to be equal, other 

relations between the quantities involved in them may be 

determined. 


This process will be found of great use in a later part of 
the subject, and the student is advised to pay particular — 
attention to it. 


(1) It =o shew that 
a+b _c+d 
a—b c-d 
a 
Let iia 
c 
 a=N, 
and = c=Ad. 
- at+b_ Ab+b_b(A+1)_ AHL 
eow 5-0 hb bA-1) NP 
- c+d_drd+d_d(A+1)_A+1 
c-d dXd-d d(aA-1) dA-1 
H a+b  .c+d,. atl 
ence “> and | being each equal to Ao] are equal to 
one another. 
(2) If ro =pos shew that m+n+7r=0, 
Le ae 
t st ry 
ao 
Saami : 
c-a ”’ 
then m =a — Nb, 
n=b—e, 
r=c-)a; 


oe m+n+r=ra—A\b+AD— Ac+AC— a=. 
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— — — 


EXAMPLES.—IXviii. 


LE 774 prove the following relations: 


q) A=" ©) grin arid 

oy ee © 95-5 

@O ganar OTe ise 

@oprace © ayabeb epoca 
>. if ee then /+m+n=0. 


ace a_la+me+ne 
S:. it Teen eae prove that STEER 


4. (esa ae aa) prove that a=b=c. 
20, + 3a_ + 4a 
. f ea = ae => a3 ua — 1 _- 2 3 
Be I aes i shew that ba Sheba ah 
6 ust © 2 be; 
. grapes descending order of magnitude, shew 
that “*°*° js less than “ and greater than 2. 
b+d+f b oi F 


/ 


Yo’ 


72, +94, 72 +9Yq 


y a*+ab_ ab—b? 
8 If => shew that ee eT aes 


aie 7a+b  Tc+d 
Oo. it a shew that ele Bae Eh 


” 
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ro. >If be a proper fraction, shew that ate is greater 


than ; c being a positive quantity. 

rm. i ; be an improper fraction, shew that ae is less 
than c being a positive quantity. 

206. We shall now give a series of examples in the working 


of which most of the processes connected with fractions will 
be introduced. 


EXAMPLES.—1Xix. 
1. Find the value of ape ae when 
a=4,b=5,c=1. 
Qx3 + 7? —8x+5 a’ — 39a +'70 
2, Simplify “a—jan+6 | "4 Gipaa—45" 
, . (tp a-p a+p ,a—p\) 
3: Simplify (7 rs sai -p tatp) 
4. Add together 
ay 2 ee : porn Ze ao A 
46's) 3 6" 4*6' 8 


2 
and subtract 2? — +45 from the result. 


2 * +b? —c? + Qab 


5. Find the value of 7 = erry 


when 


a=4, b=) c=], 


6. Multiply 5 58 + Sax — ra? by 2a*~ aa x 


-b8 3h? 
7: Shew that aaa + 2b + a — —¥ 
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as — oj? 
8. Simplify = + 2y ra a 


ay a — ay? 
6023 — 172?—4a+1 49 
g. Shew that eee A = 120-25 + > 


ag 2 — 903 + 7x? + 9a —-8 
ro. Simphly 94.4709 — 9a? — 7248 


11. Simplify =>. + 
1 


Os 5 
12. Simplify a+ab+08(a+ab+0% = 5) 


: 1 1 1 
13. Multiply together ¢ + 9) (v + ) (1 - i} 
1 1 i 
a+) 6+1’ c+ 
sum be equal to 1, then abe=a+b+ce+2. 


Be PD. 702 


Sel 
‘ Midge =—1)———=-_.+ + hy ¢—a, 
15. D a a Ge sae y 


14. Add together and shew that if their 


eas orn gee 
Reh Tat et 

16. Simplify i Ea ER and shew that it is equal 
=O erat —eb 


pp @+ ODO 9 trastte 


17. Shew that 


: ~~ @+0 a-b o-—F 
18, Simplify 7-3 +a46 7 eae 


6b a+b, +h 
a+b 2a  2a(a—b) 


Simplif a? —ab+b? ee 
20, Simplify 73-356 (a-0) 09 * at oF 


19. Simplify 


140 


21. 


22. 


34- 


35- 
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rere 2 1 1 
Simplify Gai a%—4e40 1a 


se ee ec at+bt+e 
Simplify .—;— Nee Wee ; 


siny (21a) * (Seats) 


} eee wl ees 
Cea oe ee 


Find the value of (e-% 


a’—(b-c)? b’-(a- ant —(a—by? 
Seep a eel (a+c)?-B? + fi Foe at = +c)?-at 


(a? — 4xr) (ai? — 4)? 


Simplify Cy 
a? —1) (a8 — 
Simplify S = = ar = 
L- 1 w—1 3 


Biosys ae @eIP EL ee 


a x va a3 eo @ 
Divide .—~+_—— by ---. 
Simplif { ha at ats 

PI (2 @—B) 2a +b) BBY 2 


(atd+oP + — 8+ (cma) + (ab 


Simplify Fine 


Take _i-t-3at from z +3a?+ 2a 
(3 — 2a —'7a?)8 (3 — 2a —7a2)* 


ety? a—y). (a+y 2-4 
Simplify (7)* re a) +( y mrs. 


Simplity (% -1)(55-1)+ CG i) ght ) 


Simplify 
a—ab a@+ab+b (2a 1) (1- 2ab 
a — b a+b e+ @+ab+b/ 
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36. Simplify. 
PE = eee Lol = ee, 
2(@—-1)? 4(@-1)° 4(@+1) (@-1)?(@+1) 


37. Prove that 
x 1 Y 1 E 1 
abe * a(a—b)(«@—a) b(6—a)(x—b)  &(a@—a) (@— bY 
38. Ifs=a+b+c+ ... to nm terms, shew that 


S—@. s—b s—c | rs gat | 
= aa eal + eee =s(-+54-+ ae 
a b (r aq uo 


E , x y? sie 
39. Multiply a ra = oh) by @—y2)? + (at + y2) 
-—2 a? a a? 
ae ss 
adders a+x , a*+ & 
4o. Simplify eae 
a+a a? + 


ae 1 M 1 1 
el Seal Ale £ 
41. Divide x +3 a( x ) 4(a < by O47 


42. Ifs=a+b+c+...to n terms, shew that 


Bie SES EO Ae were 


s 8 s 
43 Divide SN janes ee mie 
j aa) ety gy 
sen 1-2 2 : 
: (e+y)* A = 
Simplif: — 
44. imp Dare, Qey al { 
(e-y)? a 
a+6 ct+d at+b+c+d 
45. Its = ah SET prove that iano eS bcd. 
-+-+5 
Ci, OF 4G Ad, 


46. Simplify 
ae qt 6p'g?+4pet+¢ . saa a 
of —4pg+qt * p®—3p’¢ + 3pq°—g* 


47. Reduce e- teenyt ! 7 


~ 
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es 1 1 oes 
48. Simplify ———+——= - 7, Yb 
Se ate y (aye +u+2) 
 aleny 


49. 


50. 


Lt. 
sr. Simplify ——~ (a°— 0%. 

fone 

a 

ae 


XV. SIMULTANEOUS EQUATIONS OF 
THE FIRST DEGREE. 


207. To determine several unknown quantities we must 
have as many independent equations as there are unknown 
quantities, 

Thus if we had this equation given, 

r+y=6, 
we could determine no definite values of # and y, for 


a=2 ore st or @=2 
y=4 ’ y=2 ’ y=3 ’ 


or other values might be given to # and y, consistently with 
the equation. In fact we can find as many pairs of values of 
a and y as we please, which will satisfy the equation, 
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We must have a@ second equation independent of the first, 
and then we may find a pair of values of @ and y which will 
satisfy both equations, 


Thus, if besides the equation «+y=6, we had another 
x»yuation w—y=2, it is evident that the values of « and y 
which will satisfy both equations are 


ae 
y=2)? 
since 442=6, and 4-2=2, 


Also, of all the pairs of values of « and y which will satisfy 
one of the equations, there is but one pair which will satisly 
the other equation. 


We proceed to shew how this pair of values may be found, 
208. Let the proposed equations be 

20+ Ty =34 

52+ 9y=51. 


Multiply the first equation by 5 and the second equation by 
2, we then get 
10x + 35y=170 
i0z + 18y = 102. 
The coefficients of « are thus made alike in both equations. 


If we now subtract each member of the second equation 
from the corresponding member of the first equation, we shall 
get (Ax. II. page 58) 

35y — 18y=170— 102, 
or l7y=68 ; 
“ y=4. 

We have thus obtained the value of one of the unknown 

symbols. The value of the other may be found thus: 


Take one of the original equations, thus 


22+ Ty = 34, 
Now, since y=4, Ty=28; 
“ 20+28=34; 

. c=8. 


Hence the pair of values of « and y which satisfy the 
equations is 3 and 4. 


4 
’ 
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Nore. The process of thus obtaining from two or more 
equations an equation, from which one of the unknown quanti- 
ties has disappeared, is called Elimination. 
— 


209. We worked out the steps fully in the example given 
in the last article. We shall now work an example in the form 
in which the process is usually given. 


Ex. To solve the equations 
30+ 7y = 67 
5a + 4y=58. 
Multiplying the first equation by 5 and the second by 3, 
15a + 35y = 335 
15a + 12y=174. 


Subtracting, 23y = 161, 
and therefore y=7. 
Now, since 30+ 7y =67, 
3x + 49 = 67, 
, DO= 16, 
. c=6. 


Hence =6 and y=7 are the values required. 


210. In tie examples given in the two preceding articles 
we made the coefficients of x alike. Sometimes it is more con- 
venient to make the coefficients of y alike. Thus if we have 
to solve the equations 

29x + 2y = 64 

l3x+ y=29, 
we leave the first equation as it stands, and multiply the 
second equation by 2, thus 

292 + 2y = 64 

26a + 2y = 58. 


Subtracting, 3x =6, 
and therefore c=2. 


Now, since 13a +y=29, 
26 +y=29, 
 y=3. 


Hence x=2 and y=3 are the values required, 


' 
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EXAMPLES —1xx, 


1. 20+ 7y=41 2. Set+8y=10L 3. 13¢+17y=189 
3x + 4y = 42. 9x + 2y=95. 2o+ y=21. 
4. 14u+9y=156 5. w+15y=49 6. 15a+19y=132 
Tx + 2y = 58. 3e+ Ty=71. 35x + 17y = 226. 


7. Ge+ 4y=236 8. 39a+27y=105 9. 72n+14y=330 
30+ ld5y=573. 520 + 29y = 133. 682+ Ty=273. 


211. We shall now give some examples in which negative 
signs occur attached to the coefficient of y in one or both of 
the equations. 


EX. To solve the equations: 


62+ 35y=177 
8¢—2ly= 33. - 


Multiply the first equation by 4 and the second by 3. 


24x + 140y =708 
24n—- 63y= 99. 


Subtracting, 203y = 609, 


and therefore y=3. 


The value of « may then be found. 


EXAMPLES.—IXxxi. 


I. 24+ 7y=52 2. Te—- 4y=55 3. 2+y=96 
3a — 5y=16. 15x —13y=109. e—y=2. 

4. 4e+ 9y=79 5. t+19y=97 6. 29%—-14y=175 
7x —17y=40. 7a — 538y=121. 87x — 563 = 497. 


j. 17la—213y=642 8, 430+ 2y=266 9. 5x2+9y=188 
114 —326y=244, 128 —17y=4. 13a — 2y=57. 
[s.A.] K 


U 
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212. We have hitherto taken examples in which the 
coefficients of x are both positive. Let us now take the follyw- 
ing equations : 

. 5a-Ty=6 
9y — 20=10. 

Change all the signs of the second equation, so that we get 

5u—Ty=6 

2a —9y= — 10. 
Multiplying by 2 and 5, 

10x - 14y=12 

10x - 45y= —50. 


Subtracting, 
- 14y +45y= 12450, 
or, 3ly=62, 
or, y=2. 


The value of « may then be found. 


EXAMPLES,.—Ixxii. 
tr. 40—Ty=22 2. 9r—5y=52 3. 17%+3y=57 


Ty —30=1. 8y —32=8. 16y — 37 = 23. 
4. Ty+3r=78 5. 5Se-3y=4 6. 30+2y=39 
19y — 7a = 136. 12y — 7~=10. 3y — 22 = 13, 
7. 5Sy—-2x=21 8. 9y-7r#=13 9. 12a+ Ty=176 
13a — 4y = 120. 15a -—'7y=9. 3y — 192#=3. 


213. In the preceding examples the values of x and y have 
been positive. We shall now give some equations in which a 
or y or both have negative values. 


Ex. To solve the equations: 
2a ~—9y=11 
3a —4y=7. 


Multiplying the equations by 3 and 2 respectively, we get 
6a = 27y = 33 
6a— Sy=14, 
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Subtracting, 
—19y=19, 
or, 19y=-19, 
oy, Y= 1: 


Now sinee 9y= —9, 
2x% —9y will be equivalent to 2% —(—-9) or, 27+9, 
Hence, from the first equation, 
2e+9=11, 
. c=l, 


EXAMPLES,.—I1xxiii 


I. 2x+3y=8 2. 5xe—2y=51 3. 38a —-5y=51 
32+ Ty=7. 19x — 3y=180. 22+ Ty =3. 

4. Ty-3x=139 5. 4e+ 9y=106 6. 2a-—Ty=8 
22+ 5y=91. 8x + 17y=198. 4y —9%=19. 

7. \7w+12y=59 8. 8¢+3y=3 9g. 69y —17x=1038 
192— 4y=153. 120 + 9y=3. 14¢—13y=—41. 


214. We shall now take the case of Fractional Equations 
involving two unknown quantities. 


EX. To solve the equations, 
ea 
2x rg 
c—2 
3y=9 — =" 


First, clearing the equations of fractions, we get 
10z—y+3=20 
9y=27-—2+2, 

from which we obtain, 
102% ~y=17 
x+9y=29, 
and hence we may find s=2, y=3. 
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SIMULTANEOUS EQUATIONS 


I. 


EXAMPLES.—IlxXiv. 


a ee a= Os Wale 
ats 7 2. l0z+3=210 3. at ly 251 
a ee aes a 
3to=8 10y — 5=290. 7t T= 299, 
OEY ip oe by asad Fe 
ee tb 10 5. Ta+> =413 6. 5 =10-3 
ad BY Romy 1009 eae, 
2 6 4 
oh Newt ip O42 oye 
Darts =65 10. 3 +8y=31 
4y 2+ 193 ¥+5 | 10r=192 
3 4 
a 20 5 gp Dy— 
q+8=5 12 Il. —y +30 =2y—6 
Cty yey U3 2" ease 
5 Slap 4 +35 5 2a — 8. 
3a—5y , 2e+y w-2 10-x%_y-10 
oe ee eee 4 
gt 2 Y Qy+4_ d4ot+y+13 
4 2°38 3 a: ws 
5a — 6y 
13 —jqg + 8a=4y-2 
Sat Oy ea Saye 
a - 2 
Se-3 30-19 , B3y-a 
os Tie ane alee. 
Qo+y 9-7 _ 3y+9_ 4a+ by 
— os oo ee 
pd ee 
15+ "40 y 
S 2a—y _l 
3 +2y 7 
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215. We have now to explain the method of solving Literal 
Equations involving two unknown quantities. 


Ex. To solve the equations, 
ax + by=c 
per qr. 


Multiplying the first equation by p and the second by a, we 
get 


apa + bpy = cp 
ape + aqy=ar. 
Subtracting, bpy — aqy =cp—ar, 
or, (bp—ag)y=cp — ar ; 


We might then find « by substituting this value of y in one 
of the original equations, but usually the safest course is to 
begin afresh and make the coefficients of y alike in the original 
equations, multiplying the first by q and the second by 8, 
which gives 

agen + bay =cq 
bpa + bay = br. 
Subtracting, aga — bpx=cq — br, 


or, (aq —bp)«=cq — br; 
=a cq — br 
aq — bp" 


BS AMPEES.—Itxv. 


I. meo+ny=e, 2. abt+by=c 3. av—by=m 
pe + qy =f. dx —ey=f. ca + ey=n. 
face —dy 5. me—-ny=r 6. sty=a 
c+y=e. me+ vy =r o—y=b. 
ax + by=c 8. aba+cdy=2 9. oe 
b+y 8a+a4 


da + fy =c?. as—ey="—" at + 2by=d. 


1 > - 
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10. ber + 2b —cy=0 11. (b+c¢)(e@+c—b) +a(y +a)=2a? 
a(c— 0) _ 20 a a a 
a 3 bt 1 a @-cac oF ° 
12. a+ by = Ooo mim 
bem? 
Ba — + (b tom) my = mia + (b+ 2m)bm, 


216. We now proceed to the solution of a particular class 
of Simultaneous Equations in which the unknown symbols 
appear as the denominators of fractions, of which the following 
are examples. 


Ex. l. To solve the equations, 


~+—=¢ 
a y 
oN tata: 
co sy 


Multiplying the first by m and the second by a, we get 


am bm 
+ SOM 
oY 
ee artis 
co Y 
Subtracting, = +" =om—ad, 
vy oY 
or, me a = om — ad, 


Then the value of « may be found by substituting this value 
of y in one of the original equations, or by making the terms 
containing y alike, as in the example given in Art, 215, 
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EX. 2. To solve the equations : 


a 
a Sy 27 
tyke 
4c y 72 
Multiplying the second equation by 8, we get 
ce es 
z By 27 
agua 
cy DQ 
‘ Bb fo 4 1 
Subtracting, a a. 
: : 5 8 ll 4 
Changing signs, 3y + yo 9 BY 
5+24 33-4 
: 3y oy 2 
whence we find y=9, 


and then the value of « may be found by substituting 9 for y 
in one of the original equations. 


EXAMPLES.—1xXxXvi. 
I. Ee 10 2 heey 3 ele 
GY cy cy 
Ee ok 90. ame 5 ee | 
(aed u Y eo 4 
a b idl a 5 Q 
oy ay 62 10y 
3 : m 
7 Ae By 5 3. fii TO M+n 
Dae 3, pear aus § 


oe. wa 
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217. There are two other methods of solving Simultaneous 
Equations of which we have hitherto made no mention, because 
they are not generally so convenient and simple as the method 
which we have explained. They are 


I. The method of Substitution. 
If we have to solve the equations 
r+3y= 7 
2x + 4y=12 
we may find the value of « in terms of y from the first equa- 
tion, thus 
xr=7 — 3y, 
and substitute this value for x in the second equation, thus 
2(7 — 3y) + 4y=12, 
from which we find 
y=1. 


We may then find the value of « from one of the original 
equations. 


II. The method of Comparison. 
If we have to solve the equations 
dx + 2y=16 
7a -3y= 5 
we may find the values of « in terms of y from each equation, 


thus . 


c= S271, from the first equation. 


_5+3y 
7 
Hence, equating these values of x, we get 
a Sgt 
re: ot 
an equation involving only one unknown symbol, from which 
we obtain 


x , from the second equation. 


y=3, 
and then the value of « may be found from one of the original 
equations, 
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218. If there be three unknown symbois, their values may 
be found from three independent equations. 

For from two of the equations a third, which involves only 
two of the unknown symbols, may be found. 

And from the remaining equation and one of the others 
a fourth, containing only the same two unknown symbols, may 
be found. 

So from these two equations, which involve only two un- 
known symbols, the value of these symbols may be found, and 
by substituting these values in one of the original equations 
the value of the third unknown symbol may be found. 


Ex, 5a—6y +42=15 
Ta + 4y —32=19 
2e+ y+6z=46. 
Multiplying the first by 7 and the second by 5, we get 
35x — 42y + 282= 105 
35% + 20y — 15z=95. 
Subtracting, 
260i 43¢=10,.....00...faheatte (1). 
Again, multiplying the first of the original equations by 2 
and the third by 5, we get 
10x — 12y + 82=30, 
10x + dy + 30z= 230. 


Subtracting, — 17y — 22%= —200........csceceenee (2). 
Then, from (1) and (2) we have 
62y — 432= — 10 


17y + 222=200, 
from which we can find y=4 and z=6. 


Then substituting these values for y and z in the first equa- 
tiou we find the value of « to be:3. 


EXAMPLES,—1xXxvii. 


I. 5¢+7y— 22=13 3. Sa—Syt+22=—21 
8e+3y+ 2=17 8e— y—32= 3 
a — 4y + 102= 23. 2x + By + 22=39, 
2 5e+d3y—6z=4 4. 4e—5y+22= 6 
32— y+22=8 24+ 3y— z2=20 


—Qy+2z=2. 7a — 4y + 3¢= 35. 
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5 et y+ t= 6 8. 4xe—3y+ z= 9 
5a+ 4y+32=22 92+ y—5z=16 
15x + 10y + 62=53. e—4y+3z= 2. 

6. 8r+4y-32=6 9g. 12e+5y—42=29 
2+3y— 2=7 13a —2y +52=58 
4x —5y+42=8. liz- y— 2=15. 

7 e+ yt 2=30 10. y-x+2=- 5 
8x + 4y + 22=50 2—-y-x%= —25 
272 + 9y + 32= 64, e+y+2=35. 


XVI. PROBLEMS RESULTING IN SIMUL- 
TANEOUS EQUATIONS. 


219. Inthe Solution of Problems in which we represent 
two of the numbers sought by unknown symbols, usually # and 
y, we must obtain two independent equations from the condi- 
tions of the question, and then we may obtain the values of 
the two unknown symbols by one of the processes described in 
Chapter XV. 

Ex. If one of two numbers be multiplied by 3 and the 
other by 4, the sum of the products is 43; and if the former be 
multiplied by 7 and the latter by 3, the difference between the 
results is 14. Find the numbers. 


Let z and y represent the numbers. 
Then 30 + 4y=43, 
and 7x —3y= 14. 
From these equations we have 
21a +28y=301, 


Qla-— 9y=42. 
Subtracting, 37y = 259. 
Therefore y=7, 


and then the value of « may be found to be uw 
Hence the numbers are 5 and 7. 


-_ 


‘ 
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1. The sum of two numbers is 28, and their difference is 4, 
find the numbers. 

2. The sum of two numbers is 256, and their difference is 
10, find the numbers. 

3. The sum of two numbers is 13°5, and their difference is 
1, find the numbers. 

4. Find two numbers such that the sum of 7 times the 
greater and 5 times the less may be 332, and the product of 
their difference into 51 may be 408. 

5. Seven years ago the age of a father was four times that 
of his son, and seven years hence the age of the father will be 
double that of the son. Find their ages. 

6. Find three numbers such that the sum of the first and 
second shall be 70, of the first and third 80, and of the second 
and third 90. 

7. Three persons A, B, and C make a joint contribution 
which in the whole amounts to £400. Of this sum B contri- 
butes twice as much as 4 and £20 more; and Cas much as A 
and 6 together. What sum did each contribute? 

8. If A gives B ten shillings, B will have three times as 
much money as A. If B gives A ten shillings, A will have 
twice as much money as B. What has each ? 

g. The sum of £760 is divided between A, B, C. The 
shares of A and B together exceed the share of C by £240, 
and the shares of B and C together exceed the share of A by 
£360. What is the share of each? 

1o. The sum of two numbers divided by 2, gives as a quo- 
tient 24, and the difference between them divided by 2, gives 
as a quotient 17. What are the numbers? 

11. Find two numbers such that when the greater is 
divided by the less the quotient is 4 and the remainder 3, and 
when the sum of the two numbers is increased by 38 and the 
result divided by the greater of the two numbers, the quotient 
is 2 and the remainder 2. 

12. Divide the number 144 into three such parts, that 
when the first is divided by the second the quotient is 3 and 
the remainder 2, and when the third is divided by the sum 
of the other two parts, the quotient is 2 and the remainder 6, 


4 A hae) 
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13. A and B buy a horse for £120. A can pay for it if B 
will advance half the money he has in his pocket. B can pay 
for it if A will advance two-thirds of the money he has in his 
pocket. How much has each? 


14. ‘How old are you?” said a son to his father. The 
father replied, “Twelve years hence you will be as old as I was 
twelve years ago, and I shall be three times as old as you were 
twelve years ago.” Find the age of each. 


15. Required two numbers such that three times the 
greater exceeds twice the less by 10, and twice the greater 
together with three times the less is 24. 


16. The sum of the ages of a father and son is half what it 
will be in 25 years. The difference is one-third what the sum 
will be in 20 years. Find their ages. 


17. If I divide the smaller of two numbers by the greater, 
the quotient is ‘21 and the remainder ‘0157, If I divide the 
greater number by the smaller, the quotient is 4 and the 
remainder "742. Find the numbers, 


18. The cost of 6 barrels of beer and 10 of porter is £51; 
the cost of 3 barrels of beer and 7 of porter is £32, 2s. How 
much beer can be bought for £30? 


19. The cost of 7 Ibs, of tea and 5 Ibs. of coffee is £1, 9s. 4d. : 
the cost of 4 Ibs. of tea and 9 lbs, of coffee is £1, 7s.: what is 
the cost of 1 lb. of each? 


20, The cost of 12 horses and 14 cows is £380: the cost of 
5 horses and 3 cows is £130: what is the cost of a horse anda 
cow respectively ? 


21, The cost of 8 yards of silk and 19 yards of cloth is 
£18, 4s, 2d.: the cost of 20 yards of silk and 16 yards of cloth, 
each of the same quality as the former, is £25, 16s. 8d. How 
much does a yard of each cost? 


22. Ten men and six women earn £18, 18s. in 6 days, and 
four men and eight women earn £6, 6s, in 3 days. What are 
the earnings of a man and a woman daily? 


a3. A farmer bought 100 acres of land for £4220, part at 
£37 an acre and part at £45 an acre. How many acres had 
he of each kind? 
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Norse I. A number consisting of two digits may be repre- 

sented algebraically by 10x+y, where x and y represent the 
significant digits. 


For consider such a number as 76. Here the significant 
digits are 7 and 6, of which the former has in consequence of 
its position a local value ten times as great as its natural 
value, and the number represented by 76 is equivalent to ten 
tumes 7, increased by 6 


So also a number of which « and y are the significant digits 
will be represented by ten times x, increased by y. 


If the digits composing a number 102+y be inverted, the 
resulting number will be 10y+a. Thus if we invert the digits 
composing the number 76, we get 67, that is, ten tumes 6, in- 
creased by 7. 

If a number be represented by 10x+y, the sum of the 
digits will be represented by «+y. 


A number consisting of three digits may be represented 
algebraically by 
100z + 10y +2. 


Ex. The sum of the digits composing a certain number is 
5, and if 9 be added to the number the digits will be inverted. 
Find the number. 
Let 10x +y represent the number. 
Then «+y will represent the sunr of the digits, 
and 10y +2 will represent the number with the digits inverted. 
Then our equations will be 
e+y=5, 
10u+y+9=10y +, 
from which we may find «=2 and y=3 ; 
*, 23 is the number required. 


24. The sum of two digits composing a number is 8, and if 
36 be added to the number the digits will be inverted. Find 
the number. 


25. The sum of the two digits composing a number is 10, 
and if 54 be added to the number the digits will be inverted, 
What is the number ? 
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26. "The sum of the digits of a number less than 100 is 9, 
and if 9 be added to the number the digits will be inverted, 
What is the number ? 


27. The sum of the two digits composing a number is 6, 
and if the number be divided by the sum of the digits the 
quotient is 4. What is the number? 


28. The sum of the two digits composing a number is 9, 
and if the number be divided by the sum of the digits the 
quotient is 5. What is the number? 


29. If I divide a certain number by the sum of the two 
digits of which it is composed the quotient is 7. If I invert 
the order of the digits and then divide the resulting number 
diminished by 12 by the difference of the digits of the original 
number the quotient is 9. What is the number? 


30. If I divide a certain number by the sum of its two 
digits the quotient is 6 and the remainder 3. If I invert the 
digits and divide the resulting number by the sum of the digits 
the quotient is 4 and the remainder 9. Find the number. 


31. If I divide a certain number by the sum of its two 
digits diminished by 2 the quotient is 5 and the remainder 1. 
If I invert the digits and divide the resulting number by the 
sum of the digits increased by 2 the quotient is 5 and the re- 
mainder 8. Find the number. 


32. Two digits which form a number change places on the 
addition of 9, and the sum of these two numbers is 33. Find 
the numbers. 


33. A number consisting of three digits, the absolute value 
of each digit being the same, is 37 times the square of any 
digit. Find the number. 


34. Of the three digits composing a number the second is 
double of the third: the sum of the first and third is 9: the 
sum of all the digits is 17, Find the number. 


35. A number is composed of three digits. The sum of the 
digits is 21; the sum of the first and second is greater than the 
third by 3; and if 198 be added to the number the digits will 
be inverted. Find the number, 
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Norr Il. A fraction of which the terms are unknown may 
© 


be represented by 7 


Ex. A certain fraction becomes 5 when 7 is added to its 


denominator, and 2 when 13 is added to its numerator. Find 


~ the fraction. 


Let ; represent the fraction 


x 1 

Then y+7 Dy 
“+13 

=gre 


are the equations; from which we may find s=9 and y=11. 


: SF Myst 
That is, the fraction is I 


36. <A certain fraction becomes 2 when 7 is added to its 


numerator, and 1 when 1 is subtracted from its denominator. 
What is the fraction ? 


37. Find such a fraction that when 1 is added to its 


A it ; 
numerator its value becomes =, and when 1 is added to the 


camel; 
denominator the value is £ 


38. What fractaon is that to the numerator of which if 1 be 
added the value will be s : butif 1 be added to the denominator, 


the value will be a . 


39. The numerator of a fraction is made equal to its 
denominator by the addition of 1, and is half of the deno- 
minator increased by 1. Find the fraction, 


: ; Ht ; : 
4o. A certain fraction becomes a when 3 is taken from the 


k : 1 
numerator and the denominator, and it becomes 5 when 5 


_ £10 more than on the second. Find how much he invests in 
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is added to the numerator and the denominator. What is the 
fraction ? 


41. A certain fraction becomes . when the denominator is 


increased by 4, and when the numerator is diminished by 


15: determine the fraction. 
42. What fraction is that to the numerator of which if 1 be 
added it becomes > and to the denominator of which if 17 be 


added it becomes 5? 


Nore III. In questions relating to money put out at 
simple interest we are to observe that 


Risto Principal x Rate x Time " 
100 ‘ : 
where Rate means the number of pounds paid for the use of 
£100 for one year, and Time means the number of years for 
which the money is lent. j 


43. Aman puts out £2000 in two investments. For the first 
he gets 5 per cent., for the second 4 per cent. on the sum | 
invested, and by the first investment he has an income of 


each case. 

44. A sum of money, put out at simple interest, amounted 
in 10 months to £5250, and in 18 months*to £5450. What 
was the sum and the rate of interest ? 

45. A sum of money, put out at simpie interest, amounted 
in 6 years to £5200, and in 10 years to £6000, Find the sum 
and the rate of interest. 


Nore IV. When tea, spirits, wine, beer, and such com- 
modities are mized, it must be observed that 
quantity of ingredients = quantity of mixture, 
cost of ingredients = cost of mixture. 


Ex. I mix wine which cost 10 shillings a gallon with 
another sort which cost 6 shillings a gallon, to make 100 
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gallons, which I may sell at 7 shillings a gallon without profit 
or loss. How much of each do I take? 


Let « represent the number of gallons at 10 shillings a gallon, 


BEES Cire yaw even Stn vii kv cua Peeters Desde cnaevcrenee cor ters 
Then x+y =100, 
and 10x + 6y = 700, 


are the two equations from which we may find the values of 
«x and y to be 25 and 75 respectively. 


46. A wine-merchant has two kinds of wine, the one costs 
36 pence a quart, the other 20 pence. How much of each must 
he put in a mixture of 50 quarts, so that the cost price of it 
may be 30 pence a quart ? 


47. A grocer mixes tea which cost him 1s. 2d. per Ib. with 
tea that cost him 1s. 6d. per lb. He has 30 lbs. of the mixture, 
and by selling it at the rate of 1s. 8d. per lb. he gained as 
much as 10 lbs. of the cheaper tea cost him. How many lbs. 
of each did he put in the mixture? 


Nore V. If aman can row at the rate of x miles an hour 
in still water, and if he be rowing on a stream that runs at the 
rate of y miles an hour, then 

x+y will represent his rate down the stream, 
BEE UO an access ak sue dcdice eaten PPh iecdavenee ite 


48. A crew which can pull at the rate of twelve miles an 
hour down the stream, finds that it takes twice as long to come 
up a river as to go down. At what rate does the stream flow ? 


49. A man sculls down a stream, which runs at the rate of 
4 miles an hour, fora certain distance in 1 hour and 40 minutes. 
In returning it foes him 4 hours and 15 minutes to arrive at 
a point 3 miles short of his starting-place. Find the distance 
he pulled down the stream, and the rate of his pulling, 


50. A dog pursuesa hare. The hare gets a start of 50 of 
her own leaps. The hare makes six leaps while the dog makes 
5, and 7 of the dog’s leaps are equal to 9 of the hare’s. How 
many leaps will the hare take before she is caught ? 

fea L 
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51. A greyhound starts in pursuit of a hare, at the distance 
of 50 of his own leaps from her. He makes 3 leaps while the 
hare makes 4, and he covers as much ground in two leaps as 
the hare does in three. How many leaps does each make 
before the hare is caught ? 


52. I lay out half-a-crown in apples and pears, buying the 


apples at 4 a penny and the pears at 5 a penny. I then sell 


half the apples and a third of the pears for thirteen pence, 
which was the price at which I bought them. How many of 
each did I buy ? 


53. A company at a tavern found, when they came to pay 
their reckoning, that if there had been 3 more persons, each 
would have paid a shilling less, but had there been 2 less, 
each would have paid a shilling more. Find the number of 
the company, and each man’s share of the reckoning. 


54. At a contested election there are two members to be 
returned and three candidates, A, B, and C. A obtains 1056 
votes, B, 987, CO, 933. Now 85 voted for B and C, 744 for 
B only, 98 for C only. How many voted for A and (, for 
A and B, and for A only? 


55. A man walks a certain distance: had his rate been 
half a mile an hour faster, he would have been 14 hours less 
on the road; and had it been half a mile an hour slower, he 
would have been 24 hours more on the road. Find the distance 
and rate. 


56. A certain crew pull 9 strokes to 8 of a certain other 
crew, but 79 of the latter are equal to 90 of the former. Which 
is the faster crew ? 

Also, if the faster crew start at a distance equivalent to 
four of their own strokes behind the other, how many strokes 
will they take before they bump them ? 


57. A person, sculling in a thick fog, meets one barge and 
overtakes another which is going at the same rate as the 
former; shew that if a be the greatest distance to which he 
can see, and b, b’ the distances that he sculls between the 
times of his first seeing and passing the barges, 

e Bea 
ri ao 


=e 
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58. Two trains, 92 feet long and 84 feet long respectively, 
are moving with uniform velocities on parallel rails in opposite 
directions, and are observed to pass each other in one second 
and a half; but when they are moving in the same direction, 
their velocities being the same as before, the faster train is 
observed to pass the other in six seconds; find the rate in 
miles per hour at which each train moves. 


59. The fore-wheel of a carriage makes six revolutions 
more than the hind-wheel in 120 yards ; but only four revolu- 
tions more when the circumference of the fore-wheel is increased 
one-fourth, and that of the hind-wheel one-fifth. Find the 
circumference of each wheel. 


60. A person rows from Cambridge to Ely (a distance of 
20 miles) and back again in 10 hours, and finds he can row 
2 miles against the stream in the same time that he rows 
3 miles with it. Find the rate of the stream, and the time of 
his going and returning. 

61. A number consists of 6 digits, of which the last to the 
left hand is 1. If this number is altered by removing the 1 
and putting it in the unit’s place, the new number is three 
times as great as the original one. Find the number. 


XVII. ON SQUARE ROOT, 


220. In Art. 97 we defined the Square Root, and explained 
the method of taking the square root of expressions consisting 
of a single term. 

The square root of a positive quantity may be, as we 
explained in Art. 97, either posite or negative. 

Thus the square root of 4a? is 2a or — 2a, and this ambiguity 
is expressed thus, 

/4a? = + 2a. 

In our examples in tnis chapter we shall in all cases regard 

the square root of a single term as a positive quantity, 


= a 
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221. The square root of a product may be found by taking 
the square root of each factor, and multiplying the roots, so 
taken, together. 

Thus Ve =ab, 

Bl aty2x! = 9ary23, 

222. The square root of a fraction may be found by taking 
the square root of the numerator and the square root of the 
denominator, and making them the numerator and denominator 
of a new fraction, thus 


Tat _ 20 
81b% 9b’ 


oa Bay? 


“498 Ta 


EXAMPLES.—1xxix. 


Find the Square Root of each of the following expressions : 


1. 4a*y?. 2. Sla®b§. 3. 121m n}2yl4, 
4. 64a4bc?, 5. 71289a4b*x®, 6. 169a1*bFc!2, 
9a a abo 
7 Toor * datch [a Tasyir 

25602 625a2 
10. 69,4" Il. s5qp2" 


923. We may now proceed to investigate a Rule for the 
extraction of the square root of a compound algebraical 
expression. 


We know that the square of a+b is a®+2ab+b*, and there- 


fore a+b is the square root of a* + 2ab + b*. 


If we can devise an operation by which we can derive a+) 
from a?+2ab+b?, we shall be able to give a rule for the 
extraction of the square root. 

Now the first term of the root is the square root of the first 
term of the square, i.e. a is the square root of a”, 


Hence our rule begins : 


«“ Arrange the terms in the order of magnitude of the indices 
of one of the quantities involved, then take the square root of tha 


— 
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Jirst term and set down the result as the first term of the root: 
subtract its syuare from the given expression, and bring down the 
rematnder :” thus 
a? + 2ab +b? (a 
a 
2ab + b? 


Now this remainder may be represented thus 6(2a+b): 
hence if we divide 2ab+6? by 2a+6 we shall obtain +6, the 
second term of the root. 


Hence our rule proceeds : 


“ Double the first term of the root and set Jown the result as the 
Jjirst term of a divisor :” thus our process up to this point will 
stand thus : 

a? + 2ab + b?( a 
Be: 


2a 2Qab + 62 


Now if we divide 2ab by 2a the result is 6, and hence we 
obtain the second term of the root, and if we add this to 2a 
we obtain the full divisor 2a + b. 


Hence our rule proceeds thus : 

“ Divide the first term of the remainder by this first term of the 
divisor, and add the result to the first term of the root and also to 
the first term of the divisor :” thus our process up to this point 


will stand thus : 
a? + 2ab+b?(a+6 


a? 


2a+b Qab +02 


If now we multiply 2a +b by 6 we obtain 2ab+ 6%, which we 
subtract from the first remainder. 
* Hence our rule proceeds thus : 

“ Multiply the divisor by the second term of the root and sub- 
tract the result from the first remaander :”’ thus our process will 
stand thus: 
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a2? +2ab+b2(a+b- ~- 
a? ‘ 


_ ’ Qa+b |  2ab +b? 
is Qab + b? 
A * 

If there is now no remainder, the root has been found. 


If there be a remainder, consider the two terms of the root — 
already found as one, and proceed as before. 


224. The following examples worked out will make the 
: process more clear. | 


(1) — @—2ab+b?(a-b 


a2 


2a—b —2ab +b? 
. —2ab+0? 


Here the second term of the root, and consequently the 
second term of the divisor, will have a negative sign prefixed 


—2ab 
F because ae > b. 
; (2) Op? + 24pq + 169° (3p +49 
op" | 
Gp + 4q 24pq + 16q" 
24pq + 164? 
(3) 25x" — 60x + 36 (52-6 
2527 
102-6 ~ 60x + 36 
— 602 + 36 


Next take a case in which the root contains three terms, 
a + 2ab + b* — 2ae — Lhe +c? (a+b—e 
a? 
Qa+b 2ab + b® — Qac ~ he + c® 
Qab + b* 
2a +2b-—c —2ac—2Qhe +c 
, — 2ac — 2be + c® 
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When we obtained the second remainder, we took the double 
of a+b, considered as a single term, and set down the result as 
the first part of the second divisor. We then divided the first 
term of the remainder, —2ac, by the first term of the new 
divisor, 2a, and set down the result, —c, attached to the part 
of the root already found and also to the new divisor, and then 
multiplied the completed divisor by —c. 

Similarly we may proceed when the root contains 4, 5 or 
more terms. 


EXAMPLES.—1xxx, 


Extract the Square Root of the following expressions : 


I. 4a?+12ab+96%. 6. «*— 6x? + 19a — 300+ 25. 

2. 16k 24/53 + 918, 7. Qut+ 1203+ 1007+40+4+1. 

3. ab? +162ab+ 6561. 8. 4r4#-— 1273+ 137? -6r+1. 

4. y®—38y>+ 361. g. 4n*+4n?-—7n?-4n+4. 

5. 9a*b?c?-102abe +289. 10. 1—6x+130?— 1203+ 404 
11. 2°—405+ 10x*— 1203+ 92? 


12. 4y*— 12y%z + 25y?z? — 24yz8 + 1624. 

13. a?+4ab+4b? + 9c? + 6ac + 12be. 

14. a°+2a°b + 3a4b? + 4a°b? + 3a7bt + 2ab> + 66 

15. ¢9— 495+ 623+ 8x? + 4041. 

16. 4a*+ 8ax? + 40a? + 16bx? + 16ab?x + 1654, 

17, 9—24¢ + 58x?—116x + 129x%* — 1402 + 10028. 
18. 16a*—40a*b + 25a7b? — 80aba + 64bx? + 6402ba, 
19. 9at—24a%p* — 30a7t + 16a*p* + 40ap3t + 25¢. 
20. 4yx?—12y%a3 + 17y2xt — 12yx* + 428, 

21. 25aty?— 30x33 + 29x44 — 12ay> + 4y?, 

22. 16x*—24a5y + 25a7y? — 1Qxy + 4y4, 

23. 9a?—12ab + 24uc — 16be +40? + 160? 

24. «+ 9x? +25 — 623 + 1027-300. 

25. 25a? —20xy + 4y? + 92? — 12y2 + 30xz. 

26, 4a? (a*-y) +45 (y—2)+y? (4x7 + 1), 


“Se 
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225. When any fractional terms are in the expression of 
which we have to find the Square Root, we may proceed as in 
the Examples just given, taking care to treat the fractional 
terms in accordance with the rules relating to fractions. 


Thus to find the square root of Es a 
_ & my «4 
a— a+ ( a-5 
a? 
4 8 16 
2a — — ot One Te Se 
9 9” * 81 
9.406 
9° * 81 
a 8. _8 23 1 4 
Sinse go 8971" 5* as 


8 16 a oe 
Or we might reduce x? — 9% + —] * @ single fraction, which 


ie > 
would be a lk a sg 


and then take the square root of each of the terms o! the 
fraction, with the followin result : 


9an—4 
9 


casas 4 
, Which is the same as e— > 


EX AMPLES,—lxxxi. 
ow b? 


4a° a 4h? ye t2+ 
I. +76 are’. 4- ) a 

9 a* 1 
ee ge -24+>5: 5. wt — a8 + Qa? — a + 2. 
3. af—2+ - 6. t+ 2804), 
. ar" 4 


3 
rE 4a? — 12ab-+ abt +908 — 3 or 
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dace aaa 
16 32 
4 2 
8. a*+ 8a" +24+— 5 + oe 


9 4,16 6.2 9,2 3p 1 18 5, 
9. ie t 44 + ure 3a — Lata + a" 
eA G4 ay 6 12 
10. t—+—-—+—-H. 
mF Ft ly oe Oe 
48m , Lamp 1G. pop 
oe 
Il. 36m Fe 5 + met OB Bn 
12, a*h?—- Gabed +7 UF 9 22 + oe ee ds 
2 2 2 
13 ene Ou. 4 by bh 
a Og x z m 
ng, 42,918, 4 16m, Qn 
a m* n m 


a  ¢ dd ab Qc ad be bd cd 
Deri. 2 6° is Ss 1004 oS: 


16. 4924-2823 — 172? + 6a + _ 
an? 
17. 924—3ax3+ 6ba3 + ame aba? + 6742, 


18. 924-203 ~ aoa? +2%4+9. 


XVIII. ON CUBE ROOT. 


226. THE Cus Roor of any expression is that expression 
whose cube or third power gives the proposed expression, 


Thus a is the cube root of a’, 
3b is the cube root of 2753, 
The cube root of a negative expression will be negative, for 
since 
(-a)'=-ax -ax -a=—a3, 
the cube root of —a* is —a. 
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So also 
— 3a is the cube root of — 2723, 


and — 4a’b is the cube root of — 64a53, 


The symbol ¥/ is used te denote the operation of extracting - 
the cube root. 


EXAMPLES.—1xxxii. 
Find the Cube Roots of the following expressions : 


I. 8a. 2. 27aSyS, 3. —125mIn’, 
4. —216a1%h3, 5. 343d c}8, 6. —1000a%%e!2, 
7. —1728m*n*, 8. 1331a%!8, 


227. We now procéed to investigate a Rule for finding the 
cube root of a compound algebraical expression. 


We know that the cube of a+b is a? + 3a% + 3ab? + B3, 
and therefore a+b is the cube root of a3 + 3a2b + 3ab? + 63, 


We observe that the first term of the root is the cube root of 
the first term of the cube. 


Hence our rule begins: 
“Arrange the terms in the order of magnitude of the indices of 
one of the quantities tnvolved, then take the cube root of the first 
term and set down the result as the first term of the root; subtract 
tts cube from the gwen expression, and bring down the remainder ;” 
thus 
a® + 3a") + 3ab? +58 (a 


Now this remainder may be represented thus, 
b (3a? + 3ab + b?) ; 
hence if we divide 3a%) +3ab?+6® by 3a*+3ab+b*, we shall 
obtain +5, the second term of the root. | 


a 
Bab + 3ab? +B 
| 


Hence our rule proceeds : 


“ Multiply the square of the first term of the root by 3, and set 
down the result as the first term of a divisor:” thus our process 
np to this point will stand thus ; 
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a + 3a*b + 3ab? +b (a 
ae 


3a? 3a7b + 3ab? + b8 


Now if we divide 3a7b by 3a* the result is 6, and so we 
obtain the second term of the root, and if we add to 3a? the 
expression 3ab +b? we obtain the full divisor 3a?+ 3ab + b?. 


Hence our rule proceeds thus: 


“ Divide the first term of the remainder by the first term of the 
divisor, and add the result to the first term of the root. Then take 
three times the product of the first and second terms of the root, 
and also the square of the second term, and add these results to 
the first term of the divisor.” Thus our process up to this point 
will stand thus: 

a? + 3a7b + 3ab? + 3 (a+b 
a’ 
3a? + 3ab+ 6? 3a*b + 3ab? + 68 


If we now multiply the divisor by b, we obtain 

3a7b + 3ab? + 5°, 
which we subtract from the first remainder. 

Hence our rule proceeds thus: 

“ Multiply the disor by the second term of the root, and sub- 
tract the result from the first remainder,” thus our process will 
stand thus; 

a’ + 3a*b + 3ab?+ 63 (a+b 
ag 
3a? + 3ab + 6? 3a7b + 3ab? + 63 
3a2b + 3ab? + BF 


If there is now no remainder, the root has been found. 


If there be a remainder, consider the two terms of the root 
already found as one, and proceed as before. 


228. The following Examples may render the process more 


olear : 


a 
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. EX L a — 12a? + 48a - 64(a-—4 
ae 
8a?-12a+16 | —12a?+48a —64 
— 12a? + 48a —64 
‘ Here observe that the second term of the divisor is formed 
thus : 
: 3 times the product of a and -4=3xax -4=~—12a. 
Ex. 2. x — 625 + 15a* — 20a3 + 150-62 +1(a?-2e+1 
i ee ee 
304 — 623 + 4a? | — 625 + 1524 — 2003 + 15a? — 624+ 1 
— 625 + 1244 — 823 
Bat — 1223 3a! — 1273 + 1502-6241 
+ 15a? -624+1 8x4 — 1243 4-152?-— 6241 


Here the formation of the first divisor is similar to that in 
the preceding Examples. 


The formation of the second divisor may be explained thus: 


Regarding #*— 2 as one term 


: 3 (a? — 2x)? =3 (a — 423 + 40%) = Bart — 1203 + 120° 
3 x (z*— 2x) x1 Be 3x? — 6x 
12 = i 


- and adding these results we obtain as the second divisor 
Sart — 1203 +- 15a®—6a+1. 


EXAM PLES.—1xxxiii. 


Find the Cube Root of each of the following expressions: 


1. a —3a*b + 3ab? —b', 2. 8a° + 12a* + 6a+ 1 
| . a@+24a% + 192ab? +5120, 
a3 + 3a°b + 3ab? + b8 + 8a%c + Gabe + 3b + 3act + Bbe® + 03, 
x — 3aPy + dry? — y? + 3a%s — Baryz + 3y*s + 3az* — Byz* +23, 
2728 ~ 64a + 6324 - 4423 + Qla? - 6a + 1. 


aAYEey 
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7. 1—3a+ 6a?— 7a’ + 6at — 3a° + a8, 
8. a3 — 3a2y + Bey? — y? + 82? + 6x22 — 12xyz + 6yz + 1202? — 12y2?. 
g. a — 12a° + 54a4*— 11203 + 108a?— 48a + 8. 

10. 8m — 36m* + 66m 4 — 63m! + 838m? — 9m +1. 

11. o3 + 6a2y + 1Qay? + 8y3 — Ba%z — 12ayz — 12yz + Bez? + Cyr? — 22, 


12. 8m — 36m2n + 54mn* — 27n3 — 1Qm2r + 86mnr — 27 N4Ar 
+ 6mr? — 9nr? — 73, 


a JL 
13. m+3m?—5+ mms 


229. The fourth root of an expression is found by taking 
the square root of the square root of the expression. 
Thus A/16a8b*= ,/4a4b? = 2070. 


The siath root of an expression is found by taking the cube 
root of the square root of the expression. 


Thus 4/64ab5= 2/8a5d? = 2070. 


EX AMPLES.—Ixxxiv. 


Find the fourth roots of 
I. 16a4—96a5x + 216a7x? — 216ax° + 81a, 
2. 14+24a7+ 16a! - 8a — 320°. 


‘ 


3. 625 + 2000x + 2400? + 128027 + 256a4, 


Find the sixth roots of 
4. a&—6a5b + 15a4b? — 20a%b? + 15a7bt — Bab + 58, 
5. e+ Gr°+ 15a*+ 2009 + 1527+ 6r+ 1. 
6. m®—12m>+ 60m4 — 160m? + 240m? — 192m + 64, 


XIX. QUADRATIC EQUATIONS. 


230. A QuapRATic Equation, or an equation of two dimen- 
sions, is one into which the square of an unknown symbol 
enters, without or with the first power of the symbol. 


Thus et=16 
and a + 60 = 27 
are Quadratic Equations. 


931. A PurE Quadratic Equation is one into which the 
square of an unknown symbol enters, the first power of the 


symbol not appearing. 


Thus, z?=16 is a pure Quadratic Equation. 


932, An ApFECTED Quadratic Equation is one into which 
the square of an unknown symbol enters, and also the first 


power of the symbol. 
Thus, z?+6c=27 is an adfected Quadratic Equation. 


Pure Quadratic Equations. 


233. When the terms of an equation involve the square 
of the unknown symbol only, the value of this square is either 
given or can be found by the processes described in Chapter 
XVIL. If we then extract the square root of each side of the 
equation, the value of the unknown symbol will be determined, 


234, The following are examples of the solution of Pure 
Quadratic Equations. 
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Ex. 1. 2?=16. 
Taking the square root of each side 
v= +4, 
We prefix the sign + to the number on the right-hand side 


of the equation, for the reason given in Art. 220. 


Every pure quadratic equation will therefore have two roots, 
equal in magnitude, but with different signs 


EX. 2. 427+6=22. 
Here Ax? = 22 —6, 
or 7477-16, 
Gn 405 
cee 


That is, the values of « which satisfy the equation are 2 
and — 2. 


128 216 
ee sd et 
Here 128 (5a? — 6) =216 (32? — 4), 
or 640x? — 768 = 64822 — 864, 
or G12); 
Gace afl 2. 
I. w?=64. 2. w=a"b?. 3. «?—10000=0. 
4. v?-3=46, 5. 5a?9-9=20? +24. 6. 3aa7=192a%!, 
g?—12 a?-4 9 
—-~- II. mae"+n=q, 
7 3 4 q 
8. (500 +2) (500 oan 2) = 933359. 1 5 a? — Ua + b = (1 (x sce 1) 
8112 ABT 
9 — = 8a. 13: oa 3 48 


iiss F 42 35 
10. b5a?— 182 + 65 = (3x — 3). NRC RE TER 
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Adfected Quadratic Hquations. 


235. Adfected Quadratic Equations are solved by adding 
a certain term to both sides of the equation so as to make the 
left-hand side a perfect square. 


Having arranged the equation so that the first term on the 
left-hand side is the square of the unknown symbol, and the 
second term the one containing the first power of the unknown 
quantity (the known symbols being on the right of the equa- 
tion), we add to both sides of the equation the square of half the 
coefficient of the second term. ‘The left-hand side of the equa- 
tion then becomes a perfect square. If we then take the square 
root of both sides of the equation, we shall obtain two simple 
equations, from which the values of the unknown symbol may 
be determined. 


236. The process in the solution of Adfected Quadratic 
Equations will be learnt by the examples which we shall give 
in this chapter, but before we proceed to them, it is desirable 
that the student should be satisfied as to the way in which an 
expression of the form 

x + am 


is made a perfect square. 


Our rule, as given in the preceding Article, is this: add the 
square of half the coefficient of the second term, that is, the 
2 

square of > that is, > We have to shew then that 
2 a* 
a + ant + 7. 

is a perfect square, whatever a may be. 

This we may do by actually performing the operation of 


2 
extracting the square root of «* +an+, and obtaining the 


result x +3 with no remainder, 
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——- 


237. Let us examine this process by the aid of numerical 
coefficients. 


Take one or two examples from the perfect squares given 
in page 48. 


We there have 
x?4+18%+ 81 which is the square of + 9, 


Pr OMG OO. cnc onchtedendace te cesuneae e+ 17. 
et OU fa UO Peat yakcetentcs seis eos eee a— 4, 
et St HA a ao Batcnian dcemblents Sais e eaaee x—18 


In all these cases the third term is the square of half the 
coefficient of x. 


For si= =(2), 
289 =(17)'=( ay 

ww" 

324=(18)=( iE 


238. Now put the question in this shape. What must we 
add to z?+aa to make it a perfect square ? 


Suppose b to represent the quantity to be added. 
Then «?+ae+ is a perfect square. 


Now if we perform the operation of extracting the square 
root of «?+ax+, our process is 


a+ac+b( c+5 


[s.A.] M 
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Hence in order that <*+ax+b may be a perfect square we 
must have 


or 6=— 


a\2 
or b=( =) ‘ 
That is, 6 is equivalent to the square of half the coefficient 
of x. 
239. Before completing the square we must be careful 


(1) That the square of the unknown symbol has no coeffi- 
cient but unity, 


(2) That the square of the unknown symbol has a positive 
sign. 

These points will be more fully considered in Arts. 245 and 
246. 


240. We shall first take the case in which the coefficient of 
the second term is an even number and its sign positive. 


ES. xv? + 6x2=40. 


Here we make the left-hand side of the equation a perfect 
square by the following process. 


Take the coefficient of the second term, that is, 6. 
Take the half of this coefficient, that is, 3, 
Square the result, which gives 9. 


Add 9 to both sides of the equation, and we get 
a + 6x + 9=49. 


Now taking the square root of both sides, we get 
2+3= +7. 
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Hence we have two simple equations, 


and O6=F SS acaneesasnctavaieesasssn tes (2). 


From these we find the values of a, thus: 
from (1) x= —3, that is, c=4, 
from (2) c= —7—3, that is, x= - 10 


Thus the roots of the equation are 4 and - 10. 


EXAMPLES.—lXxXvi. 


I. 2+4+6¢=72. 2. #7+127=64. 3. x +14%=15. 
4. 2 +46c2=96. 5. 2?+128%=393. 6. 22+8x—65=0 
7. 2 +18e—243=0. 8. 27+ 16%—420=0,. 


241. We next take the case in which the coefficient of the 
second term is an even number and its sign negative. 


ES. x? —8x2=9. 


The term to be added to both sides is (8+2)*, that is, (4)%, 
that is, 16. 


Completing the square 
x — 84+ 16=25. 


Taking the square root of both sides 
2—4=+5, 


This gives two simple equations, 
2—-4= +5 see oeerreeresseaceese (1), 


BBA Cuspchxettecatoer - (2), 
From (1) e=5+4+4, “2=9; 
from (2) g=-5+4, .¢=-1. 


Thus the roots of the equation are 9 and -1, 


180 QUADRATIC EQUATIONS. 


EXAMPLES.—1xxxvii. 


1. 2?-62=7. 2. a-—40=5. 3. 2 -20x=21. 
4. @-2c0=63. 5. a?-12¢+32=0. 6. 2 —142+45=0. 
7, g?—234a + 13688=0. 8. (w—3)(e—2)=3 (5a+ 14). 


9. 2(3a—17)—a (2x +5) +120=0. 
10. («—5)?+(e—7)*=a% (w—8) + 46. 
242. We now take the case in which the coefficient of the 
second term is an odd number. 
ee ds x? —Te=8, 
The term to be added to both sides is 


7\? 49 


Completing the square 


49 49 


or, Tate 


Taking the square root of both sides 


, 9 
from (2) w= 942, Or, t= — 


Thus the roots of the equation are 8 and —1, 
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Bs 2. xv? —7= 42, 
The coefficient of the second term is 1. 
The term to be added to both sides ‘ 


(1+2)'=(5) <4 
oe 

4 4 

a Oe 
a aT as or a 
ie eas 
-g=te. 


Hence the roots of the equation are 7 and —6. 


BEXAMPLES.—Ixxx Vill, 


EE @+ '7o=30. 2, @—1ig=—12. 3. a+ 90 = 43%, 
4. «?—132=140. 5. Crone. 6. 2 —a2=72. 
7. v+374¢=3690. 8. «7=56+¢a, 


9. «(5—2)-+2x(e—7)—10(@-—6)= 
to. (5¢ —21)(7e—33) — (17+ 15) (24 - 3) = 448, 


243. Our next case is that in which the coefficient of the 
second term is a fraction of which the numerator is an even 


number. 
Exes 22 2 =2)1. 


The term to be added to both sides is 


4 
ad , = — 
ae S| eat 

» 4.4 529 
Pens ey ene OL” 


= 
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ee 
2 , 23 
UU ad 5 + 5 


Hence the values of x are 5 and — . 


EXAMPLES.—I1xXxxix, 


7° 3b 4 28% 1 
= peeps — 2 —= =e -= 
I. a= 2. w+ ea 25 x 9 +3 0. 
8 3 4 2 16 16 
Bs ees a — SS 
ale Waa eal a Sag < : @ 
26 16 4 
ee i, ae 
w—St+-5 0. 8. a? 7” 45 


244. We now take the case in which the coefficient of the 
second term is a fraction whose nwmerator is an odd number. 
‘ 7.) ase 
ee 
Ex, a .o=—s 


The term to be a:lded to both sides is 
7. o\2 (7_1\*_(7)2_49 
(5+2)=(3*3) -(5) =363 
- at Ty 49186 , 49 
ial 30C«<(< SSC Se 


3 36 «4386 ’ 
7 41 
cr ee t=: 
17 


Hence the values of « are 8 and ->3 


EXAMPLES.—xc, 
1 1 i 
Zs o— = 8. 2, a? — 5a = 98, 3. w+ 50=39, 
/ 3 9 Paes | 
4 a? + =0= 76, 5. a — a= 16, 6. w- gt +6=0, 
7 p15, 34m0, 8. @-‘cens, 


4 oo | 


v ; 


QUADRATIC EQUATIONS. 183 


245. The square of the unknown symbol must not be pre- 
ceded by a negative sign. 


Hence, if we have to solve the equation 


62 —a?7=9, 
we change the sign of every term, and we get 
a*—6x= —9. 


Completing the square 
x? —6x+9=9-9, 
or «*—6¢+9=0. 
Hence x—-3=0, 
or «#£=3. 
Norse. We are not to be surprised at finding only one 
value for z. The interpretation to be placed on such a result 


is, that the two roots of the equation are equal in value and 
alike in sign. 
246. The square of the unknown symbol must have no 
coefficient but unity. 
Hence, if we have to solve the equation 
5a? —3x=2, 
we must divide all the terms by 5, and we cet 
3a 2 
ee 
= 
i 2 
From which we get «=1 and ¢= —F 


247. In solving Quadratic Equations involving literal co- 
efficients of the unknown symbol, the same rules will apply as 
in the cases of numerical coefficients. 


Thus, to solve the equation 
———-—2=0, 
c a 


Clearing the equation of fractions, we get 
. Qa? — x? —Qax=0; 
therefore —«?—2ar= —2a?, 
or «+ 2ac=2a?, 


oY 
e t 
j L 
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— + 


Completing the square 
a? + 2aa + a? =3a?2, 

whence tta=t ,/3.a; ‘ 

therefore c= —a+ /3.a, ort=—a-— ,/3.a. 


The following are Examples of Literal Quadratic Equations. 


I. 2+2ae=—a%, 2. «*—4ae=Ta?. 2, 24 Bam 
* bn 3n? a ? 
ig ee sccin acti: ee eae 
tt Ree a (x+a)? ea 
5. 22+(a-1)c=a, 8. ada — aca? =bea — bd. 
ac 
6. w+ (a—b)x=ab. 9. on+ = (a+b) a, 
10, 2 20t BL 
eae ay 
2 2 9h? Fe 
Ot aba? 4.0% > _8u' +ab 2b _ Pa - 


c e c ‘ 
12. (4a? —9cd*) a® + (4a%e? + 4abd?) & + (ac? + bd®?)?=0, 


248. If both sides of an equation can be divided by the : 
unknown symbol, divide by it, and observe that 0 is in —— 
case one root of the equation. 


Thus in solving the equation 
ax? — Qa? = 3a, 
we may divide by a, and reduce the equation to the form 
a — Ix = 3, 
from which we get 
e=3 ort=-l1. 


Then the three roots of the original equation are 0, 3 and <2) 


We shall now give some Miscellaneous Examples of Quad- 


ratic Equations, ¥ 


16 @ 6 320 
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EXAMPLES.—xXCii. 


.e—7e+2=10. 2. 22?-52+3=9, 3. w-lla—7=5. 


. @—13a—-6=8, 5. 22+77-18=0. 6. dn —= 2 99, 
| 924-2050 8 5¢-3¢ tl #8 
2—3 My 
oo 4a 2-3 
oat — 14.9 erick Nose 
J * Hs PS De BO 
eae 8! a ee a? —14=132, 
tay ane aa 2, @7-12=lle 13. e-14=13e. 
fee 169 


tes 
3 
44327 15—a (Mes 


3 
a+75=8. zr. BY > ae, 16. 207= 18x —40. 


18. 307=24z — 36. 


Be-5 zd yo, 128-5 _ 327 
9c 30-95 3 ar Saar a) 
4%-10 7-30 7 5 
Pare a 22. (w—3)?+4¢=44, 
atl, 9+4e a 5 eed 
ied tam 7 24. 62? +a=2., 25. wt Sa=o. 
Grae 4y?. x 
. £—xe=210. a7. Si itett 28. sete a 
x 3 @-1 2 
=< . 15a? 7x= 46. 
mine TG 30. 15a?—7x=46 
i 2 3 4x 20-42 
——--— =. nS) 
"g@-2 +2 5 3? Bae x 
10 14-20 22 : ee 
ne aa i 34 5460 30-5 
12 Bile % he uo 8 
pea ae oS SO eng caer 1 
. @+(a+b6)c+ab=0. 38. «2-(b-a)a—ab=0. 
. 2 —Qaxr+ a?—b=0. 40. « —(a?-a’)x—a'=0. 
2 2 
, it = ASO, 42, a a sae 


& UG ab 


XX. ON SIMULTANEOUS EQUATIONS 
INVOLVING QUADRATICS. 


249. For the solution of Simultaneous Equations of a de- 
_ gree higher than the first no fixed rules can be laid down. We 
shall point out the methods of solution which may be adopted 
with advantage in particular cases. 


250. If the simple power of one of the unknown symbols 
can be expressed in terms of the other symbol by means of one 
of the given equations, the Method of Substitution, explained 
in Art. 217, may be employed, thus: 


EX. To solve the equations 


x+y=50 
cy = 600. 
From the first equation 
r=50-y. 
Substitute this value for « in the second equation, and we 
get (50 —y) . y=600. 
This gives 5Oy — y? = 600. 


From which we find the values of y to be 30 and 20. 


And we may then find the corresponding values of a te be 
20 and 30. 


251. But it is better that the student should accustom 
himself to work such equations symmetrically, thus : 


To solve the equations 


T+ Y AHO. crccrervcccccvscsencs (1), 
py = BOO .ecercersecscacnsece (2) 
From (1) x? + Qry + y® = 2500, 


From (2) 4aey  =2400, 
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Subtracting, x* —Qey + y*?= 100, 
. e-— y= £10. 


Then from this equation and (1) we find 
x= 30 or 20 and y=20 or 30. 


EXAMPLES. x<o 


I. «+y=40 2, «+y=13 3. ©+Y=29 
xy = 300. xy = 36. xy = 100. 
4. w—y=19 5. w©—y=45 6. x«-y=99 
xy = 66. xy = 250. xy = 100. 
252. - To solve the equations 
Ne scae teers sar deeek Gis 
Sea ea cae COR eet ear. 9:58 (2) 
From (1) BS Day aA Ae ac encesscndancts (3). 
Subtract this from (2), then 
2ey = —7C, 
. 4xy= — 140, 


Add this to (3), then 
a? + Qoy+y?=4, 
 oty=+2. 
Then from this equation and (1) we get 
“e=7 or 5 and y= —5 or—7, 


EXAMPLES.—XCiVv. 


I. w-y=4 2 «£—-y=10 3. G-y=14 
a + y?=40, w+ y*= 178. a7 + y? = 436, 
4. 2+y=8 5. et+y=12 6. x+y=49 


w+ y?=32, a*+y?=104, a +y?= 1681, 
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253. To solve the equations 


D+ YF H=BB aver rvesseransserenerse (o, 
LEY=AD crececarscesecesseceece (2) 
Divide (1) by (2), then we get 
2? — TY + Y2=T .cocerecescenconrones (3), 
From (2) a? + Dry + YP QS. .cresesersonveavenes (4), 
Subtracting (3) from (4), 
dry = 18, ° 
“. 4uy = 24, 


Then from this equation and (4) we get 
g? —IQey+y?=1, 
.e-y=+1; 
and from this equation and (2) we find 
x=3 or 2 and y=2 or 3. 


EXAMPLES.—xXCV 


1 at +y=91 2, B®+y=341 3. e+ 43=1008 
o+y=i7. e+y=11. e+ y=12. 
4. a -y=56 5. B—y=98 6. a—y=279 
c—y=2, e—y=2. e—y=s3, 
254, To solve the equations 
Le  ® 
r y 6 Tee PPP Pee eee eee (1); 
re ig 
AT ae he toe rae (4). 


te ea. 
x + ry + y == 36 Seveesesesececcces (3). 
From this subtract (2), and we have 
2 12. 
ry 36’ 
4 24 
au 386 
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Now subtract this from (3), and we get 
mie: Con ee eee 


and from this equation and (1) we find 


a=2 or 3 and y=3 or 2, 


EXAMPLES.—XxXCVi. 


ee) ee i ae 

egy) 20 (a bane as 3 5 yi 
se Se Aig Hoi Ee eas, 
gy? 400 a Ue SG get Ue 
tee otk Teen if Ip J 
SS = Se) —-—-—= 

4 3 y 12 i y 2 2 G Y 2 
= al 6 1 aa! 3 i 
ey iad ap Ok ay 


255. ‘To solve the equations 


CAE STE BY, Vitiost ds cette (iy, 
Ct --AYP BG ass .veadeaseasene (2). 


If we add the equations we get 
x? + dary + 4y? = 25, 
Taking the square root of each side, and taking only the 
positive root of the right-hand side into account, 


“+ 2y=5; 
*. C=5— Dy. 
Substituting this value for « in (2) we get 
(5 —2y) y+ 4y?= 18, 
an equation by which y may be determined. 


Norr. In some examples we must subtract the second 
equation from the first in order to get a perfect sauare, 


= < 
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ie al 


<= . ae 


256. To solve the equations 
=P = OB. doce secaes Riismsenee ch 


Dividing (1) by (2) we get ©—Y=2 wiceeeceererreeeeeess 
squaring, oP Qo + y®=H Ao... rsnvanemeons’ voee(4)e 


Subtract this from (2), and we have 
3ay=9; 
”. 4ny=12. 


Adding this to (4), we get «+ 2ay += 16; 
. e+y=t4. 


Then from this equation and (3) we find 
g=3 or —1, and y=1 or —3, 


257. To solve the equations 


Multiplying (2) by 2, we have 
"ae 
Qay =56 
2. 2 +2Qry+y Se ’ 
a? —Qeyt+y’= 9S’ 
Ls e+y= il eeeeeeees jinhspiotan ee 
e-y=+ 3 POeP PPE COE ESSEC EEE. (B). 


The equations A and B furnish four pairs of simple 


equations, 
e+y=11, e+y=11, e+y=—11, e+y=—11, 
a—y=3, a-y=-3, @-y=3, s—-y= —3., 


from which we find the values of x to be 7, 4, —7 and —4, 


y and the corresponding values of yto be 4,7,—4 and =7, 


258. The artifice, by which the solution of the equations — 
given in this article is effected, is applicable to cases in which — 
; the equations are homogeneous and of the same order. 
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ae 


To solve the equations 


a? + vy =15, 
ey —y?=2. 
Suppose y=me. 
Then a? +ma*=15. from the first equation, 
and ma* — ma? =z, from the second equation, 


Dividing one of these equations by the other, 
a+me 15 
ma*— m2 2? 


a a’(1+m) _15 
x*(m—m?) 2? 

Be l+m a 
m—m? 2° 


From this equation we can determine the values of m. 


One of these values is 5, and putting this for m in the 


2 
ois) 
eee sha 
equation “*+ ma-=15, we get a*+ es 15. 
From which we find Cee 
and then we can find y from one of the original equations. 


259. The examples which we shall now give are intended 
as an exercise on the methods of solution explained in the 
four preceding articles. 


EX AMPLES.—xXCVii. 


1. 8—-y=37 2. 2+ 6ry=144 3. 22+ ey=210 
“+ ay t+y?=37. Gary + 36y* = 432. y2 + acy =231, 

4. 22 +y2=68 5. w+ ye= 152 6. 4x?+ 9xy = 190, 
xy = 16. a? —ay+y?=19. 4a — 5y=10. 

7. w@+ayty?=39 8. x + cy =66 g. 302+ 4ry = 20, 
By? — Say = 25. ay —y"=5, ay + 2y?=12. 

lo. a@—ayt+y2=7 11. w—ay=35 12. 3a? + 4ay+ 5y?=71. 

3x2 + 13zy + 8y?=162.  ay+y?=18. 5a + 7y=29. 

13. + y?=2728 14. 2*+9ry=340 15. e+ y?=295 


a? — ay + y?=124, “Tey — y?=171. xy = 108. 


XXI. ON PROBLEMS RESULTING IN 
QUADRATIC EQUATIONS. 


260. THE method of stating problems resulting in Quad- 
ratic Equations does not require any general explanation. 


Some of the Examples which we shall give involve one 
unknown symbol, others involve two. : 


Ex. l. What number is that whose square exceeds the 
number by 42? 


Let « represent the number. 


Then a? =x +42, 


or, 


therefore 


whence 


And we find the values of z to be 7 or—6. 


Ex. 2. The sum of two numbers is 14 and the sum of 
their squares is 100, Find the numbers. 


Let z and y represent the numbers. 
Then et+y=14, 
and x+y? = 100, 
Proceeding as in Art. 252, we find 
a=8or6, y=6or 8, 


Hence the numbers are 8 and 6. 
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1. What number is that whose half multiplied by its third 
part gives 864? 

2. What is the number of which the seventh and eighth 
parts being multiplied together and the product divided by 


: / 2 
3 the quotient is 298, 2 


3. I take a certain number from 94. I then add the 
number to 94. 

I multiply the two results together, and the result is 8512. 
What is the number ? 


4. What are the numbers whose product is 750 and the 


quotient of one by the other 35 


'5. The sum of the squares of two numbers is 13001, and 
the difference of the same squares is 1449. Find the numbers. 


6. The product of two numbers, one of which is as much 
above 21 as the other is below 21,is 377. I'ind the numbers. 


7. The half, the third, the fourth and the fifth parts of a 
certain number being multiplied together the product is 6750. 
Find the number. 


8. By what number must 11500 be divided, so that 
the quotient may be the same as the divisor, and the re- 
mainder 51? 

9g. Find a number to which 20 being added, and from 
which 10 being subtracted, the square of the first result added 

to twice the square of the second result gives 17475. 

1o. The sum of two numbers is 26, and the sum of their 

squares is 436. Find the numbers. 


tr. The difference between two numbers is 17, and the 
sum of their squares is 325. What are the numbers ? 


12. What two numbers are they whose product is 255 and 
the sum of whose squares is 514? 
13. Divide 16 into two parts such that their product 
added to the sum of their squares may be 208. 
[s.A.] N 
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eens i 
14. What number added to its square root gives as a 

result 1332 ? 


15. What number exceeds its square root by 48 


16. What number exceeds its square root by 2550? 

17. The product of two numbers is 24, and their sum 
multiplied by their difference is 20. Find the numbers. 

18. What two numbers are those whose sum multiplied 
by the greater is 204, and whose difference multiplied by the 
less is 35? 

19. What two numbers are those whose difference is 5 
and their sum multiplied by the greater 228? 

20. Find three consecutive numbers whose product is 
equal to 3 times the middle number. 

21. The difference between the squares of two consecutive 
numbers is 15. Find the numbers. 

22. The sum of the squares of two consecutive numbers is 
481. Find the numbers. 

23. The sum of the squares of three consecutive numbers 
is 265. Find the numbers. 

Nore. If I buy « apples for y pence, 

t will represent the cost of an apple in pence. 

If I buy « sheep for # pounds, 


Z_. 
3 will represent the cost of a sheep in pounds. 


Ex. <A boy bought a number of oranges for 16d. Had he 
bought 4 more for the same money, he would have paid 
one-third of a penny less for each orange. How many did 
he buy? 


Let « represent the number of oranges. 
Ks eae . : 
Then rs will represent the cost of an orange in pence, 


10: t63 
ge «+4 3’ 
or 16(30+12)=48%+2"+ 4a, 
or «a +4a2=192, 
from which we find the values of « to be 12 or —16, 
Therefore he bought 12 oranges, 


Hence 
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24. I buy a number of handkerchiefs for £3. Had I 
bought 3 more for the same money, they would have cost one 
shilling each less. How many did I buy ? 


25. A dealer bought a number of calves for £80. Had he 
bought 4 more for the same money, each calf would have cost 
£1 less. How many did he buy? 


26. A man bought some pieces of cloth for £33. 15s.,, 
which he sold again for £2. 8s. the piece, and gained as much 
as one piece cost him, What did he give for each piece ? 


27. A merchant bought some pieces of silk for £180. 
Had he bought 3 pieces more, he would have paid £3 less for 
each piece. How many did he buy? 


28. Fora journey of 108 miles 6 hours less would have 
sufficed had one gone 3 miles an hour faster. How many 
miles an hour did one go? 


29. A grazier bought as many sheep as cost him £60. 
Out of these he kept 15, and selling the remainder for £54, 
gained 2 shillings a head by them. How many sheep did 
he buy ? 


30. A cistera can be filled by two pipes running together 
in 2 hours, 55 minutes. The larger pipe by itself will fill it 
sooner than the smaller by 2 hours. What time will each 
pipe take separately to fill it ? 


31. The length of a rectangular field exceeds its breadth 
by one yard, and the area contains ten thousand and one 
hundred square yards. Find the length of the sides. 


32. A certain number consists of two digits. The left- 
hand digit is double of the right-hand digit, and if the digits 
be inverted the product of the number thus formed and the 
original number is 2268, Find the number. 


33. A ladder, whose foot rests in a given position, just 
reaches a window on one side of a street, and when turned 
about its foot, just reaches a window on the other side. If the 
two positions of the ladder be at right angles to each other, 
and the heights of the windows he 36 and 27 feet respectively, 
find the width of the street and the length of the ladder. 
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34. Cloth, being wetted, shrinks up ‘ in its length and 
e in its width. If the surface of a piece of cloth is di- — 
minished by 0 square yards, and the length of the 4 sides 


by 4 yards, what was the length and width of the cloth ? 


35. A certain number, less than 50, consists of two digits 
whose difference is 4. If the digits be inverted, the difference 
between the squares of the number thus formed and of the 
original number is 3960. Find the number. : 


36. A plantation in rows consists of 10000 trees. If there 
had been 20 less rows, there would have been 25 more trees in 
arow. How many rows are there ? 


37. A colonel wished to form a solid square of his men. 
The first time he had 39 men over: the second time he in- 
creased the side of the square by one man, and then he found 
that he wanted 50 men to complete it. How many men were 
there in the regiment ? 


XXII. INDETERMINATE EQUATIONS. 


261. WuHen the number of unknown symbols exceeds that 
of the independent equations, the number of simultaneous 
values of the symbols will be indefinite. We propose to ex- 
plain in this Chapter how a certain number of these values 
may be found in the case of Simultaneous Equations involving 
two unknown quantities. 


Ex. To find the integral values of 2 and y which will 
satisfy the equation 
30 + Ty = 10. 
Here 3a=10—Ty; 
l-y 
3° 


i. g=3 — Dy + 


; et , 
Now if a and y are integers, ~, ¥ must also be an integer. 
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Let | -" =m,then 1-—y=3m; 


. y=1-3m, 

and e=3-2y+m=3—-24+6m4+m=14+7%m; 

or the general solution of the equation in whole numbers is 
e=1+7m and y=1—3n, 


where m may be 0, 1, 2...... or any integer, positive or 
negative. 
If Vi (0 ge ie 
if m—l o— 18, y= 2); 
if m=2, 7=15, y= —5; 


and so on, from which it appears that the only positive inte- 
gral values of « and y which satisfy the equation are 1 and 1. 


262. It is next to be observed that it is desirable to divide 
both sides of the equation by the smaller of the two coefficients 
of the unknown symbols. 


Ex. ‘To find integral solutions of the equation 


Tx + 5y=31. 
Here 5y=31—7a; 
y=6— pees 
A 5 
Let 1 #t =m, an integer. 


hen 1—2%=5m, whence 24n=1-—5m; 


. C= =* — 2m. 


Let - 5 = an integer. 


Then 1—-m=2n, whence m=1 — 2n. 


me lence c=n—-2n=n—2+4n=hn—-2; 
y=6—x+m=6-5n+2+1—-2n=9—Tn. 
| Nowif nm=0.G=—-2,y= 9; 
if n=l.2= 3,y= 2; 
if n=2,0= 8,y=-5; 


and so on. 
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263. In how many ways can a person pay a bill of £13 
with crowns and guineas? 
Let « and y denote the number of crowns and guineas. 
Then 5a + 2ly = 260; 
*, 5u=260-21y; 
=§9 = 2528 
v=52 — 4y 5 
Let t=m, an integer. 


Then y=5m, 
and v= 52 —4y—m=52 - 21m, 
If m=0, 2=52, y= 0; 
m=1,c=81, y= 5; 
m=2, c=10, y=10; 
and higher values of m will give negative values of a. 


Thus the number of ways is three. 


264. To find a number which when divided by 7 and 5 
will give remainders 2 and 3 respectively. 


Let « be the number. 


z-2 : 
Then —.— =an integer, suppose m 5 


7 


and = =an integer, suppose ”. 
Then «=7m+2 and =5n+3; 
” 7m+2=5n4+3; 
2m—1 


.. 5n=7m—1, whence fein tone 


Let 2™ — =p, an integer. 


Then 2m=5p+1, whence m=2p reo a 
Let ptt =q, an integer. 


Then p=2q-1, 
m=2p+q=4q -2+q=5q-2, 
= 7m +2 =35q — 12. 
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ee 
——— - 


Hence if q=0, = —12; 
if G10 car 
if q=2,0= 58; 

and so en. 


EXAMPLES.—xXCix, 


Find positive integral solutions of 


1. 5¢+ 7y=29. 2. iat 19y==92; 
3. 132+19y=1170. 4. 30+5y=26, 
5. 14a—5y=7. 6. llx+15y=1031. 
7. lla+7y=308. 8. 40-—19y=23. 
g. 20% —9y=683. Io, 30+ 7y=383. 
Il. 27" +4y=54, 12. 7£+9y=653. 


13. Find two fractions with denominators 7 and 9 and 


: 57 
their sum 63° 


14. Find two proper fractions with denominators 11 and 


A. Jeni 82 
13 and their difference 143° 


15. In how many ways can a debt of £1. 9s. be paid in 
florins and half-crowns ? 


16. In how many ways can £20 be paid in half-guineas 
and half-crowns ? 


17, What number divided by 5 gives a remainder 2 and 
by 9 a remainder 3? 


18. In how many different ways may £11. 15s. be paid in 
guineas and crowns ? 


19. In how many different ways may £4. 11s. 6d. be paid 
with half-guineas and half-crowns / 


20. Shew that 3232—527y=1000 cannot be satisfied by 
integral values of x and y. 


as 


’ <_" a 
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divisible by 2 and the other by 3. } 


- 


EQUATIONS. 


21. A farmer buys oxen, sheep, and hens. The whole Fy 
number bought was 100, and the whole price £100. Ifthe = 
oxen cost £5, the sheep £1, and the hens 1s. each, how many 
of each had he? Of how many solutions does this Problem 
admit ? ) 


22. A owes B 4s, 10d.; if A has only sixpences in his 
pocket and B only fourpenny pieces, how can they best settle 
the matter ? 


23. A person has £12. 4s. in half-crowns, florins, and shil- 
lings ; the number of half-crowns and florins together is four 
times the number of shillings, and the number of coins is the 
greatest possible. Find the number of coins of each kind. 


24. In how many ways can the sum of £5 be paid in 
exactly 50 coins, consisting of half-crowns, florins. and four- 
penny pieces? 

25. A owes Bashilling. A has only sovereigns, and B has 
only dollars worth 4s, 3d. each. How can A most easily pay B? 


26. Divide 25 into two parts such that one of them is 


27. In how many ways can I pay a debt of £2. 9s. with 
crowns and florins ? 


28. Divide 100 into two parts such that one is a multiple 
of 7 and the other of 11. 


29. The sum of two numbers is 100. The first divided by 
5 gives 2 as a remainder, and if we divide the second by 7 the 
remainder is 4. Find the numbers 


30. Find a number less than 490 which is a multiple of 7, 
and which when divided by 3, », 4, 5. 6, gives as a remainder 
in each case 1. 


XXIII. THE THEORY OF INDICES. 


265. THE number placed over a symbol to express the 
power of the symbol is called the Index. 


Up to this point our indices have in all cases been Positive 
Whole Numbers. 


We have now to treat of Fractional and Negative indices ; 
and to put this part of the subject in a clearer light, we shall 
commence from the elementary principles laid down in Arts. 
45, 46. 


266. First, we must carefully observe the following results : 


OG ro 


(a? )*=a8, 
For Gx =6.0.0.0.0=0°; 
and (=a ee =O mad dao. 


These are examples of the Two Rules which govern ali 
combinations of Indices, The general proof of these Rules we 
shall now proceed to give. 


267. Derr. When m is a positive integer, 


GO IMeCANS Ge +. vis with @ written m times as a factor. 
268. There are two rules for the combination of indices, 
Rule I. a®xa’=a"™. 


Rule II. (a"y"=a™ 


269. To prove Rute I. 
Oe 0h @ KD tvages to m factors, 
a"=a.4.0...... to n factors, 
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~~» 


Therefore 
a xX A" = (8.0.0 ...... to m factors) x (a.a.@...... to n factors) 
te to (m+n) factors, 


=a", by the Definition. 


To prove Rue Il, 
(a")"=a".a".a™.,..... to n factors, 


=(4.0.4......t0 m factors) (a.a.u.,. to m factors) ... 
repeated n times, 


=4.0.0.,,.,. to mn factors, 
=a", by the Definition. 


270. We have deduced immediately from the Definition 
that when m and n are positive integers a" x a"=a"™", When 
m and 7 are not positive integers, the Definition has no mean- 
ing. We therefore extend the Definition by saying that a” and 
a", whatever m and n may be, shall be such that a" x a*=a", 
and we shall now proceed to shew what meanings we assign to 
w”, in consequence of this definition, in the following cases. 


? 
271. Case I. To find the meaning of a', p and q being 
positive integers. 
2 P Pye 


atxat=at 4, 
h P P PLP P 2212 
Uxaxat=al txat=aqi @ gs 
and by continuing this process, 


P P Pye es ie to ¢ termes 
axa’ x ...... to g factors =at 4 


=a, 
But by the nature of the symbol / — 
Ya? x Ya? x...... to gq factors=a’; 


ed 2 
2 a xa'x .,..., to q factors= Ya’ x ga’ x ... to q factors; 


, 
. @= fa’. 
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272. Case Il. To find the meaning of a-~, s being a post- 
tive number, whole or fractional. 


We must first find the meaning of @?, 


We have a” x a®=qnto 
=q™ ; 
3. av". 
Now axa =a 
=? 
=] ; 
ee | 
‘ a age 


273. Thus the interpretation of a” has been deduced from 
Rule I. It remains to be proved that this interpretation 
agrees with Rule II. This we shall do by shewing that Rule 
II. follows from Rule I., whatever m and n may be. 


274. To shew that (a”)"=a™ for all values of m and n, 


(1) Let n be a positive integer : then, whatever m may be, 


(ing) 1 amr ie eRe to n factors 
= qn ++ +tom terms 


(2) Let m be a positive fraction, and equal to Fe p and @g 


being positive integers ; then, whatever be the value of m, 


f 4 Ee wee 
(a)! x (a)? Miwareleteisie to qfactors=(a")!"*" to g terms 
=(a™)? 
— Gr, by (1). 
a ra =P Sad eee 
iIBUtha oO a* XS oceeke to q factors=a% "9 * to ¢ terme 
=a"; 
P mp 


. (a"\'=a!; 


that is, ra. 
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(3) Let n= —s,s being a positive number, whole or frac- 
tional: then, whatever m may be, 


il 
m\—s a 7 OT 
(a*)“"= Gy? by Art. 272, 
=<, by (1) and (2) of this Article ; 


1 
ae 


=a", 


that is, Ce 


275, We shall now give some examples of the mode in 
which the Theorems established in the preceding articles are 
applied to particular cases. We shall commence with exam- 
ples of the combination of the indices of two single terms. 


276. Since a xa"=a", 

(1) ox tt eget ag, 

(2) @xg=mat, 

(3) gitth—e gt b-te , gate ‘os pt th—cta~b- ey oa 1 oe et 

CS 0 na? be 0 
a qn tn—m : tet | & 
=a, b.¢ 
= — 3) ei Ue 


=C. 


977. Since (a")"=a"™, 
(1) (a8) = 20% = gl, 


(2) (at)Paa™S es 


(3) (as =a t—a™ 


278, Since a= Yat, 
(1) t= yas. 
(2) aba Yad 
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Nore. When Examples are given of actual numbers raised 


to fractional powers, they may often be put in a form more fit 
for easy solution, thus : 


Pi 1 

(1) 1442 =(1442)8=(,/1443=199=1728, - 
(2) 1258 =(125%)?=( 37195)2=52= 25. 

219. since, (2")*=2", 
Q) {er y=(e™yr=o™ 
@) ary" P=" =am. 
@) {ey = Gyr aa, 
3 ae 

230. Since 2 "=—, 

© 
we may replace an expression raised to a negative power by 


the reciprocal (Art. 199) of the expression raised to the same 
positive power: thus 


(ly) a =*. (DN ie a 


aS) 
— 


(3) @ == 


EXAMPLES.—C, 
(1) Express with fractional indices; 


Te Jot 3at+( fx)". 3. dats (Aa) +a far. 
2, fa%yt Malye Yop 4. Yayh+ JarypPas aye. 


(2) Express with negativeandices so as to remove all powcr: 
from the denominators : 


LL MIM fe 

he cea eM) 3: Ay?2? © Tye yz 

a 3a 4 Ly 1 2 
2. —_ + — + 4. 

eomy® a 


* 55 Ft 
Be? Bary" aha! 


(3) Express with negative indices so as to remove all powers 
from the numerators : 
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1, eo Fico 4a Ba 
ae eS ie ibe @ 

ore Say , Sab, abs 
a. a ae s* 4. . Loe a rae 


2. a fb ys +273, i .3 1 yt ap a 


281. Since wat mam oe, 
(1) a8+aS=8-3 = 28, 
(2) Brana *ao ba, 
(3) Fade aa an apm—(m—n) ed amt =n", 
(4) as abt ~~ a-te+e) a a->-« =a-= 
(5) atsat att af. 
1 
Bb c08 alt Vegtaheted al a7t 
(6) «+a =~ =? Seg Sm = 5 


oe? 


282. Ex. Multiply a®—a*+a"—1 by a'+1. 
a® —a*+ar-1 
a’+1 
a’ — a*’ oft a” —a’ 
+a™ —a® +a — 1 


a*—1 


EXAMPLES.—Ci. 
Multiply 
1. a + ary? + y” by x” — ary? + y*. 
2 a™ + 3ay" + 9a"y™" + 27y™ by a” — By" 
3. ot —2aa™ + 4a* by a + Qac™ + 40% 
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a” +b"+c" by a™—b" +c". 

a” + b"—2c" by 2a"—b+c. 
gS by a =r, 

om — ary” + y™ by a + a"y" + Y* 


ate — bP" +? by a”? + bP" + Gl-®, 


1. G2 Sts Oyege ras 


Form the square of «”+a?+ 1, 


Io. Form the square of x2 —a? +1. 


283. Ex. Divide a'?—1 by w—1. 


oP —l)a?—llort art or ph 


ot? — oo? 
Ge 
gr = pe 
a —1 
erp Aas oP 
a? —1 
a —1 


Ex AMPLES.—Clix 


Divide 
I om—y™ by a —y™. % f—y" by 2 Syn 
2 omr+ty™ by 2+". 4. a? +5™ by a” + 0%, 
5. v4 — 243 by «7-3. 
6. a+ 4a?" + 160 by a” + 2a™x” + 4a” 
7. Qa? + 30? + 140°” +2 by 1+ 5x? +27. 
8. 146%c" — 135°C" — 50°" + 46°C by 5" + b™c™ - 25". 
g. Find the square root of 


10. 


ae + 6a" + 15a" + 20a + 15a" + 6a" +1. 


Find the square root of 
a +b + c® + 2a™b" + 2a™e" + 2b"c". 
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ee a — 


Fractional Indices. 
284. EX. Multiply a3 — a2) +08 by at +08, 
at ates + 8 
at + 8 
a —aib + abes 
+aib) —ahb3 +b 


a +b 


EX AMPLES,—Ciii. 
Multiply 


6 a8 909 +1 by ot = 1, 
yttyttyt el by yt 1. 


3 ad - x by ad 4 ada + x, 


iS 


a chad dt scht tdebdand atid 
5. bal + andyt + aetyd + Ty! by at yf, 

6. m+ mind + mini + mind 4nd by mb — ni, 

7: ms — ad mt oF ad? hy ms + add’ + 4d. 


8. Bat + 4atbt + Batt + obe by gat — 3b, 


Form the square of each of the following expressions ; 
2 
9. a +a, 10. at = at. Il. as +y°. 


7 a+bh, 13. at - ort +3, 14. Qn? + Bet 44, 
15. ab —yb 42h, 16, ot 4 oyt — at 
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285. EX. Dividea—b by SYa-— &/bd. 
1 
Putting at for Ya, and b* for 4/b, we proceed thus: 


1, S8  , s 
a Shes (at + a* b* + a4 b? +b 


Gerke 
atbh4 —b 
qin ane 
ath? —5 
a®o? —at pa 


Divide 
4 1 
I. «—y by ee 7. #-8ly by ah — aye. 
Sie PL . 1 
2. a—b by a? +b". 8. 8la—16b by 3a4 — apt, 
teed ie a0 
3. ey by 2° —y°. 9. a—«a by «2 +a%. 
ek 1 
4. a+b by a? +b%_ 10. m—243 by m' —3. 
i, 12 1 1 
5. oty by c+y°. Ir. 2+17224+70 by «2 +7. 
eos we ds nf 
6. m—n by m>&—n". " 12. #8 +03-12 by 2-38, 


Te 8 4 vh 
b3 — 303 + 3b — b% by b8 — 1. 

A 41 4 +, 4 

If, 2tyte—de%ys23 by a +y? +2". 


2 1 x 
1s. 2—5x% —46x% — 40 by «° +4. 
us 


pas 1 uh Al ] 
16. m+m2n2 +n by m2 —mént + n?. 


Ee shen hi dipahs ot 
17. p—4p* + 6p? —4p* +1 by p? — 2p* +1. 

au 1 al 1 
18. On + aby? — By — 4yj2e2 - 222 —2 by 2a 4 3y? +22, 


Ce ee te ee 
19. a+y by o — wey? +a°y> — xy? tyr. 


[s.A.] 


2.9 
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Negative Indices. 
286. EX. Multiply 2-3+a-%y1+a7y* +473 by at—y. 
8 +g Pyl + dy 2 + 8 
ah == yt 


at 4g Sy-l 4. By 8 4 gly S 
— ge 8y1 — a %y-2 ss go ly-8 mal y* 
gt — y+ 


EXAMPLES.—CV. 
Multiply 
Tr. at+67! by amt—b-1, 2. 07-3472 by a3 -b-%, 
3. @+ata%+a% by w—at 4g. a®—-14a-* by 22414+07% 
5. a?2+b by a*-b%, 6. at -b714+6¢ by a1 4+0740 
7. L+ab-'+a°b~? by 1—ab-!+ ab. 


8. ab? 4+2+a-*b? by a*b-? — 2 - a-*b*. 
9. 4073+ 30-2 + 20-141 by a? —a +1, 
10, a-2 +3471 — by 2a-?- a7) - Mf 
2 3 2 
287, EX. Divide a®+1+a7* by e-1+4+a71, 
e—-1l+a7}) ot+1+a-%(2+1+27% 


Norr. The order of the powers of a is 
von ste, OF, ao, 0% O71, .0°9) a Fine 
a series Which may be written thus 
) ey eae 


3 42 
ideuda a®, 2°, a, cena 
see oY gh g® ge 
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EXAMPLES.—CvVIi. 
Divide 
I. @—ao'by rts '. a & b*bya—b4. 
3. m+n by m+n}, 4. &—d by c—d, 
5. wy 24+ 2+a%y? by vy t+ a7ly. 
6. a-*+a~%b-? + b-4 by o —a b+ 6-2, 
7 


~ wy~3 — o3y3 — Bxy + 8a-1y by ay! — aly. 


3a Tie? 430-2 33271 
2a, Pe aes x 
&. 4 4-4 + 8 Al q +27 
2 
by 5 —at+3, 


g. ab 3+ ab by ab 1+ a0. 


10. a%°+63+4+¢3-3a7b 1c by at+b74+¢%. 


288. To shew that (ab)"=a". b”. 
(ab)"=ab.ab.ab...to n factors 
=(4.a.a... to n factors) x (b.b.6... to m factors’ 
=e". 
We shall now give a series of Examples to introduce the 


various forms of combination of indices explained in this 
Chapter. 


EX AMPLES.—Cvii. 


% 2 1 
1. Divide x8 — Awy + 4a3y + 4y? by a3 + Qa2y? + 2y. 
1 


2, Simplify Cong oe (e8)2 182 3. Simplify (@. i802 
Leh eelns 


4. Simplify 
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 — 


5. Multipl V8.4 dot —2 b ee 
as: 7 2 


b a—b 2a 
6. Simplify 7" — 


7. Divide 2™-y™ by x+y". 


8. Multiply (at + bys by at — BB. 
g. Divide a—b by Ya- Yb. 10. Prove that (a?)"=(a")*. 
rr. If a™"=(a")’, find m in terms of n. 


12. Simplify att. ott. ae gh, 


a Orne ot NPA al -” 
ac Simplify ( =) +(4) j 14. Divide 4a* by 
15. Simplify [{(@-™)-"y"]+[1(@")"{ 7} 
16. Multiply a" +b? — 2c" hy 2a" — 3b. 


17. Multiply a"b"? by am bre. 


a+ (at (ey) __ a 


18. Shew that : 
a+b ad 4 pe 


19. Multiply x +a8 +1 by a3 a8 +1 
and their product by zo x +1. 
20. Multiply a™—ba"-!x+ca"™-*a* by a" + ba"! x — ca" a", 
21. Divide a2t-) — y2-) hy gre) + yt), 
22. Simplify j(@")" “mt, 
23. Multiply * + 0y? + a’y” +y™ by a” —y’. 
24. Write down the values of 6254 and 12-4, 
25. Multiply 2-™"—-y*"™ by a*-y". 


26, Multiply af +3a2 -1 by xt 2x4, 


XXIV. ON SURDS. 


289. ALL rumbers which we cannot exactly determine, 
because they are not multiples of a Primary or Subordinate 


Unit, are called Surds. 


290. We sh Ul confine our attention to those Surds which 
originate in t} , Kxtraction of roots where the results cannot 
. . oO. . 
_ be exhibited : ji whole or fractional numbers. 


For exam‘le, if we perform the operation of extracting the 
square root of 2, we obtain 1°4142..., and though we may 
carry on the process to any required extent, we shall never be 
able to stop at any particular point and to say that we have 
found the exact number which is equivalent to the Square 
Root of 2. 


291. We can approximate to the real value of a surd by 
finding two numbers between which it lies, differing from each 
other by a fraction as small as we please. 


Thus, since ,/2=1°4142...... 


‘ 14 ul 
,/2 lies between — 10 aaalie 10’ > which differ by 103 


also between Hot and wes which differ by — a 


100 100° 

1414 1415 F fs 1 

aaa hicl E a 
also between 1000 = acl - Ue ee differ by 1000" 


And, generally, if we find the square root of 2 to n places 
of decimals, we shall find two numbers between which ,/2 lies. 


differing from each other by the fraction im 
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292. Next, we can always find a fraction differing from the 
real value of a surd by less than any assigned quantity. 


For example, suppose it required to find a fraction differ- : 


ing from ,/2 by less than a 
Now 2(12)*, that is 288, lies sales (16)* and (17), 


* 2 lies between ce nd (- 


16 17 
. ./2 lies between — 9 and — 13: 


“. 2 differs from 5 S by less than 55 


293. Surds, though they cannot be expressed by whole or 
fractional numbers, are nevertheless numbers of which we may 
form an approximate idea, and we may make three assertions 
respecting them. 


(1) Surds may be compared so far as asserting that one is 
grei ater or less than another. Thus ,/3 is clearly greater than 
/2, and ,/9 is greater than ,/8. 


(2) Surds may be multiples of other surds; thus 2,/2 is 
the double of ,/2. 


(3) Surds, when multiplied together, may produce as a 
result a whole or fractional number: thus 


2 x /2=2, 
and aft jee fas. 
4 4 4 4 


294, The symbols ,/a, d/a, X/a, X/a, in cases where the 
second, third, fourth, and n™ roots respectively of a cannot be 
exhibited as whole or fractional numbers, will represent surds 
of the second, third, fourth, and n™ order. 


These symbols we may, in accordance with the principles 


Jaid down in Chapter XXILI., replace by a’, af, at, ar. 
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295. Surds of the same order are those for which the root- 
symbol or surd-index is the same. 


Thus ,/a, 3/(36), 4./(mn), ra are surds of the same order. 


Like surds are those in which the same root-symbol or surd- 
index appears over the same quantity. 


1 
Thus 2 /a, 3,/a, 4a” are like surds. 


296. A whole or fractional number may be expressed in 
the form of a surd, by raising the number to the power denoted 
by the order of the surd, and placing the result under the 
symbol of evolution that corresponds to the surd-index. 


Thus a= a, 


ae 
eee Nes 


297. Surds of different orders may be transformed into surds 
of the same order by reducing the surd-indices to fractions 
with the same denominator. 

Thus we may transform X/z and A/y into surds of the same 
order, for 


c= ae = gl — fat 


and Sy ayt ay? = By, 
and thus both surds are transformed into surds of the twelfth 
order. 


EXAMPLES.—Cviii. 


Transform into Surds of the same order: 
1. Jeand sy. 2. /4and /2. 3. /(18) and £/(50). 
4. W2and x/2. 5. Maand Vd. 6. /(a+b) and ,/(a—5). 


298. If a whole or fractional number be multiplied into a 
surd, the product will be represented by placing the multiplier 
and the multiplicand side by side with no sign, or with a dot 
(.) between them. 

Thus the product of 3 and oe is represented by 3/2, 

OMe AMT UNE IN/ Di aS cBe at oe by 20 ,/2, 
of @ and eT ee by a Je. 


eee ee ee 


299. Like surds may be combined by the ordinary pro 
cesses of addition and subtraction, that is, by adding the 
coefficients of the eae and placing the result as a coefficient 
of the surd. 


Thus Ja+ Ja=2 Ja, 
5 /b-3 /b=2 Jb, 
trle— Jeo=(x#-1),/c. 


300. We now proceed to prove a Theorem of great im- 
portance, which may be thus stated. 


The root of any expression is the same as the product of the 
roots of the separate factors of the expression, that is 


J(ab)= Ja. »/b, 
A (xyz) = alt. ys nl% 
(pqr)= Vp. xq. Xr. 
We have in fact to shew from the Theory of Indices that 
a ae | 
(ab)"* =a". 6". 
1 : 
Now \(ab)" \"=(ab)"=ab, 
m2 d 1 n 1% 
and Ja". b"{"=(a")". (b")"=a". f=a.b; 
1 T 2 
i }(ab)" |* = fa. 6818s 


301. We can sometimes reduce an expression in the form 


of a surd to an equivalent expression with a whole or fraec- 


tional number as one factor, 
Thus A(72) = /(36 x 2)= /(36). /2=6 ./2, 
(128) = (64x 2)= YOGA). Y2=4 92, 
Mate) = a". Yea. gfe. 
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EXAMPLES. cix. 


* Reduce to equivalent expressions with,a whole or fractional 
number as one factor : 


Kr 6 A/ (24). A if.) Or Nee) 
4. /(125a4d?). 5. Af (82y2°). 6. /(1000a). 
Ie = 
7% 2 a> o iE 3 
7. s/(720¢2). 8 Wr f(Sede) aero 13 alla } 


a/(a3 + 2a7x + am), 


Io @ a II 
5 A 5° . 


12. /(a? — 2x?y + xy?). 13. /(50a? — 100ab + 506”). 
14. /(63cty — 42c%y2+ 7y?). 15. ~ a/(54a°?). 

16. 4/(160ay"). 17. x/(108m9n1), 

iS. 4/3720"), 19. A/(a'+ 303y +327y24 ay), 


20. /(a* — 3a3b + 307b? — ab). 


302. An expression containing two factors, one a surd, the 
other a whole or fractional number, as 3/2, «4/2, may be 
transformed into a complete surd. 


1 
a Sx=(a*)*, a= a>, a= x/(ax). 


Thus 


EXAMPLES,—CxX, 

Reduce to complete Surds : 

ie tals 23 3. 5/9. 

3 Je 
4 246, 5. We bee 
7. 4ar/(32) 8 2a |Z) 
a 1 

9 (m+n) af m—"), 10, (a+b) i 3) 


() ( ao" + oy )? 
Me Nota | Na? 2ayt 7? 


| a 
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303. Surds may be compared by transforming them into 
surds of the same order. Thus if it be required to determine 
whether ,/2 be greater or less than 4/3, we proceed thus : 


J2=2 = 98 — yos_ yg, 
Y3=38=38 — 932— 99, 


And since 4/9 is greater than 4/8, 
‘/3 is greater than ,/2. 


EXAMPLES,.—cxi. 


Arrange in order of magnitude the following Surds : 


I. Jdand s/4, 6. 2,/87 and 3,/33. 
2. J/l0and 4/15, 7. 2/22, 30/7 and 4,/2. 
3 2/3 and 3/2. 8. 34/19, 5 3/18 and 3 ¥82, 
f 3 
4. ve and als ; 9. 2/14, 5/2 and 3 3/3, 
1 1 1 
5- 3,/7 and 4,/3. 10. 5N/2, 4/3 and ant 


304, The following are examples in the application of the 
rules of Addition, Subtraction, Multiplication, and Division to 
Surds of the same order, 


I, Find the sum of ./18, ./128, and ,/32. 
W(18) + /(128)+ 4/(82)= (9 x 2)-+ /(64 x 2)+ Y(16 x 2) 
=3,/2+8,/24+4,/2 
=15 ,/2. 
2, From 3,/(75) take 4 /(12). 

3 (75) — 4 /(12)=3 (25 x 3) — 4 (4 x 8) 
=3.5./3-4.2. /3 
=15,/3-8,/3 
=7 ,/3, 
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3. Multiply /8 by ./(12). 
J8x /(12)= (8 x 12) 
= ,/(96) 
= /(16 x6) 
=4,/6. 
4. Divide ,/32 by ,/18. 
(32) J/06x2) 4/2 4 


J(18) V(9x2) 3/2 3 
EXAMPLES.—CXZil. 
Simplify 


r. /(27) +2 /(48) +3 ./(108). 11. 6x 4/8. 
2. 3,/(1000) +4/(50) +12 /(288). 12. /(14) x J (20). 


3. Gal (a*x) +b /(b%x) + /(c7x). 13) (50) < V/Oae 

4. x/(128) + x/(686) + X/(16). 14. x/(8a7b) x X/(9ab?). 
5. 7 2/(54) +3 8/(16) + 2/(432). 15. 3/(12ab) x 3/(8a%b3), 
6. ./(96)— /(54). 16. /(12)=+ /3. 

7. »/(243) — »/(48). 17. »/(18)+ a/(ov). 

8. 12/(72)—3,/(128). 18. 3/(a%)-+ 2/(ab*). 

9. 5x/(16) —2 X/(54). 19. x/(a°b)-+ X/(ab?), 


10. 7 2/(81)—3 9/(1029). . 20. n/(u? + ay) > ./(w + Quy + a3y?). 


305. We now proceed to treat of the Multiplication of 
Compound Surds, an operation which will be frequently ze- 
quired in a later part of the subject. 


The Student must bear in mind the two following Rules: 
Rule ll. ,/ax /b=,/(ab); 
Rule II. /ax Jja=a, 


which will be true for all values of a and b, 


F 
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EXAMPLES.—cXiii. 

Multiply z 
. Je by a/y. » fe by — Jz. 
- S(@—y) by Jy. » a/(e-1) by — J(@-1). 
. J(et+y) by /(a+y). . 3,/a¢ by -4./z. 

Jey) by J(e+y). . -2,Ja by -3 Ja, 
. 6,/x by 3,/z. ~ (a-7) by — fa. 
» TJ (e+) by 8J(e+1). 14. -2./(a+7) by -—3 Jz. 
. 10,/z by 9/(@—-1). . —4,/(@-1) by -2 f(@- 
. J(3a) by /(40). 16. 2,/(a?9-2a+3) by -3 Va 2a +5). 


306. The following Examples will illustrate the way of 
proceeding in forming the products of Compound Surds. 


Ex. 1. ‘To muitiply /x+3 by /a+2 


+2 /2+6 
+5 /0+6 


Ex. 2. To multiply 4 J/c+3 Jy by 44/r-3 Jy. 
4,/2+3 Jy 
Adfa- Bly 
~ 160 +12 J(ay) 
—12,/ (xy) — 9y 


EX. 3. To form the square of vee: 7) = nan 
V(a-7)- Je 
N(@-7)— Jax 
2-7 — /(%?- 7a) 
— J(a?— Tax) +0 
“2-7-2. /(a- 70) 


— ee EE ce we 8 
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EX AMPLES.—CXiv. 


Multiply 
I. J/x+7 by /a+2. 2. Je—5 by J/2+3. 
3. V(a+9)4+3 by /(a+9)—3. 
4. J(a—4)—7 by /(a—4) +7. 
& S/a-7 by /xt+4. 
6 Pe ee, 
7. J(6+2)+ Jx hy /(64+2) - 
8. J/(8e+1)+ /(2z Se pe /(2¢—1). 
9. Jat J/(a—-2) by /x— J/(a—-2). 
fo. J/(8+2)+ Jz by /8+2). 
11. Jet Syt Jz by /a- JSyt vJ/z 
12, Jat J/(a—2)+ Ja by Ja— J(a—2z)+ fu 


Form the squares of the following expressions : 


13. 21+ ,/(a?-9). Ly sina 3; 

14. J(x+3)+ /(@+4+ 8). 18. /(«@+y) — J/(@—y). 

15. J+ /(a—4). 19. J/x./(@+1)— J/(e-1). 
16. J(«—6)+ /x. 20. J(@+1)+ Je .J(@—V. 


307. We may now extend the Theorem explained in 
Art. 101. We there shewed how to resolve expressions of 
the form 


— fh? 


into factors, restricting our observations to the case of perfect 
squares, 
The Theorem extends to the difference between any two 
quantities. 
Thus 
a-b=(r/a+ Jb) (/a- o/b). 
—y=(e+ Jy) @— AJSY)- 
1L-2=5(1+ /x) (1— ,/@), 
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308. Hence we can always find a multiplier which will 
free from surds an expression of any of the four forms 
1. a+ Jb or 2. Jat Jb, 
3. a— Jb or 4. Ja— Ab. 
tor since the first and third of these expressions give 
as a product a?—b, which is free from surds, and since the 
second and fourth give as a product a—b, which is free from 
surds, it follows that the required multiplier may be in all 
cases found. 


Ex. 1. To find the multiplier which will free from surds 

each of the following expressions : 

1. 5+ ./3. 2. J/6+ 4/5. 3. 2— 4/5. 4. J/7-,/2. 
The multipliers will be 

1. 5-3, 2. /6— ,/5. 3. 2+ /5. 4 JN7+/2 
The products will be 

1. 25-3. 2. 6-5. 3. 4-5. 4.. 7-2. 


That is, 22, 1, —1, and 5. 


‘ . a . 
Ex. 2. To reduce the fraction 5— 7, to an equivalent 


fraction with a denominator free from surds. 
Multiply both terms of the fraction by 6+ ,/c, and it be- 
comes 


ab+a,/e 
Bc ’ 


which is in the required form, 


Express in factors : 


1. c—d. 2. cd. 3. c—di, 
4. 1-y. 5. 1-32%, 6. 5Sm?-1 
7. 4a°—3e. 8. 9—8n. 9. 11n?-16. 
10. p - 4r, 11, p-3q*, 12, a — >", 
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Reduce the following fractions to equivalent fractions with 
denominators free from surds. 


Mi Ja 4+3,/2 
ee eer Pree 
‘SAR geese g ee a 1D 39D 
2 JB 2— /2 
_———— hia oe les 
2— 72 TAS Sete Be Se, 
10, Nat ve ao, Mim? +1)— Vn? =1) 
© Ja- Jv (m2? +1) + /(mP—-1) 
me) Le ale a+ /(a?-1) 
a eg 8 (@ 1)" 


V(a+2) + x(a —-2) a+ J/(a*—2*) 


N@ts)= dta=ay Oo ay 


309. The squares of all numbers, negative as well as posi- 
tive, are posvtwe. 

Since there is no assignable number the square of which 
would be a negative quantity, we conclude that an expression 
which appears under the form ,/(—a*) represents an impossible 
quantity. 


310, All impossible square roots may be reduced to one 
common form, thus 
J(— a) = J ja? x(-)D f= Ve. M(-1) =a. M(-1) 
M(-2)= J je x(—-)Dt= Je .J/(—1). 
Where, since a and ,/x are possible numbers, the whole 
impossibility of the expressions is reduced to the appearance of 
/(—1) as a factor. 


311. Der. By /(-—1) we understand an expression which 
when multiplied by itself produces — 1. 

Therefore 

iw DP==% 

Pw DE = t=) wD) =(- Te = — (=D, 

iV (-Ditat MA -DPE-DP=(-)).(-D=1, 


9).d so On. 


ce s 1 
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EXAMPLES.—cxXvi. 
Multiply, observing that 
J-ax J/-b=— Jab. 
1. 4+ /(—3) by 4— /(-8). 
2. J3—2,r/(—2) by JB +2 a/(-2). 


, AM —2)-2 9/2 by 5 M(-2)-3 V2. 


3 

4. J(-—2)+ J(-3)+ /(-4) by W(—2)— v(—-3)— (-4). 
5. 3n/(—a) + J(-) by 4/(—@)-2/(-0). ) 
6. a+ /(—a) by a— /(-a). 

7. axi(-a) +b (2) by ay/(-a)—-b (2). 

8. at+BA(-1) by a—BA(-)). 

9 


. 1— J/(1-e) by 1+ /(1-&). . ; 
Io. ev» ‘fs e PV) by ePpV (-)) _ gv (-D), 


312. We shall now give a few Miscellaneous Examples to_ 
illustrate the principles explained in this Chapter. 


EXAMPLES,.—cXVii. 
Net Sy ve— ly 
3/y 3/0. - 
2. Prove that }1+ ./(—1)}?+ {1- (-1)}?=0. 


_ Simplify wey Neue, 


Prove that $1+ /(—1)}?-—{1— /(-1)}®= /(-16). . 
Divide a+ a‘ by a + ,/2ax + a*. 

Divide m4 +n by m?— ./2mn+n*, 

Simplify /(a3 + 2a2y + ay?) + J (a — Qa%y +ay?). 


. Simplify Re Jb + a and verify by putting 


: 1. Simplify 


SPAY wy 


,=9 and b=4, 
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g. ind the square of a af , — (cd). 


to. Find the square of av? — avi 


11. Simplify 
M(e+e aya Ae a) ess ni (a? - a?) 


N+ a? ‘) = N (2 — a? a +a) + (a? — a2 
1 
(1-2) + — 
12. Simplify 5 JO+e) | 
J0=*) 


‘ an x—1 § = ill Th aa 
13. Simplify set | jgzit Rae t 


14. Form the square of VG + 3) — (G3 
15. Form the square of ./(#@+a)~— /(#—w). 
16. Multiply V/(a" 7b hc?) by X/(a"b™ 1c"). 
17. Raise to the 5" power —1—a,/(-1). 

18. Simplify /(81)— /(—512)+ ./(192). 


Gye 
19. Simplity — | 4c i =) 


20. Simplity i | N/ (8p7a? — 63p?a? + 441p2x -- 1029p") }. 


: F : 1 ; 
2(n — S 
21. Simplify 2(n da/( on qe ae er 


ry 
22. Simplify 2(m—1)./(63) + = (112) —- oe 


+ J/}175 (n—- 1)%c?} <p tal (Be } 


23. What is the difference between 
VT /(33)t x VILT + W/(88)} 
and 3565+ J(129)} x 2465 — ./(129)} 2 
(s.A. ] j P 
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313. We have now to treat of the method of finding the 
Square Root of a Binomial Surd, that is, of an expression of 
one of the following forms: 


m+ J/n,m— »J/n, 


where m stands for a whole or fractional number, and ,/n for 
a surd of the second order. 


314. We have first to prove two Theorems. 
Theorem I. If J/a=m+ J/n, m must be zero. 
Squaring both sides, 
a=m?+2@m J/n+n; 
Im /n=a—m—n;* 


— a—m—n_ 
- Qn ” 


_—— 


that is, ./n, a surd, is equal to a whole or fractional number, 
which is impossible. 


Hence the assumed equality can never hold unless m=0Q, in 
which case ,/a= Jn. 


Theorem IJ. Ifb+ /a=m+ Jn, then must b=m, and 


a= »/n. ' 
For, if not, let b=m+a. 
Then m+ae+ J/a=m+ Jn, 

or a+ Ja= Jn; 


which, by Theorem I., is impossible unless 2=0, in which case 
b=mand a= /n. 


315. To find the Square Root of «+ »/b. 


Assume Nat Jb)= Jat Jy. 

Then at Jb=rt+2 J(ry) +; 
oe OEY MGs iveveniecivtedtastiantis sol), 
D Mery) = JD icsevvesensones vvecneecenes(B)p 


from which we have to find # and y. 
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we 


Now from (1) 2 + oy + y= a2, 

and f pm (2) | 4xy = ; 

° 2 —Ary+y?=a2—b; 

| 2 2-y= J/(a- 
Also, o+y=a, 


From these equations we find 


_a+ Mens) ae 


a— J(a*—b) 
2 
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b). 


? 


G+ =f {Ne es {ae 


Similarly we may show that 


Ge <p) %, | ve) - A (eae. 


316. The practical use of this method will be more clearly 


seen from the following example. 
Find the Square Root of 18 + 2 ,/(77). 
Assume /§18+2,/(77)}= Jat wy. 


Then 18+2,/(77)=2+2 J/(ay)+y; 


. £+y=18 \ 
2 /(xy)=2 (77) ) 


Hence x? + Qey + y? = 324 ; 
dary = 308 J’ 


2. @- Qay+y?=16; 


—y=H+4; 
also, e+y=18. 
Hence g=11 or 7, and y=7 or 11. 


That is, the square root required is ,/(11)+ 


Re 
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Find the square roots of the following Binomial Surds : 

1. 10+2,/(21). 2, 16+2,/(55). 3. 9-2/(14). 

4. 94-425. 5. 13-2,/(30). 6. 38—12,/(10). 
7. 14-446. 8. 108-12,/(11). 9. 75-12,/(21). 


10, 87-12/(42). 11. 85-10). 2, 57-12. W((15). 


317. It is often easy to determine the square roots of 
expressions such as those given in “ preceding set of 
Examples by inspection. 


Take for instance the expression 18 +2 ,/(77). 


What we want is to find two numbers whose sum is 18 and 
whose product is 77: these are evidently 11 and 7, 
Then 18+2,/(77)=114+7+2/(11 x 7) 
=} (1) + /7}% 
That is ,/(11)+ ./7 is the square root of 18 +2 /(77 


To effect this resolution by inspection it is necessary that the 
coefficient of the surd should be 2, and this we’can always ensure. 


For example, if the proposed expression be 4+ ,/(15), we 
proceed thus ; 


ee 5+3+2 (5 x 3) x 3) 
4+ J/(15)= a gt 
-(“*4 J/5 Ss wey 
. v oa is the square root of 4+ ,/(15). 


Again, to find the Square Root of 28 — 10/3. 
28 -~ 10/3 =28 —2,/(75 
= 25 +3 = 2 /(25 x 3) 
=(5- ./3)*; 
2 5— /3 is the square root required, 


XXV. ON EQUATIONS INVOLVING SURDS. 
318. Any equation may be cleared of a single surd, by 
transposing all the other terms to the contrary side of the 

equation, and then raising each side to the power correspond- 
ing to the order of the surd. 


The process will be explained by the following Examples. 


| EX. ik “ ala — 4, 
| Raising both sides to the second power, 
z= 16. 
[Dee Ps e/a = 75 
Raising both sides to the third power, 
Lele 
EX. 3. J/(2?+7)—2=1. 
Transposing the second term, 
VE +7)=1 +a 
Raising both sides to the second power, 
e+ 7=1+204+ 27, 
. =. 


KX AMPLES.—cxix, 


et 7. Pee is") 3 wae 
1 
4 vo 2 5. 23 =3 6 Ja=4 
y. \(o4-9)=6. 8. a/e—T)=7. 9g. V(@-15)=8. 


a (w —9)2 =12. 11. </(4e—16)=2, 12. 20-3,/a=2, 
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13. 4/(2e+3)+4=7. 1. (4a? +50—2)=20+1. . 


| 14. b+cJ/x=a. 18. /(9a? — 12a - 51) +3=82. 
| 15. V(a?-9)+2=9. 19. J(a®?-ax+b)-a=%. 
16. J(2?-11)=2-1. 20. a/(254? — 3ma +n) — 5a=m. 


se TF 
~ » 


319. When two surds are involved in an equation, one at 
least may be made to disappear by disposing the terms in 
such a way, that one of the surds stands by itself on one side 
of the equation, and then raising each side to the power cor- 


responding to the order of the surd. If a surd be still left, it 
can be made to stand by itself, and removed by raising each 


side to a certain power. 


Ex. 1. J(x—16)+ Je=8. 
Transposing the second term, we get 


; (a — 16) =8— a. 


Then, squaring both sides (Art. 306), 
a —-16=64-16J/%+%; 


therefore 16 /x=64+ 16, 
or 16,/2=80, 
or /c=5; 
o= 25. 
Ex. 2. (a —5) + J (a+ 7) =6. 


Transposing the second term, 
Ja—5)=6 - (e+). 


Squaring both sides, « —5=86 ~ 12 (a+ 7) +047 5 


therefore 12 J/(a+7)=3864+04+7-a2+5. 

or 12 /(a+7)=48, 

or J (a+ 7) =4. 
Squaring both sides, e+7=16; | 


therefore r=9. 
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EXAMPLES.—CXxX. 
r /J(16+2)+ /x=8. 6. 14+ J/(8%4+1)= (404 4). 
J(e@-16)=8- vo. 7. 1- J(l-52)=2 71-2). 
J (e+ 15)+ J/e=15. 8. a- J/(@-a)= Vu. 
Nie 21) = ofa 1, 9. Ja+ J(a-m)=- 
5. V(w-l)=3- J (@t+4). 10. J(w-1)+ J(a@-4)-3=0. 


N 


a eee 


320. When surds appear in the denominators of fractions 
in equations, the equations may be cleared of fractional terms 
by the process described in Art. 186, care being taken to 
follow the Laws of Combination of Surd Factors given in 


IAT OOD. 


EXAMPLES.—cxxi. 


t /a+ Ma-)= Egy 3. V(@+7) + Jem ay 
2. vot Je-21)=. g. W@—18)+ Jom ey 
8 


5. Jat J(e- oe Osa 


6. J/e+ J/(8a+2%)- oes = (0) 


J(az)+b b-a | Je+16  /x+32 
a a eal Co) o ard ferie 
ee ee We ve-8 Ju—4 
8. (1 + Jt) (2 Aa) = = Io. i= a. Jn+2 


321. The following are examples of Surd Equations result- 
ing in quadratics, 


2 
EX. I, 2 je +75. 


(earing the equation ol fractions, 2a+2=5 a/x, 


¢ 
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eigatiag both sides, we get 4a?+ 82+4= 252; 


whence we find «=4 or - 


4 
EX. 2. M(0+9)=2 /2-3. 
Squaring both sides, «2+9=4x"—12 sit +9; 
therefore 12 /jc=382, 
or 4 /e=@. 


Squaring both sides, NS ae 
Divide by a, and we get 16=2. 


Hence the values of « which satisfy the equation are 16 
and 0 (Art. 248). 


__ 
/@a+1) 
Clearing the equation of fractions, 
Qe +1+2 /(Qu* +2) = 21 ; 
therefore 2 / (2x? + x) = 20 — 2a, 
or J (20? + x) = 10-2. 


Ex. 3. (2a +1) +2 2 = 


Squaring both sides, 22° + a= 100 - 20x + ae, 


whence e=4or -2d 


322. We shall now give a set of examples of Surd Equa- 
tions some of which are reducible to Simple and others to 
Quadratic Equations. 


EXAMPLES.—CXXii. 


ti: 4-12 /x=16. 4. (60-11) = (249 - 27%, 
2 Bainyen 2 s-a)=t- VED 
3: 3 /(7 + 22?) = 5 a! (4a - 3), 6. 2 2 /(4- ~ 32) +12=0, 


7, /(Qe+7)+ J/(8r-18)= site + 1), 
8.° 2/204 - Sr) =20- (30-68), 
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3 
a aw 14. fe+4)+ J(20-1)=6. 
10, J/%+11 -sET 15. /(18@-—1)— /(2e-1)=5. 


V(x +5). /(@+12)=12. 


Ve +3)+ Met+8)=5 Jn. 17. S440) + /e=3. 


16. /(7£+1)— /(8a+ 1) =2. 


525 


J(25+2)+ /f/(25—-2)=8. 18. Je+ /(@+9975) = 
cr = \s ates \ 20 
ey VG+3)+ (G-3)=/@) 
16 
ye 
20, AJ/(a?7-1)+6=—_, — Get: 
21. vJ/}(e—a)?+2ab+b7} =a—a+b. 
22. vJ/{(w+a)?+2ab+b?! =b-a—a, 
_— 7 3 
23. v(e#+4)- ve=al(o+ 5), 
Gest epee 26. J(@+4)+ J/(@+5)= 


Bei I 4 


25. 


V(4+2)- J3= a. 27. fe+ J(a- Sa 


aot /(4a—2) 
Sc— /(4a-a) ~ 


28. x7?=21+ »/(ax?—9). 


29. V(50-+2) — /(50—2) =2, 
30. (2x +4) — JG 6)=1. 


6 
Te CB eo 
3 VG x) Ae NG a) 


Sethe Uh 1 
Jee ah) J@=1) M1) 


34. Je+ Jja— /(ax+2)! = va, 


XXVI. ON THE ROOTS OF EQUATIONS | 


323. We have already proved that a Simple Equation car 
have only one root (Art. 193): we have now to prove that a 
Quadratic Equation can have only two roots. 


324, We must first call attention to the following fact : 
If mn=0, either m=0, or n=0. 


Thus there is an ambiguity: but if we know that m cannot 
be equal to 0, then we know for certain that n=0, and if we 
know that # cannot be equal to 0, then we know for certain 
that m=0. 


Further, if lmn=0, then either 1=0, or m=0, or n=0, and 
so on for any number of factors. 


Ex. l. Solve the equation («—3)(a+4)=0. 
Here we must have 
x—-3=0, or#+4=0, 


that is, c=3, or c= —4, 


Here we must have 
«—3a=0, or 5a—2b=Q, 


that is, a= 3a, or on 
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I. 
4. 
iF 


EXAMPLES.—cxxiil. 
(e-2)(a-5)=0. 2. (©—3)(@+7)=0. 3. (w+9)(@w+2)=0, 
(e 5a) (x — 6b) =0. 6. (197 —~ 227) (140 + 83) =0, 
(2a +7) (8a —5)=0. 7. (du~4m)(6x—11n)=0. 


8. (x? + Sax + 6a) (x? — Tax + 12a*) =0. 
Q. (a? — 4) (a? — 2axv + a*)=0. 

10. «(«*—5«x)=0. 

It. (ace —2a+b) (ber + 3a —b) =0, 


12. (ce—d)(cv—e)=0. - 


325. The general form of a quadratic equation is 
ax? + bx +c=0, 


b c 
Hence a (x2 +—01 + 4) =0, 
@ "a 


Now a cannot =0, 


b 
4+ —04+2=0, 
a @ 


Writing p for Ef and q for <, we may take the following 


as the type of a quadratic equation of which the coefficient of 
the first term is unity, 


‘ 


x? + pe+q=0. 


326. To show that a quadratic equation has only two roots. 


Let «?+px+q=0 be the equation. 


Suppose it to have three different roots, a, b, ¢. 


Then OF 4 Op =O i ecncask ctaseseuee (1), 
Oe iUH GO. « csnees cauekenaee (2), 
tp 1 — 0. taeda (3) 


. Subtracting (2) from (1), 


or, 


a? —b? + (a —b) p=0, 
(a -6)(a+540)=0 


. 


rs : 
+ ‘ iL 
g 
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—_, 


Now a-b does not equal 0, since a and b are not alike, 
an BDF PD a sissscerenvverecacenvates 


si subtracting (3) from (1), 
a®—c? + (a—c) p=0, 
or, (a—c) (a+c+p)=0, 


Now a~c does not equal 0, since a and ¢ are not alike, 


Then subtracting (5) from (4), we get 
b—c=0, and therefore b=c. 


Hence there are not more than two distinct roots, 


327. We now proceed to show the relations existing be- 
tween the Roots of a quadratic equation and the Coefticients 
of the terms of the equation. 


328. a? + pa +q=0 
is the general form of a quadratic equation, in which the co- 
efficient of the first term is unity. 


Hence x? + pr=--4q 


a= E+ a[(%-1) isk teugs cosnanticreosevhy 
gi 8 {("-1) eR ‘pniieomamne 


Adding (1) and (2), we get 
a+p= —Posovecsscevessereeveveveeeeess(B)s 
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Multiplying (1) and (2), we get 


BG 9-0) 


UE 25 «5s 05 0 2ac evs Nnnes Oe eee (4). 


From (3) we learn that the swm of the roots is equal to the 
coefficient of the second term with its sign changed. 


From (4) we learn that the product of the roots is equal to 
the last term. 


329, The equation #?+px+q=0 has its roots real and 
different, real and equal, or impossible and different, according 
as p7 is > = or <4¢. 


For the roots are 


P ae SN ao”) 
eo. vl G 1) ° 2 , 


Pp p —p— J(p? - 49) 
and -B- a[(B =), 0 5 ‘ 


First, let p? be greater than 4q, then ,/(p?—4q) is a possible 
quantity, and the roots are different in value and both real. 


Next, let p?=4q, then each of the roots is equal to the real 


quantity —. 


Lastly, let p? be less than 49, then ,/(p"—4q) is an impos- 
ible quantity and the roots are different and both impossible 


3 


EXAMPLES.—CXXiIv. 


1. If the equations 
ax? + bx +c=0, and a’x?+ba+c=0, 
have respectively two roots, one of which is the reciprocal of 
the other, prove that 
, (aa! — cv’)? = (ab! — be’) (u’b — Uc). 


~-.. 
7 
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2. Ifa, B be the roots of the equation ax? + ba + c=0, prove 7 
that 
2 
a2 + | — ‘abe 
a 
3. La, B be the roots of the equation ax*+ be +e=0, prove 
that 


a 
aca? + (2ac — b*) a +ac=ac («-2)(2-F ). 
a 
4. Prove that, if the roots of the equation aa*+bx+e=0 be 
equal, aa? + be tc is a perlect square with respect to 2. 


5. Ifa, f represent the two roots of the equation 
a? -(1+a) n+ 5(1 +a+a*)=0, 


show that a? + B? =a. 
330. Ifa and P be the roots of the equation 2? +px+q=9, 
then a? + pa + q= (a — 4) ( — f). : 
For since p= —(a +f) and q=af, 
a2+po+q=0—(a+ B)x+aB 
=(«-a)(«- f). 
Hence we may form a quadratic equation of which the roots 
are given. 
Ex. 1. Form the equation whose roots are 4 and 5. 
Here s—a=a—4 and «-B=2-5; 
:. the equation is (#—4)(#—5)=0; 
or, x — 9a + 20 =0, 


Ex. 2. Form the equation whose roots are 5 and -% 


1 
g and 2—B=0+3; 


Here «-a=«- 
Soe 1 
.. the equation is (« - ) (a+3)=0; 


or, (Qe — 1) (w+ 3)=0; 
or, | f7?+5a—-3=0. — 
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EX AMPLES.—CXXV. 


Form the equations whose roots are 


1. 5 and 6. 2. 4and —5. 3. -—2 and —7. 
1 1 2 5 : 
4. , and. 5. 7 and =a 6. /3 and —,/3. 
7. m+nand m—n. 8. E and =. 9. = * and ES, 
a B B a 


331. Any expression containing « is said to be A FuNcTION 
of x An expression containing any symbol # is said to be a 
positive integral function of « when all the powers of @ con- 
tained in it have positive integral indices. 


m 1 : iy hee 
For example, 527 + 2a° + Sa +; 10” +3 is a positive integral 


if 
function of 2, but 60°+3e3+1 and 527-2xr-*+327+1 are 
b) 


4 : : ; 
not, because the first contains «°, of which the index is not 
integral, and the second contains «~*, of which the index is not 
positive. 


332. The expression 5a°+4a?+2 is said to be the expres- 
sion corresponding to the equation 52°+42°+2=0, and the 
latter is the equation corresponding to the former. 


333. If a be a root of an equation, then x—a is a factor 
of the corresponding expression, provided the equation and 
expression contain only positive integral powers of x, This 
principle is useful in resolving such an expression into factors. 
We have already proved it to be true in the case of a quadratic 
equation. The general proof of it is not suitable for the stage 
at which the learner is now supposed to be arrived, but we 


will illustrate it by some Examples. 
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Ex. l. Resolve 2a?—5a2 +43 into factors. 


If we solve the equation 2a?-5a+3=0, we shall find that 
its roots are 1 and - 
Now divide 2z2—5z+3 by x-1; the quotient is 24-3 


: 3 
that is 2(« - 5) : 
“. the given expression = 2 (7 — 1) (« = 4 


Ex. 2. Resolve 2a3+a?— 11a — 10 into factors. 


By trial we find that this expression vanishes if we put 
“z= —1; that is, —1 is a root of the equation 


Qu? + x? - 1lla-10=0. 
Divide the expression by «+1: the quotient is 2”?-a#—-10 ; 


. the expression = (2a* — a — 10) (a+ 1) 
att fs: 
=2(a?- 5-5) (+1). 
We must now resolve «” -5- 5 into factors, by solving the 


corresponding equation «? - 9~ 5=0. 


. 


The roots of this equation are —2 and 35 
‘ 2 5 
. 203 +27 — 112 - 10=2(0+2)(x - 5) e+ 1) 


= (a + 2) (Qr- 5) (@+ 1). 


EXAMPLES.—cxxvi. 


Resolve into simple factors the following expressions ; 


1. @—1la? +360 — 36. 2. «—e2+ 14a ~—8. 
3. a — 5a? — 46a — 40. 4. 403+ 6x? 4+"—1. 

5. Gx? + lle? —92—14. 6. a +y3 +23 — Baye, 

y. a&—b- 3 —abe. 8. 3a3—22— 93749]. 

9. 2a5— 5a? - 177+ 20, 10. 15034 41x?45¢—91, 
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Leet et ne tn att ea A, ie 


334, If we can find one root of such an equation as 
Qau5 + x? —1lla—10=0, 
we can find all the roots. 
One root of the equation is —1; 
“. (e+ 1) (2a7-—a2-10)=0; 
“. ©+1=0, or 22?—x2—-10=0; 


Se — 1, or — 2; Or a 
2 
Similarly, if we can find one root of an equation involving 
the 4" power of x, we can derive from it an equation involving 
the 3" and lower powers of «, from which we may find the other 
roots. And if again we can find one root of this, the other 
two roots can be found from a quadratic equation. 


335. Any equation into which an unknown symbol or ex- 
pression enters in two terms only, having its index in one of 
the terms double of its index in the other, may be solved as a 
quadratic equation. 


EX. Solve the equation x°—6x?=7. 


Regarding a? as the quantity to be obtained by the solution 
of the equation, we get 
2° — 6a? +9=165; 


therefore a —3=+4; 
therefore e=7, ore=—1. 
Hence a= 3/7 ora= 3/-1, 


d one value of 2/-—1 is —1. 


36. In some cases by adding a certain quantity to both 
es of an equation we can bring it into a form capable of 
solution, thus, to solve the equation 


x? + 5a +4=5 /(x? + 5a + 28), 
dd 24 to each side. 
Then 2+ 5a+28=5 »/(x? + 5x4 28)+ 24; 
or, x? + 5a + 28 —5 /(a? + 5x + 28) = 24. 

This is now in the form of a quadratic equation, the un- 
known quantity being ./(«*+5xc+28), and completing the 
square we have 
[s.a. ] ° 


oP 4 50+28 ~ 5 x(a + 5x4 98)+ =e; 


“ Ja? +50+28)-2= +5 | 


whence (a2 +52 +28) =8 or —3; 
1. 0+ 5a +28=64 or 9; 
from which we may find four values of 2, viz. 4,-9, and 


EXAMPLES.—cxxvii. 
Find roots of the following equations : 
1. a — 12¢?=13. 2. «+ 1403+ 24=0, 
' 3. 28+ 2204+4+21=0. 4. 0+ 3a"—4, 


5, 25 94 5 
ye 25k Be ee 
5.) oe — a= To 6. & x =F 
7 w+ 30a 8 a ™—a"=20, 
9. 2-20-46 (@?-22+5)P=11. 
\ 


11. @-2 M32 —2a0+4)+4= "(04S +1). 


12. act+2(a®-—ar+a*)=a? + 2a. 


: vy _ot+3 
10, a%—"+5 (222-52 + 6) = 
337. Every equation has as many roots as it has dim 
sions, and no more, This we have proved in the case 0 
simple and quadratic equations (Arts, 193, 323), The genera 
proof is not suited to this work, but we may illustrate it by 


the following Examples. 


Ex. l. To solve the equation 2°—1=0, 


One root is clearly 1. 
Dividing by «— 1, we obtain a2+a+4+1~=0, of which the roots 


~i4 Jud, =1—N-3 
ure = and. ¥ . 
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Hence the three roots are 1, 


Ex. 2. To solve the equation a!-1=0. 
Two of the roots are evidently +1 and —1. 


Hence, dividing by («—1)(«+1), that is by #?—1, we obtain 
x?+1=0, of which the roots are ,/—1 and — ,/—1. 


Hence the four roots are 1, —1, ./—1, and — ,/—1. 


The equation «®—6x3=7 will in like manner have si 
roots, for it may be reduced, as in Art. 335, to two cubic 
equations, a? —7=0 and a3+1=0, 
each of which has three roots, which may be found as in 


Dye i 


XXVIII. ON RATIO. 


338. Ir A and B stand for two unequal quantities of the 
same kind, we may consider their inequality in two ways. We 
may ask. 

(1) By what quantity one is greater than the other? 

The answer to this is made by stating the difference be- 
tween the two quantities. Now since quantities are represented 
in Algebra by their measures (Art. 33), if a and 6 be the 
measures of A and B, the difference between A and B is 
represented algebraically by a— 6. 
(2) By how many times one is greater than the other ? 

The answer to this question is made by stating the number 
of times the one contains the other. 


Norn. The quantities must be of the same kind. We can- 
not compare inches with hours, nor lines with surfaces. 


339, The second method of comparing A and B is called 
finding the Rawro of A to B, and we give the following deli- 
nition. ) 

Der. Ratio is the relation which one quantity bears +o 
another of the same kind with respect to the number of time: 
the one contains the other, 
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340, The ratio of A to B is expressed thus, A: B. 
A and B are called the Terms of the ratio. 
A is called the ANTECEDENT and B the ConsEQUENT. 


341. Now since quantities are represented in Algebra by 
their measures, we must represent the ratio between two 
quantities by the ratio between their measures. Our next 
step then must be to show how to estimate the ratio between 
two numbers. This ratio is determined by finding how many 
times one contains the other, that is, by obtaining the quotient 
resulting from the division of one by the other. If a and }, 
then, be any two numbers, the fraction ; will express the ratio 


ofatob. (Art. 136.) 
342, Thus if @ and b be the measures of A and B respec- 
tively, the ratio of A to Bis represented algebraically by the 


VA 
fraction i 


343. If a or 6 or both are surd numbers, the fraction 
may also be a surd, and its approximate value can be found by 
Art. 291. Suppose this valne to be ~ where m and m are 
whole numbers; then we should say that the ratio A ; B is 


m 
approximately represented by =a 


344. Ratios may be compared with each other, by com 
paring the fractions by which they are denoted, 


Thas the ratios 3:4 and 4:5 may be compared by com- 


and . 
4 5 


paring the fractions 


ee. 15, 16 ae. sa 
These are equivalent to 50 and 50 respectively ; and since 
5 


as the ratio 4:5 is greater than the 


io", 
90 18 greater than 
Tatio 3: 4 


1) 


4. 
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EXAMPLES.—cCxXViii. 


Place in order of magnitude the ratios 2:3, 6:7, 7:9. 
Compare the ratios #+3y:a+2y and a+2y:x+/y. 
Compare the ratios #—5y : «—4y and # — 3y : 2 — 2y. 
What number must be added to each of the terms of the 


ratio a: b, that it may become the ratio c: d? 


5. 


The sum of the squares of the Antecedent and Conse- 


quent of a Ratio is 181, and the product of the Antecedent 
and Consequent is 90. What is the ratio? 


345. <A ratio of greater inequality is one whose antecedent 
is greater than its consequent. 
A ratio of less inequality is one whose antecedent is less than 
its consequent. 

Tins is the same as saying a ratio of greater inequality i is 
- represented by an Improper Fraction, and a ratio of less in- 
equality by a Proper Fraction. 


346. A Ratio of greater inequality is diminished by adding 
the same number to both its terms. 
Thus if 1 be added to both terms of the ratio 7 : 2 it becomes 


6 : 3, which is less than the former ratio, since 3 Oe aa is, 2, is 


5 
less than 3 


And, in general, if « be added to both terms of the ratio 


a: 
ratios thus, 


if 


b, eter. a is greater than b, we may compare the two 


ratio a+a:b+« is less than ratio a: b, 


a+u 

ae be less than 5, 
Gee ellen a ab+azx 
aa ss than uw 


ab + bx be less than ab+ az, 
bx be less than az, 
b be less than a. 


Now 3 is less than a; 


. a+a: b+ is less than a: } 
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347. We may observe that Art. 346 is merely a repetition 
of that which we proposed as an Example at the end of the 
chapter on Miscellaneous Fractions. There is not indeed any 
necessity for us to weary the reader with examples on Ratio: 
for since we express a ratio by a fraction, nearly all that we 
might have had to say about Ratios has been anticipated in 
our remarks on Fractions. 


348. The student may, however, work the following Theo- 
rems as Examples. 

(1) Ifa:bbea ee of greater inequality, and a a positive 
quantity, the ratio a—a: b—« is greater than the ratio a : b. 

(2) If a:b bearatio of less inequality, and « a positive 
quantity, the ratio a+: b +a is greater than the ratio a : b. 

(3) Ifa:b be a ratio of less inequality, and a a positive 
quantity, the ratio a—a : b—« is less than the ratio a: 6. | 


349. In some cases we may from a single equation involvy- 
ing two unknown symbols determine the ratio between the 
two symbols. In other words we may be able to determine the 
relative values of the two symbols, though we cannot determine 
their absolute values. 


Thus from the equation 42=3y, 


e vet «_3 
we ge a 
Again, from the equation 32? =2y’, 
2 
we set 7 = ~ ; and therefore ~ ae : 
ye 8 y v8 


EXAMPLES.—Cxxix. 


Find the ratio of « to y from the following equations ; 
I. 9r=6y. 2. av=by, 3. ax~by=cx + dy, 
4. a 4+2Qry=5y2 5, a®@—-12Qry—13y*, 6. aw? + may=n®y*, 
7. Find two numbers in the ratio of 3: 4, of which the 
sum is to the sum of their squares :: 7 : 50. 


8. Two numbers are in the ratio of 6:7, and when 12 is 
added to each the resulting numbers are in the ratio of 12: 13, 
Find the numbers. 


ON RATIO. 247 


9. The sum of two numbers is 100, and the numbers are 
in the ratio of 7: 13. Find them. 


to. The difference of the squares of two numbers is 48, 
and the sum of the numbers is to the difference of the num- 
bers in the ratio 12:1. Find the numbers. 


tr. If5 gold coins and 4 silver ones are worth as much as 
3 gold coins and 12 silver ones, find the ratio of the value of a 
gold coin to that of a silver one. 


12. If8 gold coins and 9 silver ones are worth as much as 
6 gold coins and 19 silver ones, find the ratio of the value of a 
silver coin to that of a gold one. 


350. Ratios are compounded by multiplying together the 
fractions by which they are denoted. 
Thus the ratio compounded of a : b and ¢: d is ac : bd. 


EX AMPLES.— Cex, 


Write the ratios compounded of the ratios 
I. -2:3and 4: 5. 
3:7,14:9 and 4:3. 
e—y? : a +y3 and a—ayt+y?:at+y. 


2 
3 
4. a®—b?+2be—c? : a? -—b?- Qhe-c? and a+b4+¢:4+38-. > 
5. m+n>:m—nv3 and m—n: m+n. 

6 


q . 22 +50+6 : y*—Ty +12, and y?— 3y : +32. 

2 351. The ratio a? : b? is called the DupLicatE Ratio of a: 8, 
Thus 100 : 64 is the duplicate ratio of 10 : 8, 

and 362? ; 25y? is the duplicate ratio of 6x : 5y. 
The ratio a? : 6? is called the Triprticate Ratio of a: 6. 
Thus 64 : 27 is the triplicate ratio of 4 : 3, 

and 3432? ; 1331y° is the triplicate ratio of 7a: tim 


| 
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352. The definition of Ratio given in Euclid is the same as 
in Algebra, and so also is the expression for the ratio that one 
yuantity bears to another, that is, A: B. But Euclid cannot _ 
employ fractions, and hence he cannot represent the value ofa 
ratio as we do in Algebra, 


XXVIII ON PROPORTION. 


353, Proportion consists in the equality of two ratios. 


The algebraic test of Proportion is that the two fractions 
representing the ratios must be equal. 


Thus the ratio a : b will be equal to the ratio c: d, 


and the four numbers a, b, c, d are in such a case said to be in 
proportion, 


354. If the ratios a: 6 and e:d form a proportion, we 
express the fact thus ; 
a@:b=c:d., 
This is the clearest manner of expressing the equality of the 


ratios a: b ande:d, but there is another way of expressing 
the same fact, thus 


@:bucetd, 
which is read thus, 
a is to bas c is to d. 


The two terms a and d are called the ExtREMES. : 
e's an 406 CN band c ............ the Mrans. 


355, When four numbers are in proportion, 


product of extremes = product of means. 


Let a, b, c, d be in proportion, 


Then 7=>: 
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Multiplying both sides of the equation by bd, we get 
ad = be. 


Conversely, if ad=be we can show that a: b=c:d. 


For since ad = be, 


dividing both sides by bd, we get 


ad be 

bd ba? 

Gulu: 
that is, ha @ he a@:b=c:;d. 


356. If ad=be, 


Dividing by cd, we get =5 Wena C—O. 20) 


Dividing by ab, we get os GLO. Ucn: 
Ae ae 0" 5 
Dividing by ac, we get Rape di: C0 + a. 


357. From this it follows that if any 4 numbers be so 
related that the product of two is equal to the product 9f Sne 
other two, we can express the 4 numbers in the form of a pro- 
portion. 


The factors of one of the products must form the extremes. 


The factors of the other product must form the means. 


358. Three quantities are said to be in ConTINUED Pro- 
PORTION when the ratio of the first to the second is equal #o 
the ratio of the second to the third. 


Thus a, 6, c are in continued proportion if 
a:b=b:-¢. 


The quantity 6 is called a Mean Proportionay between 
a and ¢, 


Se _— 


é o= - 
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Four quantities are said to be in Continued Proportion _ 
when the ratios of the first to the second, of the second to 
the third, and of the third to the fourth are all equal. 
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Thus u, 6, c, d are in continued proportion when 
a:b=b:c=c: d, 
e 


359. We showed in Art. 205 the process by which when 
two or more fractions are known to be equal, other relations 
between the numbers involved in them may be determined. 
That process is of course applicable to Examples in Ratio and- 
Proportion, as we shall now show by particular instances. 


Ex. l. Ifa:b=c:d, prove that 
a24-B2 @-BP=P+ 0: °-P 


*a=N, and c=Ad, 


a24+b2? 22402 b2(-02+1) +1 


~ 


le eb ee RO 1) MP 
er 24d? rd?4+d?_ d?(M+1)_N+1 
oe od? n2d?— 02? d®&(#—-1) MW=T ee 
Hence a+ O+d % 
a—b -d*’ 
that is, a+b? : a? - Pact +d? : & —d, 


Ex. 2. Ifa:b::¢:d, prove that 
a:e:: Y(at+b): Y(ct+d4. 


Let 5=* Then q= ; 


“.@=Nb, and cmdd, 
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— Ana 
M(a+0)_ YOtt +b) VOR Ot+]) NF 


Now es Bia 
c 


aco 


a (ced) J Odt+ a) Vat. Yt) Jae 
a J(at+ 6) bf) 5 
Hence Par (t+ dl)? 
that is, a:co:: 4 (at +54): /(ct+d4). 


Ex. 3. Ifa:b=c:d=e:f, prove that each of these ratios 
is equal to the.ratio a+c+e: b+d+f. 


c é 
Let je im 7 f 


Then a=Nb, 6—\0, ee 


Re eee Oe A+ Ad +Af_AH+atf) _ 
b+d+f_ —b+d+f b+d+f 


iat ah th 


Hence btdtf 6 a f 
that is, at+c+e:b+d+f=a:b=c:d=e:f. 
Ex. 4. Ifa,6,c are in continued proportion, show that 
a? +62; b*+c=a:¢, 
let ——A.. ‘Then a. 
b c 


Hence a=) and b=Xe. 


a+ MOL BOLL) _HOP+1)_B _ae_a 


ow 5 ag oe = =>=-. 
nN +e? be+o2  dc2+c2 cX(A241) c& C2 


EX. 5. If 15a+b: 15c+d=12a+b: 12c+d, prove that 
a:b=c:d. 
Since 15a+b: lic+d=12a+b: 12c+d, 


and since product of extremes= product of means, 
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(15a +6) (12c+d)=(15c+d) (120+), 
or,  180ae+12be+ l5ad + bd = 180ac + 12ad + 1dbe + hd, 


or, 12be + 15ad = 12ad + 1Lbbe, 
or, 3ad = 3be, 
or, . ad=6e, 


Whence, by Art. 355, a:b=c:d. 


Additional Examples will be found in page 137, to which 
we may add the following. 


EXAMPLES.—CXXXi. 
1. Ifa:b=c:d, show that a+b: a=c+d :c, 
2, Ifa: b=c: d. show that a®-b?; Bb=c-d? : & 


MA + My, UW 
mb, + mMyb, by 


3. If a: b=a,: b, show that 
4. If a:b2:¢:d, show that 
3a? + ab + Qh? ; 3a? — 2b? :: Bc? + cd + 2d? : 3c? — Ad? 
5. Ifa: b=c:d, show that 
a? + 3ab +b? : c2 + 3cd + d?=2ab + 3b? : Qed + 3d? 


6. Ifa@:b=c: d=e:f then a: b=mc—ne : md — nf. 


yee ti ma, by any parts of a, b, be taken from @ and b 


respectively, show that a, >, and the remainders form a propor- 
tion, 


8. Ifa: b=c:d=c: f, show that 
ac: bd=la® + me* + ne* : UU 4+ md? + nf®. 
g. If ay: by ay 2 bys : by, Show that 


az+a? +a? : b2+b2+b2 :: a? : b,, 
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oe SEE 2 5 A Yk ee 
' Ifa, : b =a 2 by=ay': by, show that © tai" 
Ay + AA3 + AgQ, : b,b, y+ babs + Dghi=a,? : Hite 


a—ab+l? c-cd+@? Waeihen ett C ad 
atab+e? eted de eG er = a Ure 


ein 
12. If a?+b?: a?—b?=c? +d? : c?-d?, show that 
(1 Rilo 

13. Ifa:b=c: d, show that 

(a+c) (a? +c) (b+d) (b?+d?) 

(a—c) (a2—c*) (6—d) (P-a@)y 
ti. Lia, :b,=a, ; 6;, show that 

Qy > b= rf (ay? +4,") : a/ (6,7 + 5,2). . 


On the Geometrical Treatment of Proportion. 


360. The definition of Proportion (viz. the equality of 
ratios) is the same in Euclid as in ee (Eucl. Book v. 


Def. 6 and 8.) 


But the ways of testing whether two ratios are equal are 
quite different in Euclid and in Algebra, 


The algebraic test is, as we have said, that the two fractions 
representing the ratios must be equal. 

Euclid’s test is given in Book vy. Def. 5, where it stands 
thus : 


“The first of four magnitudes is said to have the same ratio 
to the second which the third has to the fourth, when any 
equimultiples whatsoever of the first and third being tacen 
and any equimultiples whatsoever of the second and fourth : 


“Tf the multiple of the first be Jess than that of the second, 
the multiple of the third is also less than that of the fourth : 
or, 


“Tf the multiple of the first be equal: to that of the second, 
the multiple of the third is also equal to that of the fourth : 


or, 
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ee en 


“If the multiple of the first be greater than that of the 
second, the multiple of the third is also greater than that of 


the fourth.” 


We shall now show, first, how to deduce Euclid’s test of the 
equality of ratios from the algebraic test, and secondly, how te 
deduce the algebraic test from that employed by Euclid. 


361. I. To show that if quantities be proportional accord. 
ing to the algebraical test they will also be proportiona} 
according to the geometrical test. 


If a, b, c, d be proportional according to the algebraical 
test, 


Multiply each side by s, and we get 


ma me 
nb nd? 
Now, from the nature of fractions, 
if ma be less than nb, me will also be less than nd, and 
if ma be equal to nb, me will also be equal to nd, and 
if ma be greater than xb, me will also be greater than nd. 


Since then of the four quantities a, b, c,d equimultiples have 
been taken of the first and third, and equimultiples of the 
second and fourth, and it appears that when the multiple of 
the first is greater than, equal to, or less than the multiple of 
the second, the multiple of the third is also greater than, 
equal to, or less than the multiple of the fourth, it follows that 
a, b, c, d are proportionals according to the geometrical test, 


362. II. To deduce the algebraic test of proportionality 
from that given by Euclid. 


Let a, b, ¢, d be proportional according to Euclid. 


Then if ; is not equal to “p 


a c 
let tie be equal tO j...ssesseeseseeeees (1). 
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Take m and n such that 


ma is greater than nb, 


but less than 2 © +4 2)s cs... Aesves.s, (2).. 
Then, by Euclid’s definition, 
me is gredter thant 10... sveseneesseeees (3). 
But since, by (1), meee. 
and, by (2), ma is less than n(b+2), 
it follows that ne is less than 1d.......0..0000. seve00(4). 


The results (3) and (4) therefore contradict each other. 
Hence (1) cannot be true. 


+ Ae a. c 
Therefore , 28 equal to Zr 


We shall conclude this chapter with a mixed collection of 
Examples on Ratio and Proportion. 


f 
EXAMPLES.—cxXXxXxil. 


1. If a—b:b-c:: 6: ¢, show that 6 is a mean proportional 
between a and c. 


2, iia@:b::c¢:d, show that 


and a:b:: /(mat+net) : &/(mb* + nd4). 
3. Ifa:b::¢:d, prove that 


ma—nb- me—nd 
matnbhb me+nd 


Ay If 5a+3b: 7a+3b:: 5b+38c : 7bh+ 30, 
b is a mean proportional between a and c. 


5. If 4 quantities be proportional, and the first be the 
greatest, the fourth is the least. 

If a+b,m+n, m—n,a—b be four such quantities, show that 
b is greater than n. 


6. Solve the equation 
x-1l:e-2=Qe+1:24+2. 


Yo. Loe) 
, show that the ratios a : band ec : dare 


also equal. 


8. In a mile race between a ae and a tricycle, their 
rates were proportional to 5 and 4. The tricycle had half-a- 
minute start, but was beaten by 176 yards. Find the rates of ~ 


each. “ 
4 al 


® Ifasbsesd ee ais the greatest of the four quanti- 
ties, show that a? +d? is greater than b’ +c®, 


10a+b  12a+b ; 
10. Show that if ———, Weed ica then a:b::e:d. 


ur. Ife:y::3:2 and w: 25:: 24: y, find « and y.. a 
12. Ifa, b, ¢ be in continued proportion, then 
(1) a:a4b::a-b:a-c; 
(2) (a? + b*) (b+ c*)=(ab+ be)*. > 


; Bo” Ge ais OSs Cis d, show that 2+? 44 


and hence solve the equation oo ul 


ab—be—dx a—b—c } 
be+dx db+ce 


14. Ifa, b,c are in continued proportion, show that = 


a+mb:a—mb ::b+me : b= me. 


15. Ifa:b:: 5:4, find the value of the ratio 
—b : at +b’ 
16. The sides of a triangle are as 2 “4 ; :4,and the peri- 


+ - 


meter is 205 yards: find the sides, 


5 


17. The sides of a triangle are as 3:4: 5, and the per vi. 
7 meter is 480 yards: find the sides, 


as 
lr Ps: 
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18. Assuming a+b: p+q::p—q:a-b » prove that the sum 
of the greatest and least terms of any proportion is greater than 
the sum of the other two. 


19. A waterman rows 30 miles and back in 12 hours, and 
he finds that he can row 5 miles with the stream in the same 
time as 3 against it. Find the rate of the stream. 


20. ‘There are three equal vessels A, B, 0; the first con- 
tains water, the second brandy, the third brandy and water, 
(f the contents of B and U be put together, it is found that the 
mixture is nine times as strong as if the contents of A and C 
had been put together. Find the ratio of the brandy to the 
water in the vessel C.s 


21.° A factor buys a certain quantity of wheat which he 
sells again’ so as to gain 5 per cent. on his outlay, and thus 
, clears £16. “Had he sold it at a gain of 5s. a quarter he would 
have cleared as many pounds as each quarter cost. shillings. 
How many quarters did he buy, and what did each quarter 
cost him ? 


22, A man buys a horse and sells it for £144, gaining as 
much per cent. as the horse cost him. What was the price of 
the horse ? : 


23. I buy goods and seil them again for £96, gaining as 


“ 


much per cent. as the goods cost. What is the cost price ? 


24. A man bought some sheep and sold them again for £24, 
gaining as much per cent. as the sheep cost him. What did he 
give for them? 


“ 


at a distance equivalent to four of their own strokes palin 
another crew, who row 45 strokes to the minute. In 8 minutes 
the former succeed in bumping the latter. Find the ratio 
between the lengths of the strokes of the two boats, 


25. A certain crew, who row 40 strokes per iinute, start 


26. The time which an express train takes to travel a 
journey of 180 miles is to that taken by an ordinary train as 
9:14. The ordinary .train loses as much time from stoppages 

as it would take to. travel 30 miles without stopping. The 
express train only loses half as much time as the other in this 


> 


| Bem 


258 ON VARIATION. 


manner, and it also travels 15 miles an hour quicker. Sup- 
posing the rates of travelling uniform, what are they in miles 
per hour? 


27. An article is sold at a loss of as much per cent. as it 
is worth in pounds. Show that it cannot be sold for more 
than £25. 


XXIX. ON VARIATION. 


363. Ir asum of money is put out at interest at 5 pa vent, 
the principal is 20 times as great as the annual interest. what- 
ever the sum may be. 


Hence if « be the principal, and y the interest, 
x= 20y. 


Now if we change « we must change wy im the same propor- 
tion, for so long as the rate of interest remains the same, 2 
will always be 20 times as great as y, and hence if a be 
doubled or trebled, y will also be doubled or trebled. 


This is an instance of what is called Direct VARIATION, 
of which we may give the following definitaon. 


Der. One quantity y is said to vary directly as another 
quantity «, when y depends on @ in such a manner that any 
increase or decrease made in the value of 2 produces a propor: 
tional increase or decrease in the value of y. —‘ 


364. If c=my, where m is a constant quantity, that is a 
quantity which is not altered by any change in the values of « 
and y, 

y will vary directly as @. 

For any increase made in the value of # must produce i 
proportional increase in the value of y.. Thus ifia be doubled, 
y must also be doubled, to preserve the equality of # and my, 
since m cannot be changed, 
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365. Suppose a man can reap an acre of corn in a day. 
Then 10 men can reap 60 acres in 6 days, 
and 20 men can reap 60 acres in 3 days. 


So that to do the same amount of work if we double the 
number of men we must halve the number of days. — 


This is an instance of what is called INVERSE VARIATION, 
of which we may give the following definition. 


Der. One quantity y is said to vary iversely as another 
quantity z, when y depends on # in such a manner that any 
increase or decrease made in the value of x produces a propor- 
tional decrease or increase in the value of y. 


366. If os where m is constant, 
y will vary inversely as «. 


For any increase made in the value of « must produce a pro- 
portional DECREASE in the value of y. Thus if w be doubled, 


y must be halved, to preserve the equality of « and ae 


For pga 
Ue a 
2 


367. If 1 man can reap 1 acre in 1 day, 
5 men can reap 20 acres in 4 days, 
and 10 men can reap 80 acres in 8 days. 
That is, the number of acres reaped will depend on the 
product of the number of men into the number of days, 
This is an example of joint variation, of which we may give 
the following definition. 


Der. One quantity x is said to vary jointly as two others 
y and z, when any change made in x produces a proportional 
change in the product of y and z. 


368. One quantity x is said to vary directly as y and 


: ; ’ 
inversely as z when & varies as Z ; 


= a ry 7. wo , 
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seein SEEK Soa 
369. Theorem. If varies as y when 2 is constant, and 
as z when y is constant, then when y and z are both varia able, 


© varies as yz. 


‘Let L=M. Yas ; 
‘Then we have to show that m is constant. 
Now when z is constant, 


& varies as y ; 


* mz is constant. 


Wow # cannot involve y, since # is constant when y changes, 
~ and therefore m cannot involve y. i 


Similarly it may be shown that m cannot involve z ; 
“. m is constant, 


and « varies as yz. 


370. The symbol o is used to express variation; thus wocy 
stands for the words « varies as y. 


371. Variation is only an abbreviated form of a ; 
proportion. } 
Thus when we say that « varies as y, we mean that « bears. 
to y the same ratio that any given value of « bears to the — 
corresponding value of y, or 


a: y=a given value of « : the corresponding value of y. 


And similarly for the other kinds of variation, as will be_ 
seen from our examples. 
Ex. l. Ifwecy and yz, to show that xoca, 
Let x=my, and y= ne. 
Then substituting this value of y in the first equation. 
c= MNZ ; 


and therefore, since mn is constant, 
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Ex. 2. If wa<yand wocz, then will co ,/(ya). 
Let c= my, and s=ne. 
Then x? = MNy2 ; 
“= J (mn) . af (ye).° 
Now ,/(mn) is constant ; 
“. Go p/(ye). 
Ex. 3. Ify vary as x, and when s=1, y=2, what will be 
the value of y when «=2? 
Here y : x= a given value of y : corresponding value of «; 
Ops Bis 
. Y=2n, 
Hence, when «=2, y=4. 


Ex. 4. If A vary inversely as B, and when 4=2, B=13, 
what will B become when A=9? 


if é I 
Here A : == a given value of A: —_— ° 
= B he hae corresponding value of B! 
1 1 
ve Ae Ses 
4 (Bes 212 
ae 
i ae 
Hence, when A=9, 
92 
12) Be 
Ne 
whence a 5 =3=25 


EX. 5. If A vary jointly as B and C, and when A =6, B=6, 
and C=15, find the value of A when B=10 and C=3., 


Here . 
A: BC= a give. value of A : corresponding value of BC; 
a A: BO=6 :-6 x15; 
« J0OA=6BC, 
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Hence, when B= 10 and C=3, 
90A=6x10x3; 


180 
, “, A= =2. 


Ex. 6. If2z vary as « directly and y inversely, and if when 
z=2, 7=3'and y=4, what is the value of 2 when x=15 and 
y=8? 


corresponding value of a 
corresponding value of y’ 


x P 
Here 4 : “iia given value of z : 


* aay | “oe 
‘as gear y! 


32 30, 


EX AMPLES,.—cxxxiii. 


L. If Ac > and Bex , they will Teed 
2. If AcB then will oe =! 


3. If A«Band Ce D then will ACo BD. 


4. Ifaey, and when x=7, y=5, find the value of « when 
y= 12. 


5. if ve and when «= 10, y=2, find the value of y when 


o=4, 
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6. If xyz, and when c=1, y=2, 2=3, find the value of y 
when «=4 and z=2. 

y mee noel, and when «=6, y=4, and 2=3, find the value 
of 2 when y=5 and z=7. 


8. If3x+5ya5%+3y, and when «=2, y=5, tind the value 


9g. If da and Bea C?, express how A varies in respect 


of C. 


to, If z vary conjointly as # and y, and z=4 when c=1 
and y=2, what will be the value of # when 2=30 and y=3! 

11. If AaB, and when A is 8, B is 12; express A in 
terms of B. . 


12. Ifthe square of x vary as the cube of y, and «=3 when 
y=4, find the equation between a and y. 


13. If the square of « vary inversely as the cube of y, and 
~=2 when y=3, find the equation between a and y. 


14. If the cube of w vary as the syuare of y and s=3 when 
y=2, find the equation between # and y. 


Th. If xccz and yes, show that ee 


16. Show that in triangles of equal area the altitudes vary 
inversely as the bases. 


17. Show that in parallelograms of equal area the altitudes 
yary inversely as the bases. 


18. If y=p+q+r, where p 1s invariable, q varies as », and 
* varies as «’, find the relation between y and a, supposing 
that when «=1, y=6; when 2=2, y=11; and when «=3, 
y=18. . 


19. The volume of a pyramid varies jointly as the area of 
its base and its altitude. A pyramid, tlie base of which is 9 


® 


ee Oo 
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feet square and the height of which is 10 feet, is found to con- 
tain 10 cubic yards. What must be the height of a pyramid 
upon a base 3 feet square in order that it may contain 2 cubic 
yards ? 


20. The amount of glass in a window, the panes of which 
are in every respect equal, varies as the number, length, and 
breadth of the panes jointly. Show that if their number varies 
as the square of their breadth inversely, and their length varies 
as their breadth inversely, the whole area of glass varies as the 
square of the length of the panes, 


XXX. ON ARITHMETICAL PROGRESSION, 


372. An Arithmetical Progression is a series of 
numbers which increase or decrease by a constant difference. 


Thus, the following series are ARITHMETICAL PROGRESSIONS: 


2, 4, 6, 8, 10; 
Gr! Tevidien Bees 


The Constant Difference being 2 in the first series and -2 
in the second, 


373. In Algebra we express an Arithmetical Progression 
thus ; taking a to represent the first term and d to represent 
the constant difference, we shall have as a series of numbers in 
Arithmetical Progression 


, a, a+d, a+2d, a+ 3d, 
and so on. 


We observe that the terms of the series differ only in the 
coefficient of d, and that each coefticient of d is always less by 1 
than the number of the term in which that particular coeflicient 
stands, Thus 

the coefficient of d in the 3rd term is 2, 
obs) NEI vot inthe 4th 2... 8 
bd a ws disk IAs inthe Gth vs.i..06 & 
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Consequently the coefficient of d in the n™ term: will be 
m—-1. 


Therefore the n“ term of the series will bea + (n-1)d. 


374. If the series be 
@, +d, U2, rks 
and z the last term, the term next before z will clearly be z-d, 
and the term next before it will be z—- 2d, and so on. 
Hence, the series written backwards will be 
Bop, B= 20, ccuslecnes a+2d, a+d, a. 


375. To find the sum of a series of numbers in Arithmetical 
_ Progression. 


Let @ denote the first term. 


ST Se the constant difference. 

a5 eee the last term. 

Sf pees a the number of terms. 

Ce Siti scans . the sum of the n terms. 
Then s=a+(a+d)+(a+2d) + ...... + (z—2d) + (2-d) +2. 
Also s=2+(2—d)+ (#—2d)+ ...... +(a+2d) + (a+d)+a, 


the series in the second case being the same as in the first, but 
written in the reverse order. 

Therefore, by adding the two series together, we get 
9s=(a+2)+ (+2) + (G+2)+...... +(a+2)+(a+2)+(@+2); 
and since on the right-hand side of this equation we have a 
series of n numbers each equal to ~a+2, we get 

2s=n (+2) 5 


n 
fic 3% +2). 
This result may be put in another form, because in the 
place of z we may put a+(n—1)d, by Article 373. 
Hence s=Slata+ (n—1)at, 


n 


that 13, 5 


{Qa+(n—1) dj. 
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ee 


376, We have now obtained the following results : 


pane + (92 = 1). Cisscrsceensavsiscsevascanss (A), 
$= 5 (A+2) sesreereee ce ee (B), 
s=512a+(n—-1) dj Breeton (C). 


From one or more of these equations we have in Examples 
to determine the values of a, d,n,s or % We shall now pro- 
ceed to give instances of such Examples. 


Ex. 1. Find the Last TERM of the series 
Te ND, BS wasn to 20 terms. 


Taking the equation z=a+ (n—1) d, 
for a put 7 and for n put 20, and we get 
z=7+(20-1)d, 
or, 2=7+19d. 


Now dis always found by taking the first term from the second, 
and in this case, 
d=10-7=3; 
oi e@=7419x38e74+57=64. 


Ex. 2. Find the last term of the series 


S85 4os ses to 11 terms. 
In the equation 2=a+(n—1)d, 
put a=12 and n=11. 
Then g=12 + 10d. 
Now d=8-12=-—4, 
Hence 2=12—40= — 28. 
EXAMPLES.—CXXXiv. 


Find the last term of each of the following series‘ 
SD, 8 veeris to 17 terms, 
~ eS to 50 terms, 
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29 15 
3 ir 4? oO seeone to 16 terms, 
i 5 
4 5) = 1, - gc to 23 terns, 
Tg) 
5. Pec to 12 terms. 
6 -12, —8, -—4...... to 14 terms 
De = 8,0, WO sic to 16 terms 
8 pet ese Me to n terms 
n n n 
9 (a+ y), 2+ y?, (ay)? ....0 to terms, 


a—6 4a — 3b 7a—5b 
a+b? a+b’ a+b 


10. 


377. Ex. 1. Find the sum of the series 
rot ay et to 12 terms. 


In the equation s= 5120+ (n—1) d} 


put 3 for a and 12 for n, and we get 


12 
s=-7 16+ 11d}. 


Now d=5-3=2, and so 
ee 5 (6+ 22} =6 x 28=168, 


Ex. 2. Find the sum of the series 


LOS iy: i vseamee to 10 terms. 
ua 


put 10 for a and 10 for n, then 


0 
s= 7) 120+ 94. 


ow ARITHMETICAL PROGRESS ois wm 


Now d=7-10= -3, “ais therefore 


‘ 
b 


=*)}20-97} =5 x (=: ie<bes 


-EXAMPLES,—cxxxv, 


Find the stim of the following series : 


ae A” a tu 100 terms, 
Br POO ecacies to 50 terms, 
cE Ay (i eer to 20 terms, 
ae ee = 
4. ypag to 15 terms, 
§ -9, -—7, —5...... to 12 terms 
5 1 i 
6. Fa OY 6 eevece to 17 terms 
Te thy yO anid to n terms, 
OP Dye F sinses to n terms, 
oh By DB seas to n terms. my 
“10, cea es ni pee ae to n terms 


v7 we n 


378, Ex. What is the Constant Dirrerpyce when the 
first term is 24 and the tenth term is —\2? 


Taking the equation (A), 
| g=a+(n—1)d, 
and regarding the tenth as the last term, we get 
— 12=24+(10—1)d, 
or ~ 36 = 9d, 
whence we obtain d= —4, 
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be 
_— 


EXAMPLES.—cxxXxvi. 
What is the Constant Difference in the following cases? 


1, When the first term is 100 and the twentieth is — 14. 


CGR fea catey cake Grits c- <> Ce Arn fifty-first is — 2. 
1 : weal 
RPE ae ae deeds cewewsstssverspeeces Bove forty-ninth is d5. 
Ae SETA, ERM SSE EEPCE PPE P EER Ce -3 baesrisates twenty-fifth is — 21%. 
REE etl un Seven snceays scence Se LO eiecs ss sixth is — 20. 
Oia dave Seeds tatencasanevAleaaan' TOON cae tose 4: ninety-first is 0. 
379. Ex. What is the First Term when 
the 40th term is 28 and the 48rd term is 32? 
Taking equation (A), 
2=a+(n—1)d, 
and regarding the last term to be the 40th, we get 
DSU OO Us fess Pecws ctwecsscer et (1). 
Again, regarding the last term to be the 43rd, we get 
BO ml AO aie ek ae ae ee (2) 


From equations (1) and (2) we may find the value of @ to 
be — 24. 


EXAMPLES,.—cxxxvii, 


1. What is the first term when 
(1) The 59th termis 70 and the 66th term is 84; 
(2) The 20th term is 93 — 35) and the 21st is 98-37); 
u 
2 
(4) The second term is 4 and the 87th is —30? 


(3) The second term is = and the 55th is 5:8; 
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2. The sum of the 3rd and 8th terms of a series is 31, and 
the sum of the 5th and 10th terms is 43. Find the sum of 
10 terms. 


3. The sum of the Ist and 3rd terms of a series is 0, and 
the sum of the 2nd and 7th terms is 40. Find the sum of 
7 terms. 


4. If 24 and 33 be the fourth and fifth terms of a series, 
what is the 00th term ? 


5. Of how many terms does an Arithmetical Progression 


consist, whose difference is 3, first term 5 and last term 302 ? 


ae 
rt) feet 


in the first second of its fall, aud in each succeeding second 


6. Supposing that a body falls through a space of 16 


325 feet more than in the next preceding one, how far will a 
body fall in 20 seconds? 


7. What debt can be discharged in a year hy weekly pay- 
ments in arithmetical progression ; the first’ payment being 1 
shilling and the last £5. 3s. ? 


8. Find the 41st term and the sum of 41 temns in each of 
the following series ; 


(1) -5, 4, 13 toner 
(2) 4a*%, 0, -4a?...... 
(3) 1+a, 5+32, 94+5z..-.- 


(4) —45, —1°4..s00 


(5) 4 agen 


g. To how many terms do the following series extend, and 
what is the sum of all the terms? 


(1) 1002,..... 10, 2. 


fe) = Bani. , Lee 
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(3) 2a, BE susse. — 72°80, 
vere 
(4) 5 Gee — 24 
S) tT 137(1 —m), 1881 —m). 


(6) w+254,...... £+2,x%-2. 
380. To insert 3 arithmetic means between 2 and 16. 
The number of terms will be 5. 
Taking the equation z=a+ (n-1) d, 
we have 10=2+(5-1)d. 
Whence Sa 4d ae. 


Hence the series will be 
2. 4, 6, 8, 10. 


EX AMPLES.—cCXxXXviii. 
1. Insert 4 arithmetic means between 3 and 18, 
2. Insert 5 arithmetic means between 2 and —Q, 


3. Insert 3 arithmetic means between 3 and - 


4. Insert 4 arithmetic means between 5 and - 


381. To insert 3 arithmetic means between a and b. 


The number of terms in the series wii! he 5, since there 
are to be 3 terms in addition to the first term a aud the last 
term b. 


Taking the equation z= a+(n—i) 4, 
we have to find d, having given 


a, 2=b and n=5, 
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Hence b=a+(5-1)d, 
or, 4d=b-a, “. d= 


Hence the series will be 


 p—@ b-—a 3(b-—a 
w+ a8 a4 P89 8O=8) 4 


: +b 3b 
that is, a, ssa ; oe = +, 


EXAMPLES.—CXXxXix, 
1. Insert 3 arithmetic means between m and n. 
2. Insert 4 arithmetic means between m+1 and m-1, 
3. Insert 4 arithmetic means between n? and n? +1. 


4. Insert 3 arithmetic means between x? +? and a—y?, 


382. We shall now give the generai form of the proposition 
“ To insert m arithmetic means hetween a and b.” 
The number of terms in the series will be m+2 
Then taking the equation z=a+(n—1)d, 
we have in this case b=a+(m+2-1)d, 
or, b=a+(m+1)d, 
Hence d= oe > 
m+1 


and the form of the series will be 


b-a 2h —2a 2b — 2a b—a 
es ee m+1 py tenes ’ pe eres m+) b, 
that is, 
am+h am-—a+26 bm -b+2a bm+a b 


 —- $$ anges ——~ —— 
>m+l1’ m+1? > m+1 ° m+? 


XXXI. ON GEOMETRICAL PROGRESSION. 


383. A Geometrical Progression is a series of numbers 
which increase or decrease by a constant factor. 


Thus the following series are GEOMETRICAL PROGRESSIONS, 
2, 4, 8, 16, 32, 64; 


Seno, to 
12, 3, my 16° 64° 


1s 1 1 


"59?, 167 12 r0o4 


The Constant Factors being 2 in the first series, : in the 


second, and -; in the third. 


Nort. That which we shall call the Constant Factor is 
usually called the Common Ratio. 


384. In Algebra we express a Geometrical Progression 
thus : taking a to represent the first term and f to represent 
the Constant Factor, we shall have as a series of numbers in 
Geometrical Progression 

a, af, af”, af?, and so on. 


We observe that the terms of the series differ only in the 
index of f, and that each index of f is always less by 1 than the 
number of the term in which that particular index stands. 


Thus the index of f in the 3rd term is 2, 
ine ehe Athy ive.see.é 3, 
im the 5th 2.21... 4, 


Consequently the index of fin the nth term will be n-1. 


Therefore the nth term of the series will be af? 
[s.A.] s 
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Hence if z be the last term, 


Z=a 1 


385. If the series contain n terms, a being the first term 
and f the Constant Factor, 


the last term will be af, 
the last term but one will be af", 
the last term but two will be af". 
‘Now aft x f=af" x fi=aft4 =af*, 
! af" * x faaf" 4 x Pl=aft tH safe 
af x f=af* x foaf rag, i 
386. We may now proceed to find the sum of a series of 
numbers in Geometrical Progression. 


Let a denote the first term, 


a the constant factor, 
n the number of terms, 
8 the sum of the » terms. 


Then s=a+af+af?+...+af"*+afr*+af, 
Now multiply both sides of this equation by f, then 
fs=aftaf+af?+...+af"*+ af" + af”. 


Hence, subtracting the first equation from the second, 


fs—s=af" —a. 
“ 8(f-1)=a(f"—-1); 
et fh) 
a yor” 


Nore. The proposition just proved presents a difficulty to 
a beginner, which we shall endeavour to explain. When we 
multiply the series of n terms 


at+af+af*+...... +af**+af"*+afr 
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by f, we shall obtain another series. 


af+af?+afi+...... +afr*+af""+ af”, 


which also contains 7 terms. 


Though we cannot fill up the gap in each series completely, 
we see that the terms in the two series must be the same, 
except the first term in the former series, and the last term in 
the latter. Hence, when we subtract, all the terms will dis- 
appear except these two. 


887. From the formule : 


PES calc esl te de cams OT ee (A), 
eget) 
$= eal, occ aces ccsscceccoess (B), 
prove the following : 
(a) s= faa (y) a=fe-(f-V)s. 
(B) ames (8) fa. 


388. EX. Find the Last TERM of the series 
is On GEA ce cnee to 9 terms, 
The Constant Factor is > that is, 2. 
In the formula 
e=af, 
putting 3 for a, 2 for f, and 9 for n, we get 
2=3 x 28=3 x 256= 768. 


~ 


EXAMPLES.—cxl. 


Find the last term of the following series 
re eet ee. to 7 terms. 
7 OS sere to 10 terms. 
Be, Oy.20) 180m,» -n> to 9 terms, 
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Ae (8,0 Ag PEt to 15 terms. 
By, “Op Me serene to 9 terms. 
i ili : 
6 6” ie 40°" to 11 terms. 
a | 1 
7. —3 3 6 seat ee to 7 terms. 


389. Ex. Find the sum of the series 


O,, Os. = suseae to 8 terms. 


Generally, fm = (f=) 


and here a=6, f==, n=8 


EX AMPLES.—cxli. 


Find the sum of the following series : 


ty By By GB anise to 15 terms. 
% ly 3, Bins to 6 terms, 
&, G0", AM i... to 13 terms, 
4 4, “, = iutten to 9 terms 
5. wa, a a, ~ REP to 7 terms, 
ats 


, 
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Ore Be GS WS ais to n terms. 
iy DA ABB neces to n terms. 
Soe ae STO: 2204 oe to 8 terms. 
1 1 
“eg Tg to 7 terms. 


390. To find the sum of an Infinite Series in Geometrical 
Progression, when the Constant Factor is a proper fraction. 
If f be a proper fraction and n very large, 
f” is'a very small number. 


Hence if the number of terms be infinite, f" is so small that 
we may neglect it in the expression 


oD) 
=e 
and we get 
ees 
f-1 
_ 4 
er 
‘ wera 3 
391. Ex. 1. Find the sum of the series +1+7+ eee to 
infinity. 
yo 
Here Seal aac eer 
Es 
Janeane 
tae eens 1.8 
4 
Ex. 2. Sum to infinity the 1g ene : 
x . 5) 3 27 aseeen 
ae a 
Here = eG ge 
3 3 
a 2 ri _ 27 


ah en 7 
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Fe 


5 
i cee —— 


Find the sum of the following infinite series: 


Vensus” © = ~LNEEY MUg rg oun ene 


. 10’ 10” weeee 


x, =i ereeee 


=e a ky 


A ee ee ape 
eee re 4 {00° 100007 """""" 


Satins , as; 


TO: “BBEBGs vies. 


392. To insert 3 geometric means between 10 and 166. 


‘Taking the equation seafr, 
we put 10 for a, 160 for z, and 5 for n, and we obtain 
160=10.f*; 
: . 1 16=f%. 
7 Now 1G=2x2x2x2Q=2; 
fap 
Hence f=2, and the series will be 
10, 20, 40, 80, 160. ’ 
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EXAMPLES.—cxliii. 
1. Insert 3 geometric means between 3 and 243. 
2. Insert 4 geometric means between 1 and 1024. 
3. Insert 3 geometric means between 1 and 16. 


: 242 
4. Insert 4 geometric means between ; and = 


393. To insert m geometric means between a and b, 
The number of terms in the series will be m+2. 
In the formula B=Of 5 


putting 6 for z, and m+2 for n, we get 


—afmel 
Ue eae 
or, (a 
fone 
Ga 
1 . 
pet 
or, f=, 
qu 


Hence the series will be, 


my 2 nee 1 
pm pm be peti 
hy UX —-y XZ? ovens ff Ore a Oa O, 
ant quti q™th qmtt 
that is, 
ALS ai 1 q.. 
ad, (a. dy, (a DPM, wont Rk CPM pat) ade (CA ALE Ene SA: 


394. We shall now give some mixed Examples on Arith- 
metical and Geometrical Progression. 


EXAMPLES.—CXliv. 


1. Sum the following series: 
(1) 84+154+22+ ...... to 12 terms, 
(2) 116+108+100+ ...... to 10 terms, 


ov cromerercal PROGRESSION r 


nies deka oeke de a 


. ned 2 5 = 
(3) 3t5tigt aay ane to infinity. — 
aad Boia Rs 
(4) 2 ~4atagg7 to infinity. 

‘ Lege 2 (al. 
(5) 5-37-60 to 13 terms. 
(6) 3-3 +3- Seer: to 6 terms. 
; i= 
(7) soins Saeene to 29 terms. 
x 
(8) 3 +1+ re Hains to 8 terms, 
L 2 4 ; ‘ 
(9) gtotagt to infinity. 
3 14 51 
(10) 5 10. ipo to 10 terms. 
(11) n/a cid B)— wee to 8 terms. 
7.7, 35 
(12) -ptg-agtee to 5 terms. 


2. If the continued product of 5 terms in Geometrical 
Progression be 32, show that the middle term is 2, 
3. If a,b,c are in arithmetic seers and a, b’,¢ are 
a+e 


aa (ac)" 


4. Show that the arithmetical mean between a and 8 is 
greater than the geometrical mean, 


in geometrical progression, show that » 


5. The sum of the first three terms of an arithmetic series 
is 12, and the sixth term is 12 also, Find the sum of the first 
6 terms, Kaa 


6. What is gs that a, b, ¢ may bei in goommetaio pro- 
gression | 
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7. If2n, and = are in geometric progression, what is x? 


: 1 : : , . : 
r-. 8 If 2n;y and 3, are in arithmetic progression, what is y? 


9. The sum of a geometric progression whose first term is 
1, const mt factor 3, and number of terms 4, is equal to the sun 
of an arithmetic progression, whose first term is 4 and constant 
difference 4; how many terms are there in the arithmetic pro- 
sression ? 

1o. The first (7 +7) natural numbers when added. together 
make 153. Find n. 


11. Prove that the sum of any number of terms of the 
SiN CS DS Ts paaees is the square of the number of terms. 


12. If the sum ofa series of 5 terms in arithmetic progres- 
sion be 95, show that the middle term is 19. 


13. There is an arithmetical progression whose first term is 


the constant difference is Te and the sum of the terms is 


22. Required the number of terms. 


1 
335 


14. The 3 digits of a certain number are in arithmetical 
progression ; if the number be divided by the sum of the digits 
in the units’ and tens’ place, the quotient is 107. If 396 be 
subtracted from the number, its digits will be inverted. 
Required the number. 


15. If the (p+q)" term of a geometric progression be m, 
and the (p—gq)® term be n, show that the p™ term is 4/(mn). 


16. The difference between two numbers is 48, and the 
arithmetic mean exceeds the geometric by 18. Find the 
numbers, 


17. Place three arithmetic means between 1 and 11, 


18. The first term of an increasing arithmetic series is ‘034, 
the constant difference ‘0004, and the suim 2°748. Find the 
number of terms. 


19. Place nine arithmetic means between | and —], 
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20. Prove tliat every term of the series 1, 2, 4,...... is 
greater by unity than the sum of all that precede it. 


21. Show that if a series of mp terms forming a geometrical 
progression whose constant factor is r be divided into sets of p 
consecutive terms, the sums of the sets will form a geometrical 
progression whose constant factor is r”, 


22. Find five numbers in arithmetical progression, such 
that their sum is 55, and the sum of their squares 765. 


23. Ina geometrical progression of 5 terms the difference 
of the extremes is to the difference of the 2nd and 4th terms 
as 10 to 3, and the sum of the 2nd and 4th terms equals twice 
the product of the Ist and 2nd. Find the series. 


24. Show that the amounts of a sum of money put out at 
Compound Interest form a series in geometrical progression. 


25. A certain number consists of three digits in geometrical 
progression. The sum of the digits is 13, and if 792 be added 
to the number, the digits will be inverted. Find the number, 


26. The population of a county increases in 4 years from 
10000 to 14641; what is the rate of increase ? 


XXXII. ON HARMONICAL PROGRESSION, 


395. A Harmonical Progression is a series of numbers 
of which the reciprocals form an Arithmetical Progression. 


Thus the series of numbers a, , ¢, d, ...... is a HARMONTICAL 
a Pree gent Nip (ae etx ‘ ; 
Progression, if the series 7rpoe gs m Arithmetical 
Progression. 


If a, b, ¢ be in Harmonical Progression, 6 is called the 


Harmonical Mean between a and c. 


Norn. There is no way of finding a general expression for 
the sum of a Harmonical Series, but many problems with 


o 
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reference to sucha series may be solved by inverting the terms 
and treating the reciprocals as an A.ithmetical Series. 


396. Ifa, b, ¢ be in Harmonical Progression, to show that 


a:c::a—b:b—-c. 


Since = > : are in Arithmetical Progression, 

ite 

Gn 0. ae 

Sas sia 
oe Ger = abn 
a ab_a—b 
be bc’ 

ag _a—b 


397. To insert m harmonic means between a and b, 


1 


; : ; : i 
First to insert m arithmetic means between and Rr 


Proceeding as in Art. 357, we have 


5 
i = *; + (m + 1) d, 
or a=b+(m+1).abd 
ae ae al | 
-. a CHL): 
Hence the arithmetic series vill be 
1 Lace gae 1 2(@-—5)- Li m(a—b) 1 
wa uo(mtly @ ab(m+ly ~ a ab(m+l1y 0’ 
a 1 bm+a bm + 2a—6 amt+6 i 
: @ ab(m+1) ab(m+1)’ ~"" ab(m+1) b 


Therefore the Harmonic Series is 
. ab(m+1) ab(m+1) ab(m +1) 
> “ba+a’? bm+2a-0° ney et 


am+b ’ 
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398. Given a and 6 the first two terms of a series in Har- 
monical Progression, to find the n™ term. 


- are the first two terms of an Arithmetical Series of 
: i oe 

which the common difference is aoe 
The n® term of this Arithmetical Series 1s 


L-n(}-2 


_1 (n—I)(a—b)_b+na—a—nb+b 


= 4 


a ab ab 
_ (na—a) —(nb—2b) _(n-1)a—(n—2)b 
ad goer es ae 


+. the n™ term of tlhe Harmonical Series is 


ab. 
(n—lha—(n-2)0 
399, Let wand ¢ be any two numbers, 


b the Harmonical Mean between them, 


Then 7—-=——% 


or eee 


400, The following results should be remembered. 


‘ : a+e 
Arithmetical Mean between a and c= o 


Geometrical Mean between a and c= ,/ac. 


a 2Qac 
Harmonical Mean between a and c=——, 
a+c 
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Hence it we denote the Means by the letters A, G, H 
respectively, 


ate 2ac 
Ax H=—— x = 
(haa 

=a 

= (72. 


that is, Gis a mean proportional between A and H. 


401. To show that A, G, H are in descending order of 
magnitude. 


Since (./a— ,/c) must be a positive quantity, 


(J/a— 4/c)? is greater than 0, 


or a—2,/ac+e greater than 0, 

or a+c greater than 2 /ac, 
a+c se 

or “9 greater than ,/ac; 


that is, A is greater than G. 


Also, since a+c is greater than 2 ,/ac, 
Jac (a +c) is greater than 2a¢; 


2Qac 


. sac is greater than — ; 
a+e’ 


v.e. Gis greater than H. 


Insert two harmonic means between 6 and 24, 


fis 

7 ana ee HOMME er ah cerc econ stn 2 and 3 
1 3 

Rie es aan Dime Cuan. Mecca 3 and 7 
l 1 

A party FLOUR Oe nvaes tov en taveersnsstreuedes. 3 and is" 
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5. Insert five harmonic means between —1 and 27. 


Orr teat. fiVE ...<05 aigh ixmeb thse Nuaiaee tae : and a 
TR 5 and »: 

Pete aves Gad Gagewacanscarseasasaneoaeenguanns : 53° 

BY skaens Tecan SGN at lao « anandhabesisnveatan eh Qe and 3y. 


: : eee) 
9. The sum of three terms of a harmonical series is 75, and 
12 
z ta laa ‘ : : 
the first term is =: find the series, and continue it both ways. 


10. The arithmetical mean between two numbers exceeds 
the geometrical by 13, and, the geometrical exceeds the har-. 
monical by 12. What are the numbers ? 


11. There are four numbers a, b, ¢, d, the first three in 
arithmetical, the last three in harmonical progression ; show 


that a:b=c: d. 


12. If is the harmonic mean between m and n, show that 
1 1 ae 
=—+ 


c-m £-n m n 
13. The sui of three terms of a harmonic series is 11, and 
the sum of their squares is 49 ; find the numbers, 


14. If 2, y, z be the p®, g", and 7™ terms of a H.P., show 
that (r —q) ye + (p—1) az + (q—p) cy =9. 

15. If the H.M. between each pair of the numbers, a, b, ¢ 
be in A.P., then b, a®, c? will be in #.P. ; and if the H.M. be in 
H.P., b, a, ¢ will be in H.P. 

: c+2a 
hab ae 

16, Show tha arp ees 
cis the a., G. or H. mean between a and b. 


c4- 2b ~ M 
4 =4, >7, or >10, according as 


mz, 


XXXII, PERMUTATIONS. 


402. Tur different arrangements im respect of order of suc- 
cession Which can be made of a given number of things are 
called Permutations. 

Thus if from a box of letters I select two, P and Q, I can 
make two permutations of them, placing P first on the left and 
then on the right of Q, thus: 

POG ands Gok. 


If I now take three letters, P, Q and R, I can make siz per- 
mutations of them, thus: 
P,Q, R; P, R, Q, two in which P stands first. 
Tamer hy dial tans dueaa sane sas ODM er aa 
PE Gy sling sastld eres nacinct se Trcetetocine ete 


403. In the Examples just given all the things in each ease 
are taken together; but we may be required to find how many 
permutations can be made out of a number of things, when a 
certain number only of them are taken at a time. 


Thus the permutations that can be formed out of the letters 


P, Q, and R taken two at a@ time are six in number, thus: 
BIOS Pe OPA Ow hess Piss Foy Q 


404. To find the nwmber of permutations of n different things 
taken v at a tume. ; 


Let a, 6, c, d ... stand for m different things. 


First to find the number of permutations of the n things 
taken two at a tume. 


If a be placed before each of the other things }, c,d . 
which the number is n—1, we shall Bea n—1 centins 
in which a stands first, hus 


ab, ac, ad, Passe us 
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——— a 
If b be placed before each of the other things, a, c, d aes We 
shall have n—1 permutations in which } stands first, thus : 


Dax, 00; Bl. Seren 


Similarly there will be »—1 permutations in which c stands 
first: and so of the rest. In this way we get every possible 
permutation of the m things taken two at a time. 


Hence there will be 2. (n—1) permutations of » things taken 
two at a time. : 

Next to find the number of permutations of the n things 
tuken three at a time. ; 

Leaving a out, we can form (n—1).(v—2) permutations of 
the remaining (n—1) things taken two at a time, and if we 
place a before each of these permutations we shall have 
(n—1).(n—2) permutations of the things taken three at a 
time in which a stands first. 

Similarly there will be (n—1).(m—2) permutations of the 
n things taken three at a time in which } stands first: and so 
for the rest. 

Hence the whole number of permutations of the nm thingy, 
taken three at atime will be n. (n—1).(n—2), the factors of 
the formula decreasing each by 1, and the figure in the last factor 
being 1 less than the nwmber taken at a tume. 

We now assume that the formula holds good for the numbeu 
of permutations of n things taken r—1 at a time, and we shall 
proceed to show that it will hold good for the number of per, 
mutations of » things taken 7 at a time. j 


The number of permutations of the m things taken r—1 ax 
a time will be 


2. (n—1).(m—2) .... [nm —{(r-—1)—1}], 
that is wn. (W—1).(M—2) wee (n—1 + 2). , 
Leaving a out we can form (m—1). (m2)... (n-1—1r+4) 


permutations of the (v1) remaining things taken r—1 ata 
time. 


Putting @ before each of these, we shall have 
(n-1).(n—2)...... (n—1r+1) 

permutations of the m things taken r at a time in which a@ 

stands first. 


ey 


i- 


eal 
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So again we shall have (n—1).(n—2) ...... (n—r-+1) per- 
mutations of the » things taken r at a time in which 6 stands 
first ; and so on. 

Hence the whole number of permutations of the n things 
taken r at a time will be 

n.(n—1).(n—2)...... (n—r+1), 

If then the formula holds good when the m things are taken 
y—1 at a time, it will hold good when they are taken r ata 
time. 

But we have shown it to hold when they are taken 3 at a 


time; hence it will hold when they are taken 4 at a time, and 
so on: therefore it is true for all integral values of 7.* 


405. If the n things be taken all together, r=n, and the 
formula gives 

. m. (—1). (= 2) 2... (n—n+1); 
that is, m.(n—1).(m-2)...... 1 
as the number of permutations that can be formed of n dif- 
ferent things taken all together. 


For brevity the formula 
m.(n—1).(n—-2)...... ay 
which isthe sameas 1.2.3... Ny 
is written |m. This symbol is called factorial n. 


Suinilarly |e is put tor 1.2.3 ...... Ts 
Ratt Seen HOM 2a Oecese- (r—1). 
Obs. |n=n.|n—-1l=n.(n—1).jn—2=&e. 


406. To find the number of permutations of nu things taken all 
together when certain of the things are alike. 


_ Let the n things be represented by the letters a, b, ¢, d...... 
and suppose that a@ recurs p times, 
Uvedrat > q times, 
. CP irene r times, 
and so on. 


* Another proof of this Theorem may be seen in Art, 475. 
[s..] T 
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Let P represent the whole number of permutations, 


Then if all the p letters a were changed into p other letters, 
different from each other and from all the rest of the x letters, 
the places of these p letters in any one permutation could now 
be interchanged, each interchange giving rise to a new permu- 
tation, and thus from each single permutation we could form 
Wei ssek se p permutations in all, and the whole number of per- 
mutations would be (1.2... p) P, that is | p. P. 


Similarly if in addition the q letters b were changed into q 
letters different from each other and from all the rest of the n 
letters, the whole number of permutations would be 

lg.lp.P; 
and if the r letters c were also similarly changed, the whole 
number of permutations would be 
Ir. |g. |p. P; 
and so on, if more were alike. 

But when the p, q, and r, &c., letters have thus been changed, 
we shall have x letters all different, and the number of permu- 
tations that can be formed of them is | n (Art. 408). 


Hence Po |p. [gs [reve =|N 5 
yee 
\p.|g- |r 


EXAMPLES.—cxlVvi. 

1. How many permutations can be formed out of 12 things 
taken 2 at a time! 

2. How many permutations can be formed out of 16 things 
taken 3 at a time ? 

3. How many permutations can be formed out of 20 things 
taken 4 at a time? 

4. How many changes can be rung with 5 bells out of 8? 


5. How many permutations can be made of the letters in 
the word HKeamination taken all together ? 


6. In how many ways can 8 men be placed side by side? 
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oe —— 


7. In how many ways can 10 men be placed side by side ? 

8. Three flags are required to make a signal. How many 
signals can be given by 20 flags of 5 different colours, there 
being 4 of each colour ? 

9. How many different permutations can be formed out of 
the letters in Algebra taken all together ? 

10. The number of things: number of permutations.of the 
things taken 3 at a time =1: 20, How many things are there?.: 

11, The number of permutations of m things taken 3 at a 
time : the number of permutations of m+ 2 things taken 3 at 
atime=1:5. Find m. 

12. In the permutations of a, b, c, d, e, f, g taken all 
together, find how many begin with cd. 

13. Find the number of permutations of the letters of the 
product a7b%ct written at full length. 

14. Find the number of permutations that can be formed 
out of the letters in each of the following words: Concevt, 
Talavera, Calcutta, Proposition, Mississippt. 


XXXIV. COMBINATIONS. 


407. Tae Combinations of a number of things are the 
different collections that can be formed out of them by taking 
a certain number at a time, without regard to the order in 
which the things stand in each collection. 

Thus the combinations of a, b, c, d taken two at a time are 
ab, ac, ad, be, bd, cd. 

Here from each combination we could make two permuta- 
tions: thus ab, ba; ac, ca; and so on: for ab, ba are the same 
combination, and so are ae, ca. 

Similarly the combinations of a, 6, c, d taken three at a time 
are abc, abd, acd, bed. 

Here from each combination we could make siw permuta- 
tions; thus abc, acb, bac, bea, cab, cha: and so on. 


ap 
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‘kak parent in eeeiace with kets 405, any ¢ ‘com bir nae 
tion of n things may be made into 1.2.3...” permutations, 


408. To find the number of combinations of n different things 
taken x at a time, 


Let C, denote the number of combinations required. soe 


Since each combination contains r things it can be made 
into |r permutations (Art. 405); yea 


4 the whole number of permutations =|7'. C,. 


But also (from Art. 404) the whole number of permutations | 
of n things taken r at a time 


409. To giias that the number of combinations of n thinge, 7 
taken x at a time is the same as the number taken n—r at a 
time. , 


m. (%—1)...5. (te 
C= ine 


ween 


bene 


eeeee 


eosone (IO Fas |KO tO ee wsed 


y . 
eseeee FFE NTE mm RY we wnee 


n.(n—1)..\... (n—7+1). (HF) vores 3.2.1 


Se Peer P.(F41) eee (n—1). n 
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410. Making r=], 2,3...... r—1, 7, r+1 in order, 
Meg ee Bey TR es 2 
| Soe 3 


eee eee wesc eesr etree eseseseseee 


am Sy: ee (r~1) 
ga” (w= 1)......(0—7 +2). Ute 1) 
3 ite eae C2 
Geait (m= 1) «0.00. (n—r+1).(n—r) 
oe ee eee r.(r+l) 
Om 
yenee the yeneral expression for the factor connecting C, 
§ if 8 Urs 
wxe of che set of numbers (C,, C)...... (Cera Aer C,,, with Cua, 
nm—7r+1 


that which stands next before it, is — rae that is, 


je ar OTE aE 
y 


: — wT 
With regard to this factor ore , we observe 


(1) It is always positive, because n +1 is greater than 7. 


(2) Its value continually decreases, for 
(oe ge ne 


eee hy 
r r : 


which decreases as 7 increases, 


(3) Though 2 = uae continually decreases, yet for several 


successive values of 7 it is greater than unity, and therefore 
each of the corresponding terms is greater than the preceding. 
* 


(4) When r is such that ya — is less than unity the cor- 


responding term is less than the preceding. 


ars 
. . 
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(5) If m and r be such that es 


=1, C, and C_, area 
pair of equal terms, each greater than any preceding or subse- 
quent term. 


Hence up to a certain term (or pair of terms) the terms in- 
crease, and after that decrease: this term (or pair of terms) is 
the greatest of the series, and it is the object of the next Article: 
to determine what value of r gives this greate 
of terms). 


411. To find the value of x for which the number of combina- 
tions of n things taken r together is the greatest. 7 


C n, n.(n—-1)......(a—r+2) ; 
don Gam MB vt (r—1) a 
_%-(M=1).....(m=7+2) (n=rt]) 
Tat) ae 
‘i ; 
C 1» (1 — 1) seo0ee (w—r4d)° ; ae ¢ 
oo 


Se pena T pede , -. 
Hence, if (, denote the number of combi nati ns required, 


oO, and - C, must neither of them be less than 1. 
Cus ‘rH 


OC, n-r+l 
t at = 
Bu a : 
CC, r+i 
and —=——, 
Ca. n-r 
nm—-r+l1. ' ’ 
Hence —— BS. is not less than 1 and | 7 ie not less th 
r n—r 
or, n—r-+1 is not less than r one 1 not less than 
or, n+1 is not less than 2r and 2r not less than n 


”. 2r is not greater than n+1 and not less than n 
Hence 2r can have only three values, n—1, n,n+1 
* Now 2r must be an even number, and therefore 


(1) Ifn be odd, n-1 and n+1 being both even numb af 
2r may be equal ton—1 orn+1; 
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et et th 
eee = 2 


(2) If n be even, n—1 and n+1 being both odd numbers, 
2r can only be equal to n ; 
Mant 
t= Oy 
Ex. l. Of eight things how many must be taken together 
that the number of combinations may be the greatest pos- 
sible ? 


Here n=8, an even number, therefore the number to be 


taken is 4, which will give 8x7x6x5d 


or 70 combinations. 
WK Poe <a! 


5 Ex. 2. If the number of things be 9, then the number 


to he taken is a or a that is 4 or 5, wick will give 
respectively ; 
9x8x7x6 elisha 
2 ha 26 ¢ 
1ox3xe 126 combinations, and 
Oxax 7 x6x5d eee 
fea 3 x 4x5" or 126 combinations. 


Ex AMPLES.—cxlVvii. 


1. Out of 100 soldiers how many different parties of 4 can 
be chosen ? 


2. How many combinations can be made of 6 things taken 
at a time? 
: : 3. Of the combinations of the first 10 letters of the alphabet 
be ~ taken 5 together, in how many will @ occur 2 
i. aA, lone many words can be formed, consisting of 3 con- 

sonants and one vowel, in a language containing 19 consonants 
a and 5 gous ? 

mee The number of combinations of n Ss taken 4 ata 
time: the number taken 2 at a time =15 : 2. Find n. 


6. The number of combinations of n things, taken 5 at 
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F 
‘ 


= [2 ae a 


a time, is 35 times the number of combinations taken 3 at a 


time. Find n. 


7- Out of 17 consonants and 5 vowels, how many words - 
can be formed, each containing 2 vowels and 3 consonants ? 


ee 8. Out of 12 consonants and 5 vowels how many words can 
be formed, each containing 6 consonants and 3 vowels? 


9. The number of permutations of n things, 3 at a time, is 
6 times the number of combinations, 4 at a time. Find n. 


to. How many different sums may be formed with a guinea, 
a half-guinea, a crown, a half-crown, a shilling, and a sixpence? 


11, At a game of cards, 3 being dealt to each person, any 
one can have 425 times as many hands as there are cards in 
the pack. How many cards are there ? 


12, There are 12 soldiers and 16 sailors. How many dif- 
. ferent parties of 6 can be made, each party consisting of $ 
soldiers and 3 sailors? 


13. On how many nights can a different patrol of 5 men be 
draughted from a corps of 36? On how many of these would 
any one man be taken? 


XXXV. THE BINOMIAL THEOREM, 
POSITIVE INTEGRAL INDEX. 


412, Tur Binomial Theorem, first explained by 
Newton, is a method of rising a binomial expression to any 
power without going through the process of actual multipli- 
cation. 


-_ 413. To inrestijcte the Binomial Theorem for a Positive 
Int yrel lidex, 


“ 


\ 


By actual multiplication we can show that 
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(+ @,)(@ + Ag) = 2? + (ay + Ay) © + AA, 


(x +) ( + Ay) (© + dg) = 23 + (Ay, + Ug + Mtg) 
+ (Ayllg + AyAg + Mghlg) L + AyMylg 


(a + dy) (@ +d) (@+ dg) (+ ag) = 24 + (Ay + Oy + My + Ay) 2 
(yl + Oylg + yg + Ugly + Wy y + Agy) 2 


+ (@ygy + Ayo, + A, gy + Agllgh4) © + AA, L304. 
In these results we observe the following laws : 


I. Each product is composed of a descending series of | 
powers of «. The index of « in the first term is the same as 
the number of factors, and the indices of « decrease by unity 
in each succeeding term. 


II. The number of terms is greater by 1 than the number 
of factors, 
Ill. The coefficient of the first term is unity. 
of the second the sum of a, dy, dg... 


of the third the sum of the products of 
Gy, Uy Ay... taken two at a tume. 


of the fourth the sum of the products of 
My, Ay, dy... taken three at a time. 
and the last term is the product of all the quantities 


hh, Gy, 3 eeeeee 


Suppose now this law to hold for n—1 factors, so that 


(@ +) (+ y) (€+d3) ...--- (a + Gn_1) 


where S, =, + dy +g +... +1, 
that is, the sum of ay, dy, dz... Gry 


= Gl + yg + Migilg + 0. FAG, _y + Fyly_at -- 
that is, the sum of the products of a), dg, Qy ... Uy 
taken two at a time, 


a 
F ‘ 
- 
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S3 = Ay Ugly + yd + 0.6 +A, +4030, 4+... 


that is, the sum of the products of a,, dg... Gy 
taken three at a time, 


THEE REE EEE POCO Heer ewe Tee ee 
t 
Beas = 1, Ang eee Gn—13 


v% that is, the product of a,, dy, dg... Gy. 
& Now multiply both sides by z+a,. 
Then 
© (@+ay) (a+ a,) 0. (7+ 44) (a +a,) 
me =a" So" 14 8. a2 + 8, an 84 ,, 
+a, 0"! +a,S, a"? + 0,8, 0-3 + 0. + Oyen 
=a" +(S,+a,) a"! + (S,+a,S,) a? 
+ (Sy + b,Sq) Fe 0,S_—3° 7 
Now S, +4, = 0, +4, +03 +... 4+Gy4+Ayy 
that is, the sum of a, a,, dg... Gy, 
Sy +S, =S, + dy (4) + dg +... +p), 


that is, the sum of the products of a, dg...@y)_ 
taken two at a time, 


Sy + Sq =Sy + a, (Ay, + 0,03 +...), 


that is, the sum of the products of a, dy... a) 
taken three at a time, 


POORER RHR eee eee ee eee PPP PPP ee FORO eee ee nee ee 
4 


G,S,_1 = GyAglg ... Ay_1 Ap, 


that is, the product of a), a, dy... d,. 


If then the law holds good for n— 1 factors, it will hold good 
for n factors ; and as we have shown that it holds good up to 4 
factors it will hold for 5 factors: and hence for 6 factors: and 
soon for any number, , 
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Now let each of the n quantities a,, a, a3... a, be equal to 
a, and let us write our result thus: 


(@+ a) (a@+a,)...(e+u,)=2"+A,.a"14A,.0°7%+...4+A,. 
The left-hand side becomes 
(c+a) (@+a)...(a+a) to n factors, that is, (ec +a)". 

And on the right-hand side 
A,=a+a+a+...to n terms=na, 


A,=a?+a?+a*+.,.to as many terms as are equal to the 
number of combinations of n things taken two at a time, that 
ig (n~1). 

1 
. 2 m.(n—1) 
ee or mee 

A,=a5+a'+a°+...to as many terms as are equal to the 
number of combinations of n things taken three at a time, that 
ig @ (n—1).(n—2) | 

SSNS, ; 


_2. (n— 1). (n—2) | 
bees 


A,=a.a.a...to n factors =a’. 


Hence we obtain as our final result 
n.(n—1 


) 2yn—2 
lo 8 


(e+ a)"=2" + nag" + 


414. Ex. Expand («+a)é 
Here the number of terms will be seven, and we have 


(w+ a) =a + bac+ 5°) aint +2: = : 


a°a3 
2 ie seid 


=25 + Gaz’ + 1l5a*xt + 20a5x? + 15a4x? + 6aez + ad, 
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Notz. The aceltictonse of terms equidistant from the end 
and from the beginning are the same. The general proof of 
this will be given in Art. 420, 


Hence in the Example just given when the coefficients of 
four terms had been found those of the other three might have 
been written down at once. 


EXAMPLES.—-Cxlviii. 


Expand the following expressions : 
1. (a+a)4 2. (b+c)%. 3. (a+b). ‘ 
4. (a#+y)8 5. (5+4a)4, 6. (a* + be)? ‘ 


415. Since j 


=! eee 
(e+ a)" =a" + naa") +” ae ) ag +.. +0*, 
if we put c=1, we shall have 
(1+a)"=14+na+~ =) a? 24. +a% 


416. Every binomial may be reduced to such a form that 
the part to be expanded may have 1 for its first term, 


Thus since rt+a=0(1 +“), 
(e+ ayr=a" (1 +“) 5 


and we may then expand (a +2)’ and multiply each term of 


the result by a”. 


Ex. Expand (2a + 3y)°. 


(Qa + 3y)5=(2x)°. (1 ‘ ay 
nae. iso Bh Qt 


, 5.4.3.2 aig 3y\° 
1,2.3.4°\2Q¢/7 ~\Se “A 
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ree ldy  90y?  270y8  405y*  243y? 
gi [b+ Qn" 4a? * Bue * T6z! 520 f 
= 32x° + 240cty + 720x3y? + 1080x7y3 + 810xy! + 243y°. 


417. The expansion of (—a)" will be precisely the same as 
that of (2+ a)", except that the sign of terms in which the odd 
powers of a enter, that is the second, fourth, sixth, and other 
even terms, will be negative. 


Thus (o— aya" — raat C=) grea 
nm.(n—1).(n—2 3 
2 ee ee) i ; “ B. is aes BAPE 
for =(x—a)"={x+(-a)}" 
mat tn(—ajar tp ™ 1) _ qyrgray Ga 
n 1 
=o" — nag ++I) gp m+ &e. 
EX. Expand (a -c)’. 
Dee 5.4.3 5.4.3.2 
Boe io bain po ee PO ee een 
(a—c)=a Sale + 7 5a" Ce a Ee ee 


=a> — 5ate + 10a%c? — 10a2c3 + 5act — 5 


EXAMPLES.—cxlix, 


Expand the following expressions : 
I. (a-«)% 2. (b-c)’. 3. (2a—3y)>. 
4. (1-22). 5. (1-2), 6. (a3 — b?)8, 
418. A trinomial, asa+6+c, may be raised to any power 
by the Binomial Theorem, if we regard two terms as one, thus: 
(atb+c)"=(a+b)"+n.(a+b)"1.¢ 


n.(n—1) 


e126 


(ED) Ao eae 
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Ex. Expand (1+2+2*)% 


(1 +a -+a?)8=(1+2)3+3(1 +ayP.at+ 35 (1 +2).a%+428 


=(14+ 30430? +0) +3(1 +2042?) 2? 
+3(1+a)at+o5 
=14+ 30+ 30? + 03 + 3a? + 623 + 3a! + 34 
+35 +25 

=14+32 + 62" + 723 + 6a! + 32° + 28 


7 EXAMPLES.—Cl. 


Expand the following expressions : 
1. (a+2b-c)%, 2 (1-20+32%)3, 3. (08 —at+a)% 


Bad 1\3 i hg gee | 
4. (35 + 208 + 1)°. 5. (z+1-=). 6. (at +! et, 


419. To find the xv or general term of the expansion of 
(~+a)". ‘ 
; We have to determine three things to enable us to write 
down the r® term of the expansion of (x +a)". 
1. The index of & in that term, 
: 2. The index of a in that term. 
3. The coefficient of that term. : 


- 
Now the index of x, decreasing by_1 in each term, is in the 
r® term n—r+1; and the index of a, increasing by 1 in each 
term, is in the r™ term r—1. oa 
For example, in the third term 
the index of # ism—3-+ 1, that is,n-23 a 
the index of a is 3-1, that is, 2. 4 
in assigning its proper coefficient to the 7 term we have to 
determine the last factor in the denominator and also in the 
numerator of the fraction 

n.(n—1).(n— 2). (m—3) oe 
ee eee : 


THE BINOMIAL THEOREM. 303 


Now the /ast factor of the denominator is less by 1 than the 
number of the term to which it belongs. Thus in the 3" term 
the last factor of the denominator is 2, and in the r* term the 
last factor of the denominator is r—1. 


The last factor of tle numerator is formed hy subtracting 
from n the number of the term to which it belongs and adding 
2 to the result. 


Thus in the 3™ term the last factor of the numerator is 
. n-3+4+2, that is n—1; 
BRUINS Mods eh nko satetoremrtn zee: n—-4+4+2, that is n-2; 
PRRTeMA Oy sITIGG, > Gaels coc op dsmaet ss bbseave snc n—t+2. 


Observe also that the factors of the numerator decrease by 
unity, and the factors of the denominator inerease by unity, so 
that the coefficient of the r™ term is 

n.(n—1).(n—2)...... (n—1r+2) 
pe eae 


Collecting our results, we write the r" term of the expansion 
of (7 +a)” thus : 
n.(n—1).(n—2)...... (n—7 +2) ” 
The Souls hued) 


r—1 ‘ gn, 


Obs. The index of @ is the same as the last factor in the 
denominator. The sum of the indices of a and z is n. 


EX AMPLES.—Cli. 


Find 
1. The 8 term of (1 +2)! 
2. The 5" term of (a? — b?)!%, 
3. The 4 term of (a — b)!% 
4. The 9" term of (2ab—cd)"*, 
5. The middle term of (a—b)", 
6. The middle term of (a + bys, 
7, The two middle terms of (a —b)®, 
8. The two middle terms of (a+z)®, 


=: ; nd 
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g. Show that ine coefficient of the middle term of i s 
1.3.5..,..(4n=D) “sad pig 

Le ' 


(a+a)™ is 2" x 


to. Show that the coefficient of the middle term of 


(a+ a)? is OH x (2 +3) (20+5)...... (4n — 2 (4n+ 1) 


420. To show that the coefficient of the x term from the 
— beginning of the expansion of («+a)" is identical with the coef 
cient of the x term from the end. 


Since the number of terms in the expansion is n+ 1, there — 
are n+1—r terms before the r® term from the end, and ‘there 
fore the r* term from the end is the (n—7r +2)" term from the 
beginning. 


Thus in the expansion of (+a), that is, 

x + Saw! + 1l0a*e + Oda? + Sata + a5, a 

the 3rd term from the end is the (6—3+ 2 “that is the 4" term 
from the beginning. 


Now if we denote the coefficient of the r™ term by C,, 
and the coefficient of the (n—r+42)™ term by C,_.9 


we have ; 
Ca” (n-1)......(u-1+2) 
re Oe Fe os | ee 
C...=” (n—1)...,.. jm—(m—1+2) +2} 
ma 13h tered. 
_ 2. (n—1)...07 
~ T.2......(m—r+1) 

“ Hence , 7 
: C, _n.(n—1)......(n- r+2) 1. & osesee (N— n— 7 +1) Y 
: Ouwan L.9.:....(r=1) clk Dak 
r m.(m—1)......(m-7+2).(m—r+1).....8.1 

raf er (r—1). 7... (n—-1).0 


“> =1, which proves the proposition, 


é 
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a aa 


421. To find the greatest term in the expansion of (c+ a)", n 
heing @ positive integer. 


The r™ term of the expansion («+ a)" is 


M60 =D) 00553 (n-7+ 2) ar), gett, 
Ay here: (r—1) 
The (r+ 1)* term of the expansion (a + a)" is 
ae sexes ues (n=1 ay ee 
; We Ge > a : 


Hence it follows that we obtain the (7 +1)" term by multi- 
plying the 7™ term by 


When this multiplier is first less than 1, the r™ term is the 
greatest in the expansion, 


ee 
Now —- — is first less than 1 
a: 
when na~7ra+c is first less than ra, 
or no+ca first less than rz+ra, 
or r (c+ a) first greater than a (n+ 1), 
n+1 
or r first greater than oG@e 
v+ a 


a(n+1) Mae ia ue =1, and the 


If r be equal to ————, 
c+ a 
(r+ 1)™ term is equal to the r“, and each is greater than any 


other term. 


Ex. Find the greatest term in the expansion of (4 +a), 


when a= a 
=F 


Bou EY 8 ups nSAaens 
Here ——__! = - a= O18 | 
o+a anes 3 Sore Misael 
Tg 
The first whole number greater than 2.2 is 3, therefore the 


greatest term of the ee maio is the aa 
[s.a.] U 


€ 
4 
‘ a 


= 


. } ree i A 
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-— + _- 


422. To find the sum of all the coefficients in the expansio # 
of (1+a)". 


eS Since 1 4c"'=1 ey 8 Fe ocas ~ 
rs 
3 ORD eb Nt Pee 
putting x=1, we get 
a nr. (n— 1) nN. (n- 1) ni 
. or =1¢nt—- iy bia sia 6s +n+1; 
or, 2" =the sum of all the coefficients. 


493. To show that the sum of the coefficients of the odd term 
an the eapansion of (1+a)" is equal to the sum of the coefficients 
of the even terms. . 


Since 


wi m.(n-1) 4”. (n-1).(n—2) 
(l+a)*=1+ne+—4——- ae aoa | a+ 


‘ putting w= —1, we get 


(<1 1-095 ed). oe eek wi ian gh AP 
pe Sor, o=f{1 4 ae ; 
| fue B BaD O=9), } 


=sum of coefficients of odd terms — sum of co- 
efficients of even terms ; 


- sum of coefficients of odd terms = sum of coefficients of — . 
even terms. 7 
4 

Hence, by the preceding Article, f 


sum of coefficients of odd terms =F=2; 


; , 2" 
sum of coefficients of even terms =~, = 2". 
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FRACTIONAL AND NEGATIVE INDICES. 


424. We have shown that when m is a positive integer, 


m .(m — 1) ate 
eee 


S) 


(1+a)"=1+ma+ 


we eeee 


We have now to show that this equation holds good when 


m is a positive fraction, as 9 4 negative Integer, as — 3, ora 
al 


. : i?) 
negative fraction, as ~~ 


We shall give the proof devised by Euler. 


425. If m be a positive integer we know that 
m.(m—1) m.(m—1). (e-- 2) 
\ — | Se ae ap Spe emo Nias sa oi 
(1 +2) TU Poe 1.203 D+ sevens 


Let us agree to represent a series of the form 


m.(m—1 
1l+ma+ ro) - Vee 


Lee 


by the symbol f(m), whatever the value of m may be. 


Then we know that when m is a positive integer 


(1+a)"=f(m) ; 


and we have to show that, also, when m is fractional or 


negative 
(1-+a)"=f(m). 
.(m—1) 
Since F(m) = 1 + Ma + ie x + eeeeee 
, (nv — I 
f(n)=1 + nx oe x ie ; 


pee, 
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If we multiply together the two series, we shall obtain an 
expression of the form 


1+ ax + bu? + cx? + dat + ...... 
that is, a series of ascending powers of # in which the coefli- 
cients a, b, C...... are formed by various combinations of 
m and n. 


To determine the mode in which a and } are formed, let us 
commence the multiplication of the two series and continue it 
as far as terms involving «”, thus 


m . (m —1) ee 


f(m)=1+ma+ 1.2 


fm) x f(n)=1+ma+ - = bic wlh 


+ nx +mna? + ...0 


n.(n—1) 4 
as. —O°+ 3. 


1+ (m+n) .24 fm Slee? )) 
+mn +o eet as Pale. eased 


Comparing this product with tle assumed expression 
1+ aa + ba? + cx? + dat + ...... 
we see that a=mM+n, 


_m.(m-~ 1) n 
and b= = +mn+ 1.9 


m* —m + 2mn +n? —n 


1.2 


(m+n) .(m+n—1) 
eee 
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Similarly we could show by actual multiplication that 


(m+n). (m+n—1). (m+n—-2) 
12.8 : 
spe ey Crest tel) Ag Mies 8) 
a 1.2.3.4 , 


Thus we might determine the successive coefficients to any — 
extent, but we may ascertain the law of their formation by the 
following considerations. 


The forms of the coefficients, that is, the way in which m 
and 7 are involved in them, do not depend in any way on the 
values of m and n, but will be precisely the same whether m 
and n be positive integers or any numbers whatsoever. 


If then we can determine the law of their formation when 
m and 7 are positive integers, we shall know the law of their 
formation for all values of m and n. 


Naw when m and n are positive integers, 
f(m)=(1 +2)", 
Smal +a); 
“ f(m) x f(n) =(14+2)"x (1 +2)" 


=(1+a)"™ 
=1+(m+n)op itn) (mona Dees. 
=f (m+n). 


Hence we conclude that whatever be the values of m and n 
t(m) x f (n) =f (m+n). 
Hence S(m+n+p)=f (m) .f (n+p) 
=f (m) fn) -f(P), 
and so generally 


flmtntpt...)=f(m).f (n)f(p). 


, 


, on : OL 
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ee eee 


Now let m=n=p=...= . hand & being positive integers, 


then 
_ “1()-10)-4(Q) too, 
03, fO)= VF ale 


or, (l+a)*= FG ys 
oe a+at=s() 


o(-4) 


sit Na et aeemttib as 


which proves the theorem for a positive fractional index. 


Again, since f(m).f(n)=f(m+n) for all values of mand, 
let n= —m, then 


- a7 


f (m) .f (--m)=f(m—m) , 
=f (0). ‘a 


Now the series 1+mz+ ao nde ante 
becomes 1 when m=0, that is, f(0)=1; eng a 
2 flm).f(~m)=1; | 
| f(-m= pe ete); 
. _ fm) +s)" . 


2. (L+a)"*=f(-m) 
m 


=1+(- m) 04+ Me Dale. ite 


which proves the theorem for a sh index, integral | or 
ivactional. é 
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426. Ex. Expand (a+2)2 to four terms. 


Cr are 


1 = 
mebiaa? ie.at e+ or eee Ae 


oe a X3 o.0 
1 3 
ah! 4 Behan Rone tees ae: 
—@ +5-4@ a+ 5} a Tage Sows aeee 
: 2 3 
aes ¥ — es, oy = 
4 3 : 
Qa2 8a 16a? 


é» we might proceed thus, as is explained in Art. 416, 


Per det na \e 
(w+ 2) (1+= 


fell ) fle /Ail BE 2) 
= ] _9 
i) an : (5- ws 5(5- 2 x3 
— FP! |b Sees - 5 cpa eae o 
IG T 32 a 1,23) a 
4 2 « ue 
aT ae al ae Se oe eaeY: 
ie | Qu Stiga} 
LS ke 
4 3 5 
2a" 8a" 16a? 


EXAMPLES.—Clii. 


Expand the following expressions; 


Hes CL +a)? to five terms. Te (l= 023 to five terms. 
Doel a) to four terms. 8. (l- a2 to four terms. 

3. (@ a to five terms. 9 (= 32) to four terms. 

A +22)2 to five terms. 10. (2? - 2y 8 to four terms. 
Ise (a+%)! to four terms. She | _2y8 to four terms, 


4 
6. (at + xt)’ to four terms. 12. (=- ay)8 to three terms. 
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at: SS 
427. To expand (1+2)~. 


Gry Sl tf — 2). at ae >— =) 8 
Laue ~a=1j.(on~s) f 
€ + aa IE veevee 
Mea n(n +1) LS tere " " 
=] Re a Olen B+ acccee 


_ the terms being alternately positive and negative. 


Ex. Expand (1+<)-3 to five terms. 
8.44 3.405) 9 8 eo oUe 
Son]! 2 gh ie ee 
Pee) a eet 32 ae eee 


=1—327+ 62?— 102° + 15a4— ... 


ct eee 


428. To expand (l1—x)*. 


(1 —a)"=1-(—n).a+ —* hapa Fo 7 


— ft (Ww 1) = te 8} aS 
1,2.3 


n.(n+1)(n +2) ‘ 
tee ee 


a+ aoe 


=line+™ 


a = 
= eo 


the terms being all sick 
Ex. Expand (1 —2)-* to five terms, 

3.4 3.4.5 
—g)3= sine odisaveninecitany 
(1 —2) 1432+ - 9% uth gh ty 


=1+4 30+ 6x? + 10034 1504+ ... 


EX AMPLES.—cliii. 
Expand 


& 
6 


1. (1+a)~* to five terms, rie - e). to five terms, 


(1 -32)~' to five terms, 5. (a’—2x)- to five terms, — 


a\~* bess bh catnics ei ee 
(1-4) to four terms. 6. (a lt Miss Pp 
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429. To expand (1 4+ a)-i, 


SiGe) 


oe ] yt 
ae n— =e a 2 
(1 +a) 1+( oe x 
4 L)(C13) 
nv js 17 34 
Taare oe 
ee Ce aes 
 — ll = oe + “On? sa 6n3 a + eee 


EXAMPLES.—Cliv. 


Expand 
1. (1+ aay to five terms. 4. (1+ Qa) 2 to five terms. 
»-2 + 
2. (1—27) 2 to five terms. 5. (a?+2) * to four terms. 
=" = 
3 (a +2°) © to four terms, 6. (a? + x3) 3 to four terms. 


430. Observations on the general expression for the term involving 
x” in the expansions (1 +a)" and (1 —2)”. 


The general expression for the term involving 2’, that is the 
(r+ 1)" term, in the expansion of (1 +)" is 


Me (i —L)ic.s GU hb) 
a Dies Savi: i ou 


From this we must deduce the form in all cases. 


Thus the (r+ 1)" term of the expansion of (1 ~«)* ie found 
by changing x into (—«), and therefore it is 


n.(n—1)...(n—r+1) , 
Pagan ere 


, %.(n—1)...u—r+1) _. 
sat) (1) eee, ke 


’ 


/ 
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If n be negative and = —™m, the (r+ 1)" term of the expan- 


siop of (1+)" is 
(—m)(-m-—1)...(-m—r+l), 
aS = Lv; 


D. Dendyoah ctewarns r 
(-1)y. fm. (m+]).. .(m+r—1){a". 
“es tae. ie ars 
If n be negative and = —m, the (r+1)™ term of the expan- 


sion of (1 +a)" is 


(—1). Jm. (m+)... mt+r—D} 
ee eek yh aes r (2, 


m.(m+1)...(m+r— Bia" ye? 
og hs ene r 


Find the r® terms of the following expansions : 


1. (1+a)". 2. (l-—a)™. 3. (a—2a)8. 4. (50+ 2y)* 
5. +a)%, 6. @- a4 97. 0 =a) 3, 8. (a+ 23, 
g. (1 oe), 10. (a?—a) 4, 
ri. Find the (r+ 1)" term of (1—a)~. j 


1. 
¥2. Find the (r+1)™ term of (1-42) %. 
13. Find the (r+1)™ term of (1 +2)”. 


14. Show that the coefficient of at in (1 +a)" is the sum 
of the coefficients of a” and a in (1+2)". 


, ‘ 1\-4 
t3- What is the fourth term of (a- ) =e 
x 
16 What in the fifth term of (a?—0922 
17. What ie the ninth term of (a? + x?) t 
18. What is the tenth term of (a+b)-"? 


1 
19. What 1s thr seventh term of (a4-b)"? 
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431. The following are examples of the application of the 
Binomial Theorem to the approximation to roots of numbers. 


(1) To approximate to the square root of 104. 


/ $ 
4/104= /(100 +4) =10 (1+ are 


( 1 3s" ) (4 a 


=10 ) 1 
+3 wot 1 


Ae) (ay, 


PAP ie 


Pig ieee ee 
100 10000 § 1000000 
= 10°19804 nearly. 
(2) To approximate to the fifth root of 2. 
Mt. 
22=(14+1)5 
yt My fo a 
oS a— 1) + a (E-1(G —2 eee 
Ai) 5 e 6 5 \d jt 
ae ee 
25° 250 2500 
9 


19 y 
on OB0G 


=1-1236 nearly. 


a 


=1 + 


1 
5 
1 
5 
3 


(3) 'To approximate to the cube root of 2. 
2/25 = 3/(27-2)= af1— att. 


Here we take the cube next above 25, so as to make the 
gecond term of the binomial as small as possible, and then 
proceed as before. 


EXAMPLES.---Cclvi. 


Approximate to the following roots : 
I. wel, ge 4 LOS; 3. »/260. 4. /3l. 


ry Ss 
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432. THe symbols employed in our common system of 
Arithmetical Notation are the nine digits and zero, These 
digits when written consecutively acquire local values from 
their positions with respect to the place of units, the value of 
every digit increasing ten-fold as we advance towards the left 
hand, and hence the number ten is called the Rapix of the 
Scale. 


If we agree to represent the number ten by the letter ¢, a 
number, expressed according to the conventions of Arithmetical 
Notation by 3245, would assume the form 


308 + 2? + 4t+5 
if expressed according to the conventions of Algebra. 


433. Let us now suppose that some other number, as five, 
is the radix of a scale of notation, then a number expressed in 
this seale arithmetically by 2341 will, if jive be represented by 
f, assume the form 


2f? + 3f7 + 4f+1 
if expressed algebraically, 


And, generally, if r be the radix of a scale of notation, & 
number expressed arithmetically in that scale by 6789 will, 
when expressed algebraically, since the value of each digit 
increases r-fold as we advance towards the left hand, be repre- 
sented by 


61? 4+- 77? + 8r + 9. 


434. The number which denotes the radix of any scale will 
he represented in that scale by 10. 


Thus in the scale whose radix is five, the number five will 
le represented by 10, 


- 
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In the same seale seven, being equal to five + two, will 
therefore be represented by 12. 


Hence the series of natural numbers as far as twenty-five will 
be represented in the scale whose radix is five thus : 


i, 3,4, 10, BH, 12, 13, 14, 90, 21799) 93°94 80. 31, 
32, 33, 34, 40, 41, 42, 43, 44, 100. 


435, In the seale whose radix is eleven we shall require 
a new symbol to express the number ten, for in that seale the 
number eleven is represented by 10. If we agree to express 
ten in this scale by the symbol f, the series of natural numbers 
as far as twenty-three will be represented in this scale thus - 


sy =, 5G, 77, 8, 9, t, 10d, 12, 18°14, 15) 16 
18, 19, 1t, 20, 21 


436. In the scale whose radix is twelve we shall require 
another new symbol to express the number eleven. If we 
agree to express this number by the symbol e, the natural 
numbers from nine to thirteen will be represented in the scale 
whose radix is twelve thus ; 


Gif 650, Uh 


Again, the natural numbers from twenty to twenty-five will 
be represented thus : 


18, 19, 1t, le, 20, 21. 


437. The seale of notation of which the radix is two, is 
ealled the Binary Scale. 


The names given to the scales, up to that of which the 
radix is twelve, are Ternary, Quaternary, Quinary, Senary, 
Septenary, Octonary, Nonary, Denary, Undenary and Duo- 
denary. 


438. To perform the operations of Addition, Subtraction, 
Multiplication, and Division in a scale of notation whose index 
is 7, we proceed in the same way as we do for numbers ex- 
pressed in the common scale, with this difference only, that r 
must be used where ten would be used in the common scale: 
which will be understood better by the following examples, 
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Ex. l. Find the sum of 4325 and 5234 in the senary scale. 


the sum —14003 


which is obtained by adding the numbers in vertical lines. 
carrying 1 for every six contained in the several results, and 
set‘ing down the excesses above it. 

Thus 4 units and 5 units make nine units, that is, six units 
together with 3 units, so we set down 3 and carry 1 to the 
next column, 


Ex. 2, Find the difference between 62345 and 53466 in 
the septenary scale. 


the difference = 5546 


which is obtained by the following process, We cannot take 
six units from five units, we therefore add seven units to the 
five units, making 12 units, and take six units from twelve 
vnits, and then we add 1 to the lower figure in the secon 
column, and so on, 


Ex. 3. Multiply 2471 by 358 in the duodenary scale. 
2471 
358 
17088 
eted 
71983 
833318 


Ex. 4. Divide 367286 by 8 in the nonary scale, 

8 ) 367286 

42033 
The following is the process. We ask how often 8 is contained 
in 36, which in the nonary scale represents thirty-three units ; 
the answer is 4 and 1 over. We then ask how often 8 is con- 
tuned in 17, which in the nonary scale represents sicteen units ; 
te answer is 2 and no remainder, And so for the other digits, 


Raw 5: 


Ex. 6. 


scale, 


PEN aAnRYD o 


9 


scale. 
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Divide 1184323 by 589 in the duodenary scale. 
589) 1184323 (2483 


Extract the square root of 10534521 in the senary 


10534521 ( 2345 


t 
43 253 
213 
504 4045 
3224 
5125 42121 
42121 


EXAMPLES.—Clvii. 


Add 23561, 42513, 645325 in the septenary scale. 
Add 3074852, 4635628, 1247653 in the nonary scale, 
Subtract 267862 from 358423 in the nonary scale. 
Subtract 124321 from 211010 in the quinary scale. 
Multiply 57264 by 675 in the octonary scale. 
Multiply 1456 by 6541 in the septenary scale. 

Divide 243012 by 5 in the senary scale. 

Divide 3756025 by 6 in the octonary scale. 

Extract the square root of 25400544 in the senary scale. 
Extract the square root of 56898¢1] in the duodenary 
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439. To transform a gwen imtegral number from one scale to 
another. 
Let N be the given integer expressed in the first scale, 
r the radix of the new scale in which the number is to 
be expressed, 
Gey Uy Oievai .m, p,q the digits, n+1 in number, expressing 
the number in the new scale ; 
so that the number in the new scale will be expressed thus : 
ar + br*—) + cr"? + 0... - +mr? + pr+q. 
We have now from the equation 
N=ar" + br" + cr" + ...... 4" +pr+q 
to determine the values of a, b, ¢......™, P, 
Divide N by 7, the remainder is g. Let A be the quotient + 
then 


Az=ar"" + br? + cr? 3 +e... + mr +p. 
Divide A by 7, the remainder is p. Let B be the-quotient ; 
then . 
Baar + b+ crt 4+ 2... +m. 
Hence the 
first digit to the right of the number expressed in the 
new scale is q, the first remainder ; 
PTET oy as ade tapiens ss vhosaoacedan een tENNT p, the second remainder ; 
TNL. ha duccliwke cates Covewdx soig eta eeuin m, the third remainder ; 
and thus all the digits may be determined. 


Ex. l. Transform 235791 from the common scale to the 
scale whose radix is 6. 


ee ee ee eS ULC ClO OO Sl r,ltc CU Ll OC UC, —C—<—C 


6 | 235791 

6 39298 remainder 3 

6 6549 remainder 4 

6 ~ 1091 remainder 3 
| 6 an 181 remainder 5 

edl'nn 30 remainder 1 

6 pha remainder 0 


0 remainder 5 


The number required is therefore 5015343. 
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The digits by which.a number can be expressed in a scale 
whose radix is r will be 1, 2, 3...... r—1, because these, with 0, 
are the only remainders which can arise from a division in 
which the divisor is 7. 


Ex. 2. Express 3598 in the scale whose radix is 12. 


12 | 3598 

12 299 remainder ¢ 
12 24 remainder e 
12 2 yemainder O 


O remainder 2 
.. the number required is 20ef. 

410, The method of transforming a given integer from one 
sca. to another is of course applicable to cases in which both 
scales are other than the common scale. We must, however, - 
ie careful to perform the operation of division in accordance 
with the principles explained in Art. 438, Ex, 4. 

Ex. Transform 142532 from the scale whose radix is 6 to 
the scale whose radix is 5, 

5 142532 
20330 remainder 2 


5 

5 2303 remainder 3 
5 300 remainder 3 
5 33 remainder 3 
5 4 remainder a 


Q remainder 4 


The required number is therefore 413332. 


EXAMPLES.—Clviii. 
Express 


1. 1828 in the septenary scale, 
2. 1820 in the senary scale. 


3. 48751 in the duodenary scale, 


[s,A.] 
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4. 3700 in the quinary scale. 
. 7631 in the binary scale. 
215855 in the duodenary scale, 


nm 


7. 790158 in the septenary scale. ~ 


Transform 
8. 34002 from the quinary to the quaternary scale. 
g. 8978 from the undenary to the duodenary scale. 
10. 3256 from the septenary to the duodenary scale. 
11. 37704 from the nonary to the octonary scale. 
12. 5056 from the septenary to the quaternary scale. 
13. 654321 from the duodenary to the septenary scale. 


14. 2304 from the quinary to the undenary scale. 


441. Inany scale the positive integral powers of the num- 
ber which denotes the radix of the scale are expressed by 
10, 100, 1000... 

Thus twenty-five, which is the square of five, is expressed in 


the scale whose radix is five by 100: one hundred and twenty- 
five will be expressed by 1000, and so on. 


Generally, the n™ power of the number denoting the radix 
in any scale is expressed by 1 followed by n cyphers. 


The highest number that can be expressed by p digits in a 
scale whose radix is r is expressed hy 7” —1. 


Thus the highest number that can be expressed by 4 digits 
in the scale whose radix is five is 
1041, or 10000 - 1, that is 4444, 
The least number that can be expressed by p digits in a 


scale whose radix is r is expressed by r?~', 


Thus the least number that can be expressed by 4 digits in 
the scale whose radix is five is 


10 or 105, that is 1000, 
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Lee ananneauhe sanenqenaatio 


442. In a scale whose radix is r, the sum of the digits of 
an integer divided by (r—1) will leave the same remainder as 
the integer leaves when divided by 7-1. 


Let N be the number, and suppose 


N=ar" + br + er"? 4 0. + mr + pr + q. 
Then 
N=a(r"— 1) + (1-1) +e(r"? = 1) + 2. +m(r?-1) +: p(r—-1) 
+1a+b+e+ ...... +m+p+q}. 
Now all the expressions r*—1, 7-1-1... 2-1, r—1 are 


divisible by r—1; 


: My Cee pa nnlarti nee fe Da ee 
r—l 5 r—1 
which proves the proposition, for since the quotients differ by 
an integer, their fractional parts must be the same, that is, the 
remainders after division are the same. 


Nore, From this proposition is derived the test of the 
accuracy of the result of Multiplication in Arithmetic by cast- 
ang out the nines, 


For let A=9m-+a, 
and B=9n+6; 
then AB=9(9mn + an+bm) + ab; 


that is, AB and ab when divided by 9 will leave the same 
remainder. 


Radical Fractions. 


443, As the local value of each digit in a scale whose radix 
is r increases r-fold as we advance from right to left, so does 
the local value of each decrease in the same proportion as we 
advance from left to right. 


If then we affix a line of digits to the right of the units’ 
place, each one of these having from its position a value 
one-r™ part of the value it would have if it were one place 
further to the left, we shall have on the right hand of the 
units’ place a series of Fractions of which the denominators 


. va 
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cto 


are successively 1, r%, r3,......, while the numerators may be’ 
any numbers between r—1 and zero. These are called 
RapDIcaL FRacTIONS. 


In our common system of notation the word Radical is 
replaced by Decimal, because ten is the radix of the scale. 


Now adopting the ordinary system of notation, and marking 
the place of units by putting a dot * to the right of it, we have 
the following results : 


Tn the denary scale ; 
ri 8. 9 
246-4789 = 2x10?+4x 1046450 +7o9 + ost ior 
in the quinary scale 

Bil 2 1 3 

10 * 102 + 108 + [ow 
remembering that in this scale 10 stands for five and not for ten 
(Art. 434). 


(324-4213 = 3x 102+2x10444- 


444, To show that in any scale a radical fraction is a proper 
fraction. 


Suppose the fraction to contain n digits, a, b, ¢ ...... 


Then, since r—1 is the highest value that each of the digits 
can have, 


a b ; Dey . 
pt gat 18 not greater than (r- )(F+a+ - ton terms ) 


a 
not greater than (r— 1) j' ‘ee > 3 


not greater than (r= 1) {2 pre 5h 


not greater than a J, 


not greater than 1 - 1 
7 
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Hence the given fraction is less than 1, and is therefore a 
proper fraction. 


445. To transform a fraction expressed in a given scale ito 
a radical fraction in any other scale. 


Let F' be the given fraction expressed in the first scale, 


r the radix of the new scale in which the fraction is to 
be expressed, 


a, b, c... the digits expressing the fraction in the new 
scale, so that 


from which equation the values of a, b,c...are to be deter- 
mined, 


Multiplying both sides of the equation by 7, 
Ryan po wa 
(ey 


Now a 5 +... is a proper fraction by Art. 444. 


Hence the integral part of Fr will =a, the first digit of the 
new fraction, and the fractional part of F’r will 


ae 
me T 72 eee 
Giving to this fractional part of /’r the symbol F, we have 
(eo: ees 
es 
Multiplying both sides of the equation by r, 
Fir = b ae ar eee 
* 
Hence the integral part of Fyr=b, the second digit of the new 


fraction, and thus, by a similar process, all the digits of the 
new fraction may be found. : 


ay 
_ 


7 


therefore fraction is ‘203241 recurring. 


Ex. 2. Express *84375 in the octonary scale: 


The fraction required is -66. 


Ex. 3. Transform -42765 from the no 


( scale, 


The fraction required is 2513... 
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Ex. 1. Express . as a radical fraction in the quinary 


SxSmm Ste, 
: pxdme 0m, 
axa eB +E, 
pea a atm 
pxOgaedte, 
8 5010143; 


‘e 
nary to the senary 


“ie 
2 
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Ex. 4 Transform ¢124:t275 from the duodenary to the 
quaternary scale ; 


4 | e124 *t275 
4 2937 —remainder 0 = Es 
4 — 83t —remainder 3 hae 
4, 20e—remainder 2 L'75 #8 
4 62 — remainder 3 4 
4 | 16 —remainder 2 92-5068 
4 a —remainder 2 , 4 
4 ~~ | —remainder 0 16128 
| 0 —remainder 1 


Number required is 10223230°3121... 


1 20 
1. Express 36 12 the senary scale. 


Express a in the septenary scale. 


N 


Express 23°125 in the nonary scale. 
Express 1820°3375 in the senary scale. 


In what scale is 17486 written 212542? 


Ox eas as 


In what scale is 511173 written 1746305 ? 

7. Show that a number in the Common scale is divisible : 
(1) by 3 if the sum of its digits is divisible by 3. 

(2) by 4 if the last two digits be divisible by 4. 

(3) by 8 if the last three digits be divisible by 8. 


(4) by 5 if the number ends with 5 or 0, 
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(5) by 11 if the difference between the sum of the digits 
in the odd places and the sum of those in the even | 
places be divisible by 11. : = 


A 


: 


‘ 8. If N be a number in the scale whose radix is r, and n 
be the number resulting when the digits of N are reversed, 
show that N— vn is divisible by r-1l- 


‘ 
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446. Der. The Logarithm of a number toa given base 
is the index of the power to which the base must be raised to 
give the number. 


Thus if m=a*, x is called the logarithm of m to the base a. 
OF 
For instance, if the base of a system of Logarithms be 2, 


3 is the logarithm of the number 8, 
because 8 = 23; 
and if the base be 5, then 
3 is the logarithm of the number 125, 


because 125 =53, 


447. The logarithm of a number m to the base a is written — 
thus, log,m; and so, if m=a*, 


x=log,m. 
Hence it follows that m=a'%™, 


7 
448. Since 1=a°, the logarithm of unity to any base is f 
zero. 


Since a=a", the logarithm of the base of any system 
is unity. 


~ 449. We now proceed to describe that which is called. the 


Common System of loyarithims. 


The base of the system is 10, 
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Beate a 
By a system of logarithms to the base 10, we mean a succes- 
sion of values of « which satisfy the equation 
m = 10* 
for all positive values of m, integral or fractional, 


Such a system is formed by the series of logarithms of 
the natural numbers from 1 to 100000, which constitute the 
lovarithms registered in our ordinary tables, and which are 
therefore called tabular logarithms. 


450. Now Lor 
1O-=10" 
100 = 102, 
1000 = 10%, 
and so on. 


Hence the logarithm of 1 is 0, 
Ge, WiLOnis 1, 
of 100 is 2, 
of 1000 is 3, 
and so on. 


Hence for all numbers between 1 and 10 the logarithm is a 
decimal less than 1, 

between 10 and 100 the logarithm is a decimal between 1 
and 2, 

benween: LOO atid LOO: 05. .creacs.cseasnct os a decimal between 2 
and 3, and so on. 


451. The Jogarithms of the natural numbers from | to 12 
stand thus in the tables : 


No. Log No. Log 
1 0-0000000 7 | 0°8450980 
2 | 0°3010300 8 | 0:9030900 
3 | 0°4771213 9 | 09542425 
4 | 0°6020600 10 | 1:0000000 . 
5 | 0°6989700 11 | 1:0413927 
| 6. + O'7 781513 12 | 1:0791812 


The logarithms are calculated to sever places oF Aecimals 


= 
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452. The integral parts of the logarithms of numbers 
higher than 10 are called the characteristics of those logarithms, 
and the decimal parts of the logarithms are called the mantisse. 


Thus 1 is the characteristic, 
0791812 the mantissa, 
of the logarithm of 12, 


453. The logarithms for 100 and the numbers that succeed 
it (and in some tables those that precede 100) have no charac- 
teristic prefixed, because it can be supplied by the reader, being 
2 for all numbers between 100 and 1000, 3 for all between 
1000 and 10000, and so on. Thus in the Tables we shall 
tind 


| No. Log 

| 100 | 0000000 
101 | 0043214 

| 102 | 0086002 
103 | 0128372 
104 | 0170333 
105 | 0211893 


which we read thus: 
the logarithm of 100 is 2, 


of 101 is 2:0043214, 
of 102 is 20086002; and so on. 


454, Logarithms are of great use in making arithmetical 
computations more easy, for by means of a Table of Logarithms 
the operation 


of Multiplication is changed into that of Addition, 


Pee TERT 6 5, Wt dawned she shiv un eaedbente Subtraction, 
aev REDMOND UNOT I 4) Sevag webs wns creavavvasan tell Multiplication, 
je ET CNRIOTE | Speccth wi euatpabaanu Oaae Seale Division, 


as we shall show in the next four Articles, 


455. The logarithm of a product is equal te the swum of the 
logarithms of its factors, 
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Let . m=a*, 
and n=. 
Then mn=atys 


-. logmn=x+y 
=log,m + log.n. 


Hence it follows that 
log,mnp =log,m + log,n + log.p, 
and similarly it may be shown that the Theorem holds good 
for any number of factors. 


Thus the operation of Multiplication is changed into that of 
Addition. 


' Suppose, for instance, we want to find the product of 246 
and 357, we add the logarithms of the factors, and the sum is 
the logarithm of the product: thus 

log 246 = 2°3909351 
log 357 = 2°5526682 


their sum = +:9436033 
which is the logarithm of 87822, the product required. 


Nore. We do not write log,,246, for so long as we are 
treating of logarithms to the particular base 10, we may omit 
the suffix. 


456. The logarithm of a quotient is equal to the logarithm of 
the dividend diminished by the logarithm of the divisor. 


Let m=a", 
and n=a". 
m 
Then a ars 
fom 
OR ay, =xr2—-Y 


=log,m —log,n. 


Thus the operation of Division is changed into that of Sub- 
traction. — 
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If, for example, we are required to divide 371:49 by 52°376, 
we proceed thus, 


log 371°49 = 2°5699471 
log 52376 = 1°'7191323 


their difference= 8508148 
_ which is the logarithm of 7:092752, the quotient required. 


457. The logarithm of any power of a number is equal to the. 
product of the logarithm of the number and the index denoting the 
power. 

Let m=a*. 

Then m’ =a™; 

“. log,m’=rz 
=r. logm. 


Thus the operation of Involution is changed into Multipli- 
cation. 


Suppose, for instance, we have to find the fourth power of 
13, we may proceed thus, 
log 18 =1:1129434 
4 
4°4557736 
which is the logarithm of 28561, the number required. 
458, The logarithm of any root of a number is equal to the 


quotient arising from the division of the logarithm of the number 
by the nwmber denoting the root. 


Let m= a’, 
1 Ld 
Then m =a"; 
1 
.. 
“. logym’ = 
as. th 
— r . Sam. 


Thus the operation of Evoln iou is changed into Division. — 
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~ — Se —————___——— 


If, for example, we have to find the fifth root of 16807, we 
proceed thus, 
5 | 42254902, the log of 16807 


*8450980 


which is the logarithm of 7, the root required. 


459. The common system of Logarithms has this advantage 
over all others for numerical calculations, that its base is the 
same as the radix of the common scale of notation. 


Hence it is that the same mantissa serves for all numbers 
which have the same significant divits and differ only in the 
position of the place of units relatively to those digits. 


For, since log 60=log 10+log 6=1+log 6, 
log 600=log 100+log 6=2 + log 6, 
log 6000 =log 1000 + log 6=3 + log 6, 

it is clear that if we know the logarithm of any number, as 6, 


we also know the logarithms of the numbers resulting from 
multiplying that number by the powers of 10. 


So again, if we know that 
log 1:7692 is -247783, 
we also know that 
log 17°692 is 1°247783, 
log 176°92 is 2°247783, 
log 1769°2 is 3°247783, 
log 17692. is 4:247783, 
log 176920 is 5:247783. 


460. We must now treat of the logarithms of numbers less 
than unity. 


Since Pee 
. 1 — —1 
1=j5=107, 
Os 16-4 
TI Oa cd 


— 


a. . we 
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_ the logarithm of a number 


between land ‘1 les between Oand —1, 


cen e ete neta eeeeee 


nx Detweenm ~ “andiatOis sicdeae re —land -2, 


between *O1 and ‘OOl 7. .c..c.ccer.<ss —2and -3, 


enebe were ceseceeeee 


and so on. 


Hence the logarithms of all numbers less than unity are 
negative. 


We do not require a separate table for these logarithms, for 
we can deduce them from the logarithms of numbers greater 
than unity by the following process : 


6 
log 6 =log i0 =log 6-log 10 =log 6-1, 


6 
log ‘06 =log 133 =log 6=— log 100 = lox 6 -2, 


6 


ne log 6 — log 1000= log 6 — 3. 


log 006 = log 
Now the logarithm of 6 is °7781513. 


Hence 
log 6 = —14+°7781513, which is written 17781513, 
log 06 = —2+4°7781513, which is written 2°7781513, 
log 006 = ~3+°7781513, which is written 3°7781513, 


the characteristics only being negative and the mantisse 
positive. 


461. Thus the same mantissa serve for the logarithms of 
all numbers, whether greater or less than unity, which have the 
same significant digits, and differ only in the position of the 
place of units relatively to those digits, 


It is best to regard the Table as a register of the logarithms 
of numbers which have one significant digit before the decimal 


point. 
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No. Log 


For instance, when we read in the tables 144 | 1583625, we 
interpret the entry thus 


log 1:44 is "1583625. 


We then obtain the following rules for the characteristic to 
be attached in each case. 


I. If the decimal point be shifted one, two, three ...n 
places to the right, prefix as a characteristic 1, 2, 3... n. 
Il. If the decimal point be shifted one, two, three .... 
places to the left, prefix as a characteristic 1, 2,3. 
Thus log 1:44 is +1583625, 
‘. log 144 is 1°1583625, 
log 144 is 271583625, 
log 1440 is 3°1583625, 
log 144 is 1°1583625. 
log -0144 is 271583625, 
log 00144 is 371583625 
462. In calculations with negative characteristics we follow 


tne rules of algebra. Thus, 


(1) If we have to add the logarithms 3°64628 and 2:42367, 
we first add the mantisse, and the result is 1:06995, and then 
add the characteristics, and this result is 1. 


The final result is 1 + 1:06995, that is, -06995. 


(2) To subtract 56249372 from 3°2456973, we may arrange 
the numbers thus, 
— 3+ ‘2456973 
—5 + 6249372 


1+ °6207601 


the 1 carried on from the last subtraction in the decimal places 
changing — 5 into —4, and then — 4 subtracted from — 8 giving 
1 as a result. 


Hevce the resulting logarithm is 16207601. 
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(3) To multiply 37482569 by 5. “ 
3°7482064 
5 
12°7412845 


the 3 carried on from the last multiplication of the decimal 
places being added to — 15, and thus giving — 12 as a result, 


(4) To divide 14°24567236 by 4. 
Increase the negative piiaceisbecistan so that it may be exactly 
divisible by 4, making a proper compensation, thus, 
14:2456736 = 16 + 2°2456736. 


14:2456736 16422456736 — 
Then ——,— = — 4+ 5614184; 


and so the result is 45614184. 


EXAMPLES.—clIx. 


Add 3:1651553, 4°7505855, 6°6879746, 2°6150026. 
Add 4°6843785, 5°6650657, 3°8905196, 3°4675284, 
Add 2°5324716, 3°6650657, 5°8905196, 3156215. 
From 2°483269 take 3°742891. 

From 2°352678 take 5428619. 

From 5°349162 take 3°624329. 

Multiply 2°4596721 by 3. 

Multiply 7:429683 by 6. 

Multiply 9°2843617 by 7. 

Divide 6°3725409 by 3. 

Divide 14-432962 by 6. 

12. Divide 453627188 by 9. 


- 
. 
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° 
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463. We shall now explain how a system of logarithms 
ealculated to a base a may be transformed into baby! system 


of which the hase is ). 
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a 


Let m be a number of which the logarithm in the first 
system is # and in the second y. 


Then m= a", 
and m = bY. 
Hence bY=a*, 
b= a! ‘ 
x 
ae y log,b > 
ein dels 
vay logsp- 
Remy of! 
ee log,b 


Hence if we multiply the logarithm of any number in the 
system of which the base is @ by ae we shall obtain the 


logarithm of the same number in the system of which the base 
is b. 


This constant multiplier a is called Taz Moputus of the 
Da 


system of which the base is b with reference to the system of 
which the base is a. 


464. The common system of logarithms is used in all 
numerical calculations, but there is another system, which we 
must notice, employed by the discoverer of logarithms, Napier, 
and hence called THe NAPrERIAN SYSTEM. 


The base of this system, denoted by the symbol e¢, is the 
number which is the sum of the series 


i 1 1 : 
depts one 


of which sum the first eight digits are 2°7182818, 


2 


465. Our common logarithms are formed from the Loga. 
rithms of the Napierian System by multiplying each of the 
[s.A.] ¥ 
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fon = 


latter by a common multiplier called The Modulus of the 
Common System 
This a a is, In accordance with the conclusion of 


Art. 463, ‘fog. 10 


That is, if J and N be the logarithms of the same number in 
the common and Napierian systems respectively, 


1 T 
= log, 10 NN. 
Now log, 10 is 230258509 ; 
: 1 1 
* jog, 10 ' 230358509 °° “43429448, 


and so the modulus of the common system is -43429448. 


466. To prove that log,b x logya=1. 


Let x=log,). 

Then b=a'; 
1 

Raa; 
1 ’ 

anes logya. 

1 

Thus log,b x logsa=a x z 


=1, 


467. The following are simple examples of the method ot 
applying the principles explained in this Chapter, 


Ex. 1. Given log 2=-3010300, log 3="4771213 and 
log 7 ='8450980, find log 42. 
Since 42=2x3x7 
log 42 =log 2 + log 3 +log 7 
= 3010300 + 4771213 + 8450980 
= 1'6232493, 
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Ex. 2. Given log 2=-3010300 and log3="4771218, find 
the logarithms of 64, 81 and 96. 
log 64=log 2°=6 log 2 
log 2 = °3010300 
6 


-. log 64=1°8061800 


log 81 =log 34=4 log 3 


log 3= 4771213 
4 


+. log 81 = 1-9084852 


log 96 = log (32 x 3) =log 32 + log 3, 
and log 32 =log 2°=5 log 2 
+, log 96=5 log 2 + log 3= 15051500 + 4771213 = 19822713. 


Ex. 3. Given log5=‘6989700, find the logarithm of 
_ (6:25). 
log (6° opt =i log 6:25 = Liog Ces (log 625 — log 100) 


7 7 S100" 7 


— 


o 54 = go 
= (log 5t-2)= 7 (log 5 — 2) 


=~ (2°7958800 — 2) = "1136657. 


al 


EXAMPLES.—clXxi, 


1. Given log 2,=+3010300, find log 128, log 125 and 
log 2500. 


2. Given log2=°3010300 and log 7=*8450980, find the 
logarithms of 50, 005 and 196. 


3. Given log2=°3010300, and log3= ‘4771213, find the 
logarithms of 6, 27, 54 and 576. 


4. Given log 2="3010300, log 3 = "4771218, log 7 ="8450980, 
find log 60, log ‘03, log 1°05, and log 0000432, 
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5. Given log 2=-3010300, log 18 = 1-2552725 and ; 
log 21 =1-3222193, find log :00075 and log 31°5. 
6. Given log 5=°6989700, find the logarithms of 2, -064, 
1 
260\ 14 
and 520 
a aks log 2=*3010300, find the logarithms of 5, -125, 


and ( son 


8. What are the logarithms of ‘01, 1 and 100 to the base 
102 What to the base ‘01 ? 


9. What is the characteristic of log 1593, (1) to base 10, 
(2) to base 12? 


Io. Given an=8, and x=3y, find a and y. 
11. Given log 4=°6020600, log 1:04 =-0170333 : 


1 
(2) Find the logarithms of 2, 25, 83-2, (625)™. 
(6) How many digits are there in the integral part of 
(1:04)8000 9 
12. Given log 25 =1°3979400, log 1:03 = 0128372 : 
1 
(a) Find the logarithms of 5, 4, 51°5, (064)™, 
(6) How many digits are there in the integral part of 
(1:03)? 


13. Having given log 3="4771213, log 7=*8450980, 
log 11 = 1:0413927 : 


77 3 
find the logarithms of 7623, ; 300 and , 530" 
14. Solve the equations : 
(1) 4096"= 5. (4) a™b* =, 
(2) (4) =625. (5) a. tract, 


(3) a*.bbe=m, (6) a*h™ =¢'-*, 
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468. We have explained in Arts. 459—461 the advantages 
of the Vommon System of Logarithms, which may be stated in 
amore general form thus: 


Let A be any sequence of figures (such as 2°35916), having 
one digit in the integral part. 


Then any number N having the same sequence of figures 
(such as 235'916 or *00235916) is of the form A x 10", shee n 
is an integer, positive or negative. 


Therefore log,,N=log,,(A x 10")=log,,A +n. 


Now A lies between 10° and 10!, and therefore log A lies 
setween 0 and 1, and is tlierefore a proper fraction. 


But log,,N and log,, 


A differ only by the integer n ; 


Sloe, 


A is the fractional part of log,,N. 


Hence the logarithms of all numbers having THE SAME 
SEQUENCE OF FIGURES have the same mantissa. 


Therefore one register serves for the mantissa of logarithms of all 
such numbers. This renders the tables more comprehensive. 


Again, considering all numbers which have the same 
sequence. of figures, the number containing two digits in the 
integral part=10.A, and therefore the characteristic of its 
logarithm is 1. 

Similarly the number containing m digits in the integral 


part=10". A, and therefore the characteristic of its logarithm 
is m. 


Also numbers which have no digit in the integral part and 
one cypher after the decimal point are equal to A .107! and 
A .10~ respectively, and therefore the characteristics of their 
logarithms are — 1 and —2 respectively. 


Similarly the number having m cyphers following the decimal 
polnt— A). 10°; 
.. the characteristic of its logarithm 1s —(m+1). 
Hence we see that the characteristics of the logarithms of all 


numbers can be determined by inspection and therefore need not be 
registered. This renders the tables less bulky. 
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469. The method of using Tables of Logarithms does 
not fall within the scope of this treatise, but an account of 
it may be found in the Author’s work on ELEMENTARY 
TRIGONOMETRY. 


470. We proceed to give a short explanation of the way 
in which Logarithms are applied to the solution of questions 
relating to Compound Interest. 


471. Suppose r to represent the interest on £1 for a year, 
then the interest on P pounds for a year is represented by 
Pr, and the amount of P pounds for a year is represented 
by P+Pr. 


472. To find the amount of a given sum for any time at 
compound interest. 
Let P be the original principal, . 
r the interest on £1 for a year, 
m the number of years. 


Then if P,, P,, P,...P, be the amounts at the end ot 
1, 2,3...” years, 


P,=P +Pr=P (1+n), 
P,=P,+Py=P,(1+r)=P (141)? : 
P,=P,+Pywr=P,(1+r)=P(1+1)3, 


eee eee eee eee eee eee eee eee ee ee ee eee! 


P,=P (1+r) 


473. Now suppose P,, P and r to be given: then by the aid 
of Logarithms we can find n, for 


log P,=log | P(.+r)"{ 
=log P +n log (1+1) ; 


n= log Py. ~ log P 
log(l+r) — 
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474. If the interest be payable at intervals other than a 
year, the formula P, =P (1+7r)" is applicable to the solution of 
the question, it being observed that r represents the interest 
on £1 for the period on which the interest is calculated, half- 
yearly, quarterly, or for any other period, and m represents the 
number of such periods. 


For example, to find the interest on P pounds for 4 years 
at compound interest, reckoned quarterly, at 5 per cent. per 
annum. 

1 bez 


Here t=7 of 50 100 


n=4x4=16; 
-. P,=P (1+ 0125)", 


='0125, 


N.B.—The Logarithms required may be found from the 
extracts from the Tables given in pages 329, 330. 


1. In how many years will a sum of money double itself 
at 4 per cent. compound interest ? 


2. In how many years will a sum of money double itself 
at 3 per cent. compound interest ? 


3. In how many years will a sum of money double itself 
at 10 per cent. compound interest ? 


4. In how many years will a sum of money treble itself 
at 5 per cent. compound interest ? 


5. If £P at compound interest, rate r, double itself in n 
years, and at rate 27 in m years: show that m:n is greater 
tran 1 + 2. 


6. In how many years will £1000 amount to £1800 at 
5 per cent. compound interest ? 


7. In how many years will £P double itself at 6 per cent. 
per ann. compound interest payable half-yearly ? 


APPENDIX. 


475. THE following i is another method of proving the prin- 
cipal theorem in Permutations, to which reference is made in 
the note on page 289, 


To prove that the number of permutations of n things taken x at 
a time isn. (n—1)...... (u—r+1). 


Let there be n things a, b, ¢, d...... 


If n things be taken 1 at a time, the number of permutations 
is of course n. 


Now take any one of them, as a, then n—1 are left, and 
any one of these may be put after a to form a permutation, 
2 at a time, in which @ stands first: and hence since there are 

n things which may begin and each of these n may have n—-1 
put after it, there are altogether n(n—1) permutations of 1 n 
things taken 2 at a time. 


Take any one of these, as ab, then there are n -2 left, and 
any one of these may be put after ab, to form a permutation, 
3 at a time, in which ab stands first; and hence since there 
are n(n ~1) things which may begin, and each of these n(m—1) 
may have n—2 put after it, there are altogether n(m— 1) (n — 2) 
permutations of n things taken 3 at a time. 

If we take any one of these as abe, there are n—3 left, and 
so the number of permutations of n things taken 4 at a time is 
n.(n—1)(n—2)(n—- 3). 

So we see that to find the number of permutations, taken 
r at a time, we must multiply the number of permutations, 
taken r—1 at a time, by the number formed by subtracting 
r—1 from n, since this will be the number of endings any one 
of these permutations may have. 


Hence the number of permutations of n things taken 5 at a 
time is 
n(n ~ 1) (n—2) (n—38) x (n—4), or n(n—1) (n—2) (n—3) (n—4); 
and since each time we multiply by an additional factor the 
number of factors is equal to the number of things taken at a 
time, it follows that the number of permutations of n things 
taken rat a time is the product of the factors 


n.(n~—1)(n—2)...... (n-r+1). 
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me 7. (a—4) (a -3). 8. (ab 26) (ab—1). 
9. 10. (yz — 11) (wy# — 2). 


(bic! — 5) (bc! - 6). 


I. 
4. (a+ 20) (a— 7). 
. (wt+4) (at 1). 
. (m® + 20) (m*> —5). 


ON = ie 


_ 


. («—11) (+6). 
~ (n = 15) (n+ 4). 
~ (x — 10) (@+ 1). 
. (min — 2) (min + 1). 


. («+9)?. 
. (@+100)4, 
» (x2 +12), 


. (w7—4)% 
. (2-50)% 


a 
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xi. 


(a + 12) (a —5). 


DO BV 


Sloe 


. (t—3)(a—- 12). 

. (ab—18) (ab +2). 
. (y+ 10) (y?—9). 
. £(0? + 3ax+ 4a”). 
_ (y—3) (y= 1). 

. («+a) (a-b). 

. (ab—d) (b-c). 


ROMs 


XXV:. 
2. (w—14)*. 


(a3— 19)? 


2. («+13)% 
6. (a? +7). 
10. (xy+81)?. 


6. (a?—11)%. 
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(Page 46.) 


2. (x + 15) (# — 3). 
5. (b+ 25) (b— 12). 


3. (a+ 12) (a-1). 
6. (6+30) (b—5). 
8. (ay + 14) (wy - 11). 

To. (n+ 30) (n— 18). 


(Page 46.) 
2. (w©-9) (+2). 
5. (y~14) (y+1). 


3. (m—12)(m+38), 

6. (2-20) (2 +5). 
8. (cd —30) (cd + 6). 

10. (ptq? — 12) (pig? +7). 


(Page 47.) 
2. («+9) (7-5). 
4. (at —5m) (at+ 2m). 
6. (7 +10) (a? —11). 
8. («+m) («+n). 
10. (ay—ab) («—c). 
12. («—c) (e+d). 
4. 4.(«—4y) (w—3y). 


_ 


(Page 48.) 
3. (&@ +17). 4. (y+1)*% 
7. (a+ By). 8. (m*+ 8n?)?, 


(Page 48.) 


3. (« — 18)? 
7. («—1b5y)* 


4. (y—20)*. 
8. (m*—16n?)2, 


ae “ae 
XXvi. (Page 50.) 
- (&+y) (wy). 2. (@+3)(@-3) 3. (2¢+5) (22-5). | 
~ (a? +0") (a®—a%), 5. (+1) (@-1). 6. (@3+1) (28-1). 
. (e*+1) (2*-1). 8. (m?+4) (m®—4). a 
. (6y + 72) (6y — 72). 10. (9xy + 1lab) (Qey —11ab). 
. (a—b+c) (a-b—-c). 12. (c+m—n) (c—m+n). 
. (at+b+ce+d) (at+b-—c-d). 14, 2x x Qy, 
. (©-y+2) (@-y-2). 
. (a—b+m+n) (a—-b-—m-n). 
. (a—c+b+d) (a—c-—b-d). 18. (a+b—c) (a—b+e). 
. (+y +2) (a+ y—2). 20, (a—b+m-—n) (a—b—m+n). 
. (av + by +1) (ax + by - 1). 22. 2ax x Qby. 
. (L+a—b) (1-a+b) 24. (l+a-y) (1-x+y). 
- (a+y+2) (e-y-2). 26. (a+ 2b— 3c) (a—2b + 3c). 
. (a? + 4h) (a? - 4b). 28. {1+ 7c) (1 -7e). 
. («-b+ce+d) (a—b-c-d). 30. (a+b—c—d) (a—b—c+d). 
. Bax (ax +3) (aa—3). 32. (a*b? +c) (a*b  — ct). 
. 12(a@—1) (2a+1). 34. (9u+7y) (5u+y). 
. 1000 x 506, 


/ xxvii. \ (Page 51.) 


. (a+b) (a? —ab+b*). 2. (a—b) (a® +ab+b%. 

. (a—2) (a? + 2a+ 4). 

. («@+7) (a? — 7x +49). 

- (b—5) (0? + 5b + 25), 6. (w+ 4y) (a - dary + 16y?), 

. (a6) (a? + 6a +36). 8. (2 + By) (4a? - Gry + 92), 
(4a — 10b) (16a® + 40a + 100%), 

. (9a + By) (Bla? — 72xy + 64y?). 

» (ty) (ay +9") (© y) (x + ay + yh 


10. 
I. 
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(a+1) (a? -% +1) (w—1) @+2%+1). 
(a +2) (a? — 2a + 4) (a - 2) (a2 + 2a+ 4). 


. (B+y)O-3yt+y*)(B—-y) (9+3y+y")- 


XXViii. (Page 51.) 


a+b. z. Take b from a and add ¢ to the result. 
2 -A@—b. 5§5.0+1. 6. ¢—2,9-1, a a+ lot 
OF) 9&0, 9: da. IO. ¢. II. ©—Y. 12. ©—y. 
365 — 62. 14; C—O: 15. “+054, 
A has «+5 shillings, B has y—5 shillings, 

o— 8. 81S. PY.. (19. c2—wsy, —2oung, 2EtZoa—w 
y—25. 23. 256m§ 24. dbs 925. 4-5, 26. ¥ +7. 
ey’. 28. («%+y)(%—y). 29, 42. 20; 2k 

28. A, he eg) 9G6 = 2Oh 34. Bi 35. aie 


xix. (Page 53.) 


To a add b. 

From the square of a take the square of 6. 

To four times the square of a add the cube of b. 

Take four times the sum of the squares of a and b, 

From the square of a take twice 6, and add to the result 
three times ¢. 

To a add the product of m and 6b, and take c from the 
result. 

To a add m. From b take c Multiply the results 
together. 


Take the square root of the cube of a. 
Take the square root of the sum of the squares of # and y. 
Add to a twice the excess of 3 above c. 


Multiply the sum of @ and 2 by the excess of 3 abeve ¢, 
[sa]. Z 


4 
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12. Divide the sum of the squares of a and 6 by four times 
the product of w and 6. 

13. From the square of « subtract the square of y, and take 
the square root of the result. Then divide this result 
by the excess of « above y. 

14. To the square of « add the square of y, and take the 
square root of the result. Then divide this result by _ 
the square root of the sum of « and y. 


xxx. (Page 53.) 
bat soe 3 Ti apt 5. 20. 6. 33. 


7,105. 8 27. 9, 14 10. 120, 11. 210. 12. 1458. 
13. 30. 14.5. 15. 3 16. 4. 17. 49. 18. 10. 


19. 12, 20, 4. 21. 43, 22. 20, 23. 29. 24. 41536, 25. 52. 


xxxi. (Page 54.) 


1. 0. 2. 0. 3. 2ac, 4. 2ry. 5. a? + 0? 
6. 4at + (6m — 6n) a3 — (4m? + 9mn + 4n?) «x? 
+ (6m2n — 6mn?) w + 4men*, 
7. cr? +dr+e. 8. —a'—b'—cl + 2a%b? + Qare? + 2b7c*, 
When c=0, this becomes —at—b*+2a*b?. When 
b+c=a, the product becomes 0, When a= b=c, it 
becomes 3a*. g. 0. 10, 34. 
12. (a) (a+b) a? + (c+d)«. (8) (a—b) a —(e+d—2)a*. 
(y) (4-4) a3 — (8+ b)a2—(5+c)a. (8) a? —D? + (Qa+ 2b) a. 
(e) (m®—n?*) af + (2mq— Qnq) x3 + (2m — Wn) 2, 
13. 8 -(a+b+e) a? + (ab + ac + be) x — abe. 
14. 2+ (a+b+0) a? + (ab + ac + be) x + abe, 
15. (at+b+c)=a+ 3a2b + Bab? +b? +c? + 3a%e 
+ Babe + 3b*e + 8ac? + Bbe*, 
(a+b—c)=a3+ 3a + dab? + bt ? — Bare 
~ Gabe — 3b" + Bac? + Bhe*, 


, 
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(b+e—a)8= —a3 + 30% — 3ab? +53 + 3 + 3a%ec 
— Gabe + 3b%c ~ 8ac? + 3bc?. 
(c+a—b)=a3—3a% + 3ab? - 03 + c3 + 3a%c 
— babe + 3b%c + 8ac? — 3bc?. 


The sum of the last three subtracted from the first gives 


24abe. 

16. 9a? + 6ac —3ab + 4be — 6b. 177 alo — yt 

18. 2ac—2be—2ad+2bd. The value of the result is —2bc. 

19. ab+ay+(b+14+2a) 0+ (2a-—b-1)y. 
20. 9. 21. ab+a2+(a—b+1)x-(a+b+1)y. 
mee. 23. (7m+4n+1)a+(1—6n—4m) y. 
25. 4a? + 6ac+ 2ab + 9be — 6b. a6. 3: 128; 3% Tle: 
a7. 9: 28, 44. 29. 20. 30. 35. STs, tO 

Xxxii. (Page 60.) 

ie 2. 2. 2, ls Ae sle Be 2s 6. 2. Taos 
8. 4. g. 9. 10. Ans. 54. 

El, 2: 12. 9 Nee abe 14. —7. Teheae 165 
Pa 2s 18. 8. 1g. 10. 20. 6. 21. 4. 22. 10. 
23, 3 24, 16. 25. 1. 26. 2. 27, St 28. 4. 
29. 6. a0, =! 

xxxiii. (Page 62.) 

FracO: 2. 43. 3. 23. AswT,, 2s 5. 36, 26, 18,12, 
6. 19,8 7. 50,30. 8 10, 14, 18, 22, 26,30. 9. £68. 
10. 12 shillings, 24 shillings. I1. 52. 

12. A has £130, B £150, C £130, D £90. 

13. 152 men, 76 women, 38 children, 14. £350, £450, £720. 


2, es 16, £8. 15s. 17. 84, 26. 18. 62, 28. 
. The wife £4000, each son, £1000, each daughter £500. 
. 49 gallons. a1. £14. £24, £38. 23, 31, 7. 


yf 
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23, £21. 24. 48, 36. 25. 50,40. 26, 42,18, 
27. 60,24. 288,12 29.88 3018 3140 
‘ge. 57, 19. 33. 4. 34. 80, 128. 35. 19,22. 
36. 200, 100. 37. 23,20. 38. 53, 318 . 39, 5, 10, 15, 


xxxiv. (Page 68.) 


1. ab, 2: ay’ 3 Qo%y 4. 15m'np. 5. 18abed. 
jw. 86-7, 2 8. 17%pq. 9. 4aPy’z®, 10, BOa%y3. _ 


xxxv. (Page 69.) 
.a-b 8 2a@-B 030-2 =f atm 5. 8a+1. 
6.1-5a, 7. 2+y. &a-y 9 @-1l 10, 1l+a. 


xxxvi. (Page 70.) 
1. 3458, 2.36 3.936. 4.355. 5.23. 6 2345. 


xxxvii. (Page 74.) 


1. +4, 2. +10. 3. e—7. 4. ©+12. 

5. e—-3. 6, 2+ 3y. 7. w—4y. 8. w— 1dy. 

g. 2-Y. 10, +4. Il, o-Yy, 12. ©+Y. 
13. @+Y. 14. a+b-c. 15. 40+y. 16, 3”-y. 

17. ba—y. 18, a4+a°- 4a? +041. 19. 7 —2Qr+4, 
20, a +ay+y*. 21. &+a?-a2-1, 22. 3a* + 2ab—b*, 
23. 3u-y. 24. 3a—11y. 25. 3a—b. 
26. 3(a—2). 27. 30-2. 28. 3a? + a?, 

29. a +y". 30. +3. 31. (3a + Qa)x. 


xxxviii. (Page 76.) ‘ 


I. w+. 2. e—1. 3. e+. 4 yolk 
5. a 20+5, 6. w-2 7, y?-2y+5, 


- 


ANSWERS. 357 


Xxxix. (Page 81.) 


a 2 5b 22! 
3a gr 3 {9a cans” s 
a*bec3 4xny 3y 5bc 
oar © Be 7 Daa" 8. ae 
4 ee 5m — a 2mx 
3au7y® Sey? a+b 3m7p — x 
1 2a +4 y a 
3y — az 14 faa — a 1 be 6 2x — 3y 
Bab _ 18 c— 2a 3 
Abe +c " ¢+2a tb 
oe Seite pats Shae 
* Qa —2y * Tax —'Tby " Gabx — 12cdx’ 
oy : “ ey 
Qa 74 96 5 90" 28: a* 
1 x 
12 28. y 
xl. (Page 82.) 
at+5 Pigs -5 e+1 
a+3) x3 3 5-7 
~— By a8 +8 
il Ze il a ee 
ay 5. vet 6 Boas 
G2 8 a—3 a — 5a + 6 
a+4 e+1° ? 32-70 
ge? —50+6 au? + wy — y? 
“8a? — Ba * IT. 2 ay —y? 
a?+5a+5 : b?+ 5b m2 + 4m 
a+a—2 3 BEO-5 4 iam —6 
a —a+1 6 Baa — Ta : 14a —-6 
parce T * Ta? - 3a" 7" 9ax— 21a’ 
10a— 14a? Qab? + 8ab — 5a 


15 90 — 6a" = 
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eee os ee 
wo atl a, Berl of Bat i < 
" @—2a+2 TLE ; * Ge 
ro ae eo Tipe e 
26 4a? + 9x +1 2) eat 28 ed 
* 992 — 37 —2° 7: Ag2+ 6aa-+ 9a" “ @-2 
2 r—3 fo) m—1 | fies 
7 Gel 3° mel 3! 43 
a—b—c 5a + 2b drt 
a ab 33° 3a 4 2b 34 9543 
y4+4 6 B+a—2 w+a-—12 
3 Pratl 3 24a +1" 37 S045 
8 —2r+3 a — Qa" — 22 +1 P a —5a+6 
3°. oeta—-3 | 3% at 7e-1 * 4 Ba? Ba 
xli. (Page 86.) 
‘tat 1 2x3 by 
1 12y? 3 3 By + Soc 
4 3 8a? 
5. aa. 6. 5 ae 8. oa 
3mnay 5km?* 
. =e 10. =—- 
9 “Apg? 4pq 
xlii. (Page 86.) 
a—b 2 4 (w + 2) (w— 4) 
1. a ah " @{e—2) ~ 
(a ~ 1) (6) “—6 (@—3) @—5) 
4. we 5» 2-3 6. a , 
nt . ae ay - c- a+b 
“-y t-a=— 
eee, 12, 1. i See 
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xliii. (Page 87.) 

pes. Bay 1 3 

. 52 5x i 1 

6. aa 7- ee 8. aoe 9. PD 
xliv. (Page 89.) 

I. 12a%x3. 2, L204". 3. oas0e Ay are 

5. 4ax’, Gre aa0e.. 7. Gory". 8. 102Zaa 

g. 20p?q"r. to. 72aa?y?. 
xlv. (Page 91.) 

1. 22 (a+2). 2 0 3. a(a?— 0). 

4. 4a?-1. 5. a+b. 6. w-1. 

7. (a—1) (w+1). 8. (a? +1) (a+ 1). 

9, (@+1) (1). 10, — 1 

11. «(a?—1) (2+ 1). 12. «(%+1) (a1). 

13. (2a—1) (8a? +1). 14. 207+ Qxry. 

15. (a+b)? (a—6). 16. a?—b?, : 

17. 4(1—2). 18. o-1. 

19. (a —b)(a—c) (b-¢). 20. (a+1) @+2) (a+3). 

at. (%+y)? (a —y). 22. (a+3) (a?—-1). 

23. x" (x?—y’). 24. (x +1) (e+ 2) +3) (@+4). 

25, 12(¢—y) (a3 + y°). 26. 120xy (x? - y’). 


xivi. 


: (w+ 2) (+3) (w+ 4). 
3. (@+}) (w+ 2) (a +3). 
: (@ — 11) (a+ 2) (a — 2). 


(Page 93.) 


2. (a—5) (a+ 4) (@—8). 
4. («+5) (w+6) (+7). 
6. (20 +1) (&+1)@- 2). 


a SS 


Tl. 


12. 
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(a? + y) (©+y) (a + y”) (wy). 8. (w—5) (w—3) (w@+5). 
(7a — 4) (Bx — 2) (x ~3), 10. (“+ y") (w+y) (w—y). 


. (@~Db?) (a+ 2b) (a 26). 


xlvii. (Page 94.) 


(w—2) (a-1)(a-3)(@-4). 2. (@@ +4) (w+1) (w+). 


(w— 4) (w—5) (w—7). 4. (84-2) (20 +1) (7x1). 
(w +1) (e—1) (w+) (30 — 2) (2a + 1). 
(a — 3) (a? + 3a + 9) (w— 12) (a? - 2). 
Xlviii. (Page 95.) 

alg os ee ee 
20’ 20° > A TRG 
4r—8y 3a?—8xy 20a+25b 6a? —8ab 
“10x? ? ‘10a? * 4 Toa? * ~ 10a? * 
48a?—60ac 15a—10¢ 6 ab—b? at—a%h 

—6 60a? 60a*e * “Ge? ah?” 
3-32 343% 8 2+2y? 2—2y? 

1-2’ 1-a* * L-y? “T=y% 
5 + 5a 6 om ab + ax b 

1-2 1-2? “ e(b+x) c(b+ay 

a-c _ b-¢ 

(a—b)(b-c)(a=e) (a2) (0= 0) (ae) 

c(b-c) b(a—b) 
abc (a—b) (a—c) (b—c)’ abe (a —b) (a—c) (b—e) 

xlix. (Page 98.) 
15a +17 - 71a — 206 —56e 32x + 9y 
a > ee . —a_S 

16g? + 55a + dry — dy . 27a*— ary — 16xry — Wy" 


50x ’ >" let , 
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ane — — 


180a'+ 54ab+3310%—20ab* 80x + Bn? + BA + 4d 


6. 906? ; é ~~ 60x? 


ic. 35a? + 23ab + 21be — 42c? 4a2c ~ 3ac? — 8ac + 7c? 
2lac a 2 ure* : 
11 y? — 8x?y* — dary — 7x? 
i eS 
3at — 7a3b + 4a2be — 5ab?c + abe? — b2c? 
a®h*c* : 


10. 


TT, 


1. (Page 99.) 


i 24-1 ps 4 2) 
‘(@-6)a@ts) ~ @D@-s * A+ra0-2) 
day =. a+be 
ae (a+y) (a—y/) ha ees * c+dx 
Qa? 
(e+y)(e@-yy 
1 
(a+) (a-a) 


8 2e—y 2x + 5a 
* @—y)® > Gray 


li. (Page 100.) 


2 Ao Qa sbi 
1 * Toot Sia Paras 
a+y 3a? + 2020? — 32a — 235 
ler a ' (+4) (@—8)(@+7)" 

303 — 240? + 60x = 46 3x" — %ax — 6a? 
7+ (@—9) (@—3) (@—4)° @—a)s 
c FOr cemeteries 
* @—1)@+2)@+1y * @F1)@+2) @+3) 
3a? F e-d 
re " (ate) (a+d) (ate) 


E32 °0, 


Ee 0 vt ay 
14. 2. 1d eo 16m 0; L7. oe 


lii. (Page 103.) oe 


ae gs ee 3h 
“gay * 24+ 3 B-T 
mt a’ — abi + 20% + OF 
5: 0. 6. @+a)@+b) 7: 7 ae 
Se ae 10 
Laat a (a —2)(y—2) , 
liii. (Page 110.) 
: Qe +11 2 («—8) 
* @+4) @+5)(@+7)  @-6)@-7) @-9y 
Qn -17 2 = m3 + Amen + mn? 
3 GoD e@tli@-wy * «+s * ~nmeny ~ 


2 - 
L1a§ — 9? + 25% — 1 8 0. 9. a 


6. 0. 7. ~~ s—a) ; 1 e 


liv. (Page 107.) 


r 46. 2. 12, 3... 18, 4. 28. 

6. 24, 7. 60. 8. 45. g. 36. 

11, 72 12. 96. 13. 64. 14. 12. 

16. 1. 17. 8. 18, 9. ig. 4% 

ot.0 5, qa. 1. eS 24. 4 
2 

7 26. 24, 27. 5 28. 6. 29. 24. 


lv. (Page 108.) 


1 16 2. 5. 3. ; 4 1 


18. 


22. 


255. 


28. 


II. 


16, 
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-F NY aes 8, 2. Gr ui, , 10. “G: The 2s 
eae EGs Tae2 fs iS; oe 16, 7. 1 a 
ore 19. 9: 20. -9. Sty. 10; 

Ivi. (Page 109.) 

ray 3c — 2a a*b —be+d 

mek Ze hoe 3. ary oe . 

be —dm b(a+c) 6 6bd + ab 

ape 22 ae * 8a-12d 

3ab—2k—3 (a+b)? 
St ies 2 ee 
a 

“3 1 12-10 13: See 

3a+1 : 18a + 2b Ve a-1 p 
a4" ag ae eat ome 

epee 19. 6-1 20 y 21 28 

ad+a° 9. ° . C . SE. 

3a%be + 2a%b* + abt 

rt ee oe 74. 554 3a8e+ Ba%e+ Dab? 

be Ps d : ab—1 
ev iy ™ be+d 

a (m — 3c + 3a) ac a*e (c—d) 

c-a+m ~ eae a 3°. (@24+B) d 
Ivii. (Page 111.) 
6 7 

2 2-0 Nb, 3. 2 4. 75 5 io 

1 3 

= PS 8. 6 9. =7 10. 6 

OF uetaw 19% TiZi+ ds 14. 4. ) dA -2. 

i 1 
12 17: #2, 18 Fz 19. 3 205) 
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Iwiii. (Page 113.) 


459 
20. Dowty 3: 40. 4. 46° 5- 60. 
10. / aE 8. 20. g. 3. io, =< - 
8. f2. 100; “TE °C: 14” “1. 1g. 0, 
5 
é 17. 


lix. (Page 114.) 


1. 100. 2. 240. 3. 80. 4. 700. 5. 28, 32. 
é af, 475. 7. 24,°76. 8. 120, 0. 60. 
10. 960. 11. 36. 13> 19sa. 13. £1897. 
14. 540, 36. 15, 3456, 2304. 16. 50, 17. 35, 15. 
° 
18, 29340, 1867. 19. 21, 6. 20, 1055, 1315. 
21. A has £1400, B has £400, 22. 28; 18. 
m(nb—a) n(mb—a) a+b a—b 
Ce n-m? m—n ee ae BS 36 
26, £135, £297, £432. 27. £7200. 28." 47, 23. 
29. 7, 32. 30. 112, 96. $1. 0a 32. 75 gallons, 
33. 40, 10. 34. 20, 35. 42 years, 36. 1p days. 
37. 20days. 38. l0days. 39. 6 hours. 40, lz. days. 
6 5 ; 
4i. 47) days. 42. ly hours. 43. 48’. 
abe . 3" 
44. 2 hours, da eg * minutes. 46. 487. 
1 1 1 
47. bla, 615, 47, gallons, 48. 9 miles from Ely. 
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i a 


49. 


ga. 


55- 


56. 


57- 


58. 
62. 
65. 
68. 


ays 


: . 6 bd 13 
14 miles. aa rape 51. ss 
30 
42 hours. 53: 38057 miles, 54. 50 hours. 


(1) 3877 zd j Past i (2) 1 past 4. (3) 1079 past 8. 
ee 
(1) 2 past 2. (2) a and also 385 past 4, 
9 6’ 
(3) - past 7, and also 54 iy Past 7. 


(1) 16 + past 3. (2) 320, past 6, (3) 49 ~ past $i, 


U 


60. 59. £3. 60. 30° 61. 18% days. 
£600. 63. £275, 64. 60. 
90’, 72’, 60’. 66. 126, 63, 56 days. 67. 24. 
2,4,94, 69. 200. 70. 2, Be. 
30000. 72. £200000000. 73. 50. 
lx. (Page 127.) 
xv +ax+3a a? + 30a — Qn? 
1 2s a 
ae x 
a4 y2 7 2a? + 6a*b + Bab? + 258 
33 G@—yy ; (a — b) (a? +B?) 
Ixi. (Page 128.) 
8 — 13x u+y L+y 
Wee . 2(l—2), pent! 
70 ~ s xy 5 hee) oP oe Yy- 
+ 5a? +1 6 a —x7+] : a+at] 


*. Qo? — 9341" ; ve : a 


—a 


a (a? + 2ab + 2b”) 


(a+b)? 
Lxii. (Page 129.) 
13 1,5 a 
1 9° 2a" a" Qa* ae 
Sie oe. as 
+ Poy a + 72 


; 6p 4d 12r | 24s 6 
* qrs + prs Pgs + par’ ; 


Ixiil. (Page 131.) 


1 2 —2a+ 2a? — 2a? + 2a'..... 
a A AG 

2. een a Coie 

2b 2b _ a abt 

3: a a” ae a‘ eeenee 
Qa? Qa AS Dar 

4. —— ee | ar | + as eeeee 
x ot of 

Be Bt oy 


b bx ba? ba? bat 
+ 


; += 
saa @ @* 


eC ee 


143) + 6b? + 1205 + 240° ...... 


4 
10. w= bo +e cs 


6 
7. 1-20+ 62" - 162 + 4494.46, 
8 
9 


the 


It. 


12. 


rds 
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a2 ah ab? abs ardt 


z ae a) ge eee eeseee 

Qe 3x? 4x3 5a! 
1-—-—+ ease MO 

ae a a a 

— 3a? + 2a*x + 4a3. 14. m*—10m?—41m-— 95. 

Ixiv. (Page 132.) 6 
a ot 280 1 2 ee ee 
<4 120° 20: ~ 20°” 600° 60) ib: 

i eal 
ut 4. #+14+5 5.) aye 
ere 1 ee li DG) op 
at ac 68 AG rae : ir a8 eee 
Suk BOT 8) Hs at bt 4b? 

203 120? " 6a 6 * bt at at 

Ixv. (Page 134.) 

1 1 i 
t=. 2. a+7. 3. m—-—+—, 
mee eo + aes ate 
Cae di a a yt 
ee ae Oa UE eee 
at abt BR af 2+ oo 8 3” 5a +42+9 
a b? 1 gk es al 1! 1 
mitt 1 @ ab a 8 tbe e 

Ixvi. (Page 135.) 
05a? — 1432 — 021. 2. ‘Ola? + 1-25¢—21. 
"120? 4 18ay—‘14y’. 4. °1720? — OBdy —-312y?. 


0, 6. °300763. 
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20. 


27. 


29. 
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Ixvii. (Page 135.) 


: aye (1 $n 4 Bye 4 88 4 x 
oe & 


pil y ¥? 
ae 2 pT ta 
Sd 3 2 (14444 


(a+b) { q@+b)?- eee 


lxix. (Page 138.) 


2a? + 3x —5 a’ +5a—14 2ap 
46. 2. and eer es ra 3 ate pt 
37a — Ty? — 192" 11 
24 5. rh 
6x4 + 42aa5 — 107a7a? + 100% + ldat 
Fg 
Peay. gh Se cg. 2. 
“a (@—y) * . £+8" . i=" 2, i} 
I 1 3 ab + ac + be + 2a + 2b +2 +3 
ee 4 abe+ab+act+beo+a+b+e4+1 
8. ee 18 8a*h? b (a® +b?) 
a ax ae aa * a@t—bt > @ (a? — by’ 
a* + b8 we Ml Pe a+b 2 
(a—b)*. (a? +b)’ * 9 (a+1)* OT =O: 
_—e , 2 
a, 24. 0. 25. 1. «6, & of Mer, 
ero (e—1) 
a 8. (a+ 1) 
a 
at 30. 1. 31. 3. 
—2 45a + 17a — 1105 — ~ 21a wy 9 
(3 = 2072)! 33 hy yt otic 
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es. cea ao sshemen seibitadiid nian on . 
2a —b a? — y?. x 
rh 30. 0, 39. 3 (2 + yy’ 40. fe 
Seg. i (a? +9")? 
. 243043 ape 43. “Bey” Age Le 
pt+q : 
p-g 47> @+1) (+1) athe 
fe at+b+e er 
2Qa* — ax - ay. cairn pars 51. (a? — 6%), 
lxx,. (Page 145.) 
%=10 209 Ey cipe=te) 
y=3. y=. y=5. 
x=6 pe G9) 
y=8. Yy=2. y=3. 
a— 16 ooo —2 g. «=4 
y= 35. y=1. y=. 
Ixxi. (Page 145.) 
g=12 2. 2=9 3. c=49 Acc —ales 
y=. y=2 y =A7. y=s. 
2=40 6. «£=7 a0 2) =o) 
y=3. y=, y=1 y=4, 
o=7 
ee 
Ixxii. (Page 146.) 
2=23 2. £=8 3. 2=s 4. 0=5 
y=10. y=4. y=2. y=9, 
e=2 . Gai Fe tual hy 8. g=2 
y=2, y=9. y=9; y=3. 
e=3 
y= 20. 
[s.A.] 2A 
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See 
. lxxiii. (Page 147.) 
t. 2=7 2.¢=9 3 v=12 
y= -2 y= —3, y= -3. 
5. c= —-5 6. c=-3 7. 2=7 
y= 14. y= —2. y= 5. 
9. t= -2 
y=l 
Ixxiv. (Page 148.) 
1. c=6 2. c=20 — 3. w= 42 
y=12. y =30 y=35 
5. t=9 6. c=4 7. c=5 
y = 140 9. y=2. 
g. c=12 Io, 2=19 It, 2=6 
y=6. y=3 y=12 
13. c=6 ar. =| 
sal 14. t=195 15. =] 
y=—1i o 
beg 
Ixxv. (Page 149.) 
ae ht Wt 
“mg — np ~ bd + ae 
mf — ep _d—af 
Y~ mq — np y bd + ae 
de n'r + nv 
Pe ied 5+ On! + mn . 
ce mr —m’'r 
y+ yma! + min 
c (f —be) eae 
el” = ” SliaaliaS 9 
c(ac—d) ss 
Y= af —bd ‘ ae 
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8 xee 
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R 
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11 Pe 12 pe le 
~ #&0eb¢ 7 b= 
Be _ bm 
alae at 
Ixxvi. (Page 151.) 
ae a 
x Ea 3. dae 
a” ; b? — a? 
130.26 1 bead 
61 1 
61 an 
Y= T08" a5 
8 eae 
n 
1 
ae 
Ixxvii. (Page 153.) 

2. 2=2 3. “4 4. 2=5 
y=2 y=5 y=6 
a= 2, A= 8. 2=8. 

Core ge on 8 
y=4 fo des y=6 
oO, y=-7 ot 

Io. «=20 2= 365, 
y=10 
oO; 

Ixxviii. (Page 155.) 

2, 133, 123. 3. 7°25, 6-25. 
5. 35, 14. 6. 30, 40, 50, 


372 
7. £60, £140, £200. 
to. 415%. 11-47, UL, 
14. 60, 36. 15. 6, 4. 
18. 10 barrels. 
21. 15s. 10d., 12s. 6d. 
24. 26. 25. 28. 
29. 84. 30. 75. 
34. 584. 35. 759. 

2 eae 
39. 3 40. 19° 
43. £1000. 44. £5000, 6 per cent. 

1 3 

46. 31 Y 18 1 


19. 3s., ls. 8d. 


47. 20, 10. 


. 20 miles, 8 miles an hour. 
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R$ 


8. 228., 26s. 9. £200, £300, £260, 
Te, 85, 115-08; 13. £90, £60, 
16. 40, 10. 17. 5°03, 1:072 


20. £20, £10, 


22. 48, 6d., 3s. 23. 35, 65, 


26, 45. 27. 2A. 28. 45. 
31. 36. 32) 12 33. 333. 
5 4 3 
1, 35 19 
41. 4: 42. 46. 


45. £4000, 5 per cent. 
48. 3 miles an hour. 


50. 700, 51. 450, 600, 


52. 72, 60. 53. 12, 5s. 54. 750, 158, 148. 
55. 15and2miles, 56. The second, 320 strokes. 58. 50, 30. 
59. 4 yd. and 5 yd. 60. > 6, 4 miles an hour respectively, 
61. 142857, 
Ixxix. (Page 164.) 
1. Dey. 2. 9a*b‘. 3. 11min’, 4. Sate. 
5. 267a%n', 6, «Ba. 7, Boy 
Hath 1608 25a 
9 =o 10. , ‘ 
Llaty® l7y 186 
Ixxx. (Page 167.) 
1. 2a+3b. 2. 4k — 38, 3. ab+8l. 4. y—19, 
5. dabce-17, 6. a-30+5, 7. 3u*+ 20+], 


10. 


wi 
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27 -3r+1 Q. 2n?+n- 2, 10. 1-—3e+4+ Qu, 
. @B— 2a? + 3a, 12. Qy?— Byz + 422. 13. @+2b+3¢. 
a3 + ab + ab? + b% 15. «—2Qa?—27—1, 
Qa? + Qaa + 4b". 17, 3-42 +4 7x? — 102°. 
. 4a*— dab + 8be. 19. 3a*—4ap? —5t. 
2y*e — Byx? + Qa, 21. 5x*y — dey? + Qy3, 
. 4x? — Bry + 2Qy?. 23. 3a—2b+4+4e, 24. x?-3x0+5. 
5a — 2y + 32. 26. Q2a?-y+y’, 
e 
IxXxxi. (Page 168.) 
; ab? 3 a Pata! 
2Qa oa Zs oS 3. a pe 
a b 1 
Liane Ned es = 
btat 5. ats. 6. w+ 
b? 2 4 3 2 
2a—3b+ 7. 8. « +4475. 9. sa°x+ Ya?— =, 
he Ot 6m— 24”. 
GY 2 n 9d 
é 2c By 2 
ab —3cd + Te 13. Fy i a 
2m 3n (ets at | 
nm wy eran oa, 
7a? — 2, =e 17. 8027" 4 by 
a" — 2c 2 7: 2 
x 
Sees 
3a 3 3. 
Ixxxii. (Page 170.) 
2a. 2, ony 3. —5Smn, 4. —6atd. 
Thich, 6. —10ab%c4, 7 —12Qm™n8, 8. 11a%b8§, 


374 ANSWERS. | aif 
ne 
Ixxxiii. (Page 172.) 

1. a-b. 2. Qa+1. 3. a+8b. 4. atb+e. 
5. T-Y +z 6. 3a?-2e+1. 7. l-a+a* 
8. x-yt2z. 9. a?—4a+2, . 10, 2m?—3m+1. 
II, &+2y—2. 12, 2m—3n—-7. 13 m+l-—, 
Ixxxiv. (Page 173.) 
1. 2a-—3e. 2, 1—-2a. 3. 5+40 
4. a-b. 5. e+. 6. m-2 
v 
Ixxxv. (Page 175.) 
1. +8. 2. tab. 3, = 100; Ar ET 
5. £ (11). 6. +802’, 7. £6. 8. +129 
9. +52. 10. +4. 11 ta la 
™m 
r= (, 1% £6 14, +2,/2 
a aaa <= Po F 
Ixxxvi. (Page 179.) 

1. 6, -—12. 2. 4, -—16 3. 1, —15. 4. 2, —48. 
5. 3, -131, 6. 5, -18 7. 0-27, & 14 =80 
Ixxxvii. (Page 180.) 

1 7, -1. 3.. 6, = 4: 3; @1,=1. 4. 9, -7. 

5. 8,4. 6. 9, 5. 7, 118,116. 8 104234, 

g. 12,10. 10. 14,2 
Ixxxviii. (Page 181.) d 

1. 3, -—10, 2, 12, <1. 3: > -= 4. 20, —7. 

1 5 
a er: 6. 9, -8 7, 45, —82. 
8. 8, -7. g 4, 15, 10. 290, 1. 
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Ixxxix. (Page 182.) 
ta 8 ; i acd 1 
Tr. oY Be 2 — vik 3: 3, ry 
3 3. 5 4 
4. it aut 5. 5? ~ 7 6 4, ais 
2 45 
7: 8, oy 8. 4, aia 
xc. (Page 182.) 
8 49 13 
lie 3, 3 2. 10, an 3. 6, ae 
19 16 3 
7 ie 2 ey ee 5. 5, ~ he 6. 4, 2 
17 (fe: 
io Syn Sp ae 
xci. (Page 184.) 
1 —at /2.a 2, Jat J/ll.a. 3. 3 == 
n & a*+ab a?—ab 
4. 3n, —5- 5. 1, =a. Gb) a, Ts Rape 
g @ _8 c+ J (ci +4ac) ¢— J (c’+4ac) 
eee * ~9@+b) ’ 2(@+8) 
fan BS si 2a—-b  3a4+2 
Le rdet Oe. eet be ~ 
ac?+bd? _ ac?+bd? 
is ~9a4+3dJc? 2a—3d,/c 
xcii. (Page 185.) 
1 (opal 2. 6, —1. 3. 12, -1, 4. 14, —1. 
9 
5. 2, —9. 6. 6, ra 7. 5,4 8. 4, -1, g. 8, -2, 


at eae 
\ 4 ie 
376° ANSWERS. — mE 
10. 3, -5 It. a 12, 191s 1} M4, -1, : 
3 5 13 eo eae 
14. ? ah: 15 13, ss 16. 5,4 I7.! 36, 12.: 
25 5 10 
; 18. 6, 2 19. Tg — 3 20...7, - 7 iy 
. 1 1 2 
aa 7, -5. 23. 3, -5 24. 5-3 25. 3 
‘ 11 1 
_26. 15, — 14. 27. 2, — 3 28. 3, a 9 29. 2, 3 
23 14 5 ~ Bt 
: 30. 2, —ip 31. 3, ae <a: -F 33. 3, Te 
| 58 
34. 14,-10. 35. 2, 13° 36..5,2. 37.-a,—b. 38. -a,b. 
a 2 ai om Ze 
; 39. a+b, a—b, 40, a*, — a’. 4l. ps ye 42. ps7 
xciii, (Page 187.) 
1. £=30 or 10 2. c=9vor 4 3. w=25 or 4 
y= 10 or 30. y=4 or 9, y=4 or 25, 
4. 2=22 or -3. 5. «=50 or -5 6, «= 100 or — 1 
y=3 or — 22. y=5 or — 50, y=1 or — 100 
xciv. (Page 187.) 
1. c=6 or -2 2. c=13 or -3 3. =20 or —6 
y=2 or —6. y=3.or — 13. y=6 or — 20, 
4. c=4 5. c=10 or 2 6. a=40 or 9 
y=4. y=2 or 10. y=9 or 40, | 
xcv. (Page 188.) 
1. e=4o0r3 2. e=5 or 6 3. x= 10 or 2 
F y=3 or 4, y=6 or 5. y=2 or 10. 
4. 2=4 or -2 5. c= 5 or —3, 6. x=7 or — 4. 
y=2 or —4, y=3 or —5, y=tor-7 
> 


ANSWERS. B/7 


i Se eer renews arene yt 


10. 


13. 


xCVi. (Page 189.) 


Ie gk 
- ©=5 or 4 2. ©=4 or 2 3. U3 Or 5 
=4or5 y=2 or 4 Af = ont 
1 1 
] 
=4., ==2. =, 
) y=2 Y=5 
XCvii. (Page 191.) 
. ©c=+ or-3 2. C= +6 3. = 210 
y=3 or—4. Ui= ar8e ae 
ao 5. G=0 ors Ona) or —22 
28 
f= = 2, y= or 5. 
=2 or ee 
y 7 
oe 2, 3. G6 9. C= E2 
a act). y=. Op a2 ile 
ta Il, c= +7 I2n ee or 
=O one 
y=4 or 6 
85 
x=10 or 12 I4. c=4 Ora: I5. c=+9 or +12 
y= 12 or 10. 19 y=+12 or +9. 
y=9 or 
-xCViii. (Page 193.) 
aes 2. 224, Be 18; 4. 50, 15. 5. 85, 76. 
oy Ld: 7. 30. 8. 107. g. 75. To. 20, 6. 
Pals. 12. 17, Tbe) 9s. La ta AGG: 15. 564. 


m0) iz. 6,45" SPI, 5. § or1s 7. 9, 1,2 3, 
5 My Oe 22, Lo, 16. 23. 10; 1, 2: 7 a 25.- 1G: 


£2, 58 27. 12. 28.6. 29. 75. 30. 5 and 7 hours. 


. 101 yds, and 100 yds. 32. 63. 33. 69: It, 25 Th, 
. IGyds., 2-yds, 35. 37. 36, 100, 37- 1976, 
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xcix. (Page 199.) 
I. c=3 2. c=5 3. t=90, 71, 52..,down to 14 
y=2. y=3. y=0, 13, 26 ...... up to 52. 
4. =7,2 5. =3,8, 13. 6. c=91, 76, 61...down to 1. 
y=, 4, y=7, 21,35... y =2, 13, 24 ...... up to 68 
7. c=0,7, 14, 21, 28 8. 2=20,39... 9. 1=40,49... 
y = 44, 33, 22, 11, 0. yd, To. y = 13, 33... 
-o. «=4,11...up to 123 II. o=2 12, c=92,83....2 
y=53, 50...down to 2, y=0. yal, Sie ti; 
4 3 8 2 , 
13; 7 and 9 14. 79m 13 15. 3 ways, viz. 12,7,2; 2, 6,10. 
1 7. 17. 12, 57, 102... 18. 3. 19. 2. 


. 19 oxen, 1 sheep and 80 hens. There is but one other 


solution, that is, in the case where he bought no oxen, 
and no hens, and 100 sheep. 


. A gives B 11 sixpences, and B gives A 2 fourpenny pieces. 


22 
23. 2, 106, 27. 24. 3. 
25. A gives 6 sovereigns and receives 28 dollars. 
26. 22,3; 16,9; 10, 15; 4, 21. 27. 5. 28. 56, 44, 
29. 82, 18; 47,53; 12, 88. 30. 301. 
c. (Page 205.) 
Cis. x. a pagal, 2. nihy +a%ye + avy? 
3. at+ad +a. 4. abyat 4 atyts + abyet. 
(2) 1. a t+an*+ Bat + 30. 2. aty*+ Bay? + 4y~*, 
aty-*2-? Batya oe oe 
2, Peal T ce +axy—a. 
ee | 
4. o + + a~ty~*s. 
3) i. eon 2 see 
Oo. taataetee  * apt itiy 
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3 4 fe =) . 1 
i or eae = 
a a“ beh x by 


a ee ae 
ga ty t, a“ 82 ones 
1 1 1 1 
4) 1, 2 Sf/a?+3 2/ (ay?) + —, ye Sey igs yh 
(4) NY A ( Qages at yet 
Sy? 3: d/ys wi 1 1 8) 
3- 2 ae ate 4. 3 3) ar ee ar > J : 
ala x SAV INU PMN ns IN Eb 
ci. (Page 206.) 
I. of? + ary”? + y. 2. a—8ly™. 
3. a" + dara? + 1604. 4. w+ 2ac" — b+ 0%, 
5. 2a?"+ 2a™b* — 4a™c" — a” 5 — b+ Qher + ac? + bc? — 2c*, 
6. an” + gn ‘ ami rt ear 5 ceeapruits fe a” sie a fi Ae a 
ap? pty jp? pp pp aay jis 1—p? ,p p?-+p pl—p 
8. @ a? -?b? +a? cP? +ar?.u b+ bt-® c? +a? ec 
—br clr te. 
g. x? + 2x? + 3a?” + Qa? +1. 10. ot? — 2a? +327? — Qu? + 1. 


cii. (Page 207.) 
1, 0" aPmy™ + omy +. 
2. at =n aye at oe Pe. any” Ae ee 
Sh or” ae ary” de oye “fs Tat al ary” ae yr. 
A. ra? —arPo + abt — ab + 0%. 
5 


. wit + Bx%4 4+ 9a + 27a%+ 81. 


6. a™—2a™x" + 40". 7. 2—a#?-+ 30%, 
8. 4b"c™— 5b". 
g. a™+3a°"+ 3a" + 1. 10. a"™+b"+c", 


1, 3a 4308-1, 2. alk 3, aa, 
4. a+b+e-3abted, 5. 10x —Laikyt 4 extyé - Qly. 
. - : 
a 6. m—n. 7. mb 4 4d2mé + 167, i? 
: 3 160+ 8a%bt + 10048? + 18040? — o4ato* — 190%B? — 15a" « 
. —27b, 
9. as + gabat 4 ad, oa Fe ~ Qa>icd +ab, 
4 so 4 E he) ai pe 
D rr. w+ 2r5y5 +y%, 12. a? + 2abt +b". 
“ees a — dark +1008 — 1228 +9, 
4. dott +190? + 250? 4 24x? + 16, 


. at - andy’ + axed + yp ~ ayes +a, 


ote y?. 2. at —0i,. 3) a+ rhyts oy 


Clie 


at + gatyt - aut at + Ay? - aytet +a, 


civ. (Page 209.) s" 


Bach haat att ctybagh 


4 
6. ms + mint + mint + mi wt + mond + 8. a 
iD i+ aebyt * gatyd +27yh. 
s, a7al + 1eabet + 120%6? + sot. 9. at ms 
to. mt 4-3mé +omé 427m) +81. 
1, at +10. 12, at 44, 13, -b+ aps oh 
sod ~dd chhigl habs ee 
15. af — 9x¢ - 10. 16. m+ mnt 4nd, 
17. phaord a1, 18, 9 y ~ 93, 1g. atey! 


~~ 
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Gv. (Page 210.) 

. a2-o 2. eS—pF, 3. ot—a-t 
er izet oc at~b4 6. o2420et—b +e 
1+ a2b-? + ath. 8. atb-*— a~4bt — 4a-°b? -- 4. 


4-5 — 4 + Ba-3 4 Dar? + or + 1. 


cvi. (Page 211.) 


ee 2, a+b}, 3. m2—mn1+n-~, 
4. &+ed1+cd-?+cd3+d* 5. cyt tantly, 
6. a*+a7%b1+b% 7. ay? -2 + 0-2? 
3-3 2 at 
veg = Oe are rh +9, 9. ab®-1+a-%b2. 


a Ob = aie 4s ob Ga Gms 72, 


cvii. (Page 211.) 


15ab-+e 
: ae —- oaty® + 2y. age ee 
thee sees 
: k 
(oat) 
22, 421 10 1 j 
ee het paced ra ‘ 
Wat at 49° at bas mae ra 
5.3 ] 
a” —y" 8 Wr dgtye Sotto e 
S ° ety) , 
ae + ates + bs. , lt man 12, p2et2b+20, 
Snares 145 2l6a™. is. am, 


Oa” + 2° b? —4u oc" — 8a” b — 3b? + Be". 17: *C, 


re 


20. am" + Qa"? , bead — amt? B2x® — ate cat, 


21. ePe—D — ye), 22. a"), 23. a” a 


(24. 3b, = 25, am —aftye—dm — ginny +m } 


96. x+ aut - Que - "at + ant, 


. eviii. (Page 215.) 

1. iia, ay 2. W/(1024), 2/8. 
3. £(6832), 472500). 4. W/O". S. nya", "eb" 
F 6. (a2 +2ab +b), S(a—3a*b + 3ab? — b*). rf 


& 
sans 
re 


cix. (Page 217.) P 


al bad a/(5d). 
og dz af (2ye). 6. 10 \/(10a). 7. 1eJ/. 
8. 42,/(1 12). 9. 6x > 10. eal 
in (ata) 1% (emg) 1 BEB). WD 
14. (3e*=y) (Ty). 15. 8a? 4/(20%). , 
16, Qay*. A/(20xry). 17. 3min3 {/(4n). ; 
18. 7a°b? 3/(4b). 19. (ety). A. 20. (a-b). Ya. 
cx. (Page 217.) 7 


1. (48). 2. »J/(63). 3. A/(1125). 4 41(96). 
; 6. eh 6. (9a). 7 (480%). 8 WIBa), 


AL 
Ge NS 


9. Al (m? — n*). 0 (5) It. Mary a 
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cxi. (Page 218.) 


The numbers are here arranged in order, the highest on the 
left hand. 


Gz) ale 5. BVT, 4a/3. 


ry 
16. 


J3, 2/4. 2 KALO; LBs 911 3/2) 20/8. 


2/87, 3/33. 7. BAT, 4/2, 2/22. 

5 3/18, 3/19, 3 2/82. or 6 2/2; 24/14, 30/3, 

1 1 1 

ER PO ot Gh ete 
: 3 V2, a v3, NA. 

cxii. (Page 219.) 

2 29x/8. 2. 30./10+164,/2. 3. (a2 + B24 02) Je: 

13 3/2. 5. 33-2/2. SG 7. 5/3. 
. 48,/2. 9g. 42/2. Tor 10! It. 4,/3. 
. 2r/(70). 13. 100.  ~ 14. 3ab. 15. 2ab X/(12d), 

8 

Bis Ws 2 18, Ni 19. vi 


© 
"AN 1+ay 


. A (ay). 2. S(xy-y?). 300 A GA) 


cxiii. (Page 220.) 


182. 6. 56(«+4+1). 7. 90 /(x?—2). Sc Ltn 
—a. 10, 1-2. 11. — 12g, 12. Ga, 

— J(a?— 72). 14. 6/(a? + 7). 15. 8(a?—1). 
— 6a7 + 12a —18. 


cxiv. (Page 221.) 


, £+9J/e+14. 2, £—-2/x—15, 3. a. 
star BB. 5, 3ct+5J/e—28. 6. 62-54. 7. 6. 


a/(9a2 + 3a) + /(6x? — 3x) — /(6x? -@ —1)- 2e +1. 


2 


; ANS. ; 


. (az) FS Rae : eee i 
. B+at J/(80+e%). 
. 2¢4+2/(a2). 


Qx +11 +2 a/(a2 + lle +24), 


. 26-642 /(a?— 62x). 
. 22-2 Ja? —-y*). 
84142 K-21). 


CXV:. 


. (Net Jd)(e— fd). 
(dot d)(ae- a). 

. (1+ V3.0) (1~ /3.2). 

. {2a+ /(3x)}}2a— /(32)} 
, J J(11).n+4}}/(Ll).n-4 
. (p+ V3.9) oP - 3-9) 


ea 4. at vl) 15. 24417 4/2. 
. 2+ /2. 17, 3+2,/3. 18. 3-2,/2. 
atat+2 ai (ax) abe aes 
a-@ l-« 
a+ Jia? —a") 22. mi Pé (m* — 1). 
© 

Qa*— x? +2 2. 

a? — 1420 (a? 1). a eee 

cxvi. (Page 224.) 

19, 2. ll. 3. 8-26 ,/(-1). 4. 54+4,/3 

2b+2 /(ah) — 12a. 6. a? +a, 7. B-a’, 

a? + Bp’. 9. e?, to. eV (-D _ er tev) : 


(Page 222.) 


cal 
11+ ey +242 Jaz. La 
13. 432442 J(2?-9)+a%. — 
. 2-442 (ac? — 42). 
. 4249-1272. 
: ‘a2+2n— 1-2. J (08-2). 


2. (c+ J/d)(c— Jd). 
4. (L+ Jy) (1- JY) 
6. (fd. +1)(/5.m— 1). 
B34 2ai(In)}}3-2/(Qn)t. 
{. 10. (pt2r/r)(p-2Jr). 


; 12. jam + bt fa" — BE, 
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CXvii. (Page 224.) 


r+y x+y 


Ape sales a Ee Dennis 2 
Suen) 3. 9 Seay: 5. w— /2.an+a’, 
6. m?+ /2.mn+n2. Ge Dili! 8. ae a ni 
a _ 
26 d . 1 
o = + ed —2ac Re 10. V2 — 2+ oy 
2x? | el 
. Sy, © pe / — WN). ee cae Gee 
II. 7 12 /(1—2) 13 Me 
Paes Ceo 
pt. ome a/(e-?) INS 2u — 2 »/(a? — a). 
We, a7", i7- 1b" ae) a l0a? - a4 5) 
18. 8473. — 19. 4 /(3cn). 20. © (sp), 
1, 2 5 
rae nN(-4n ys 22. (92-10). ,/7. 237) 03 


CXvili. (Page 228.) 
MER ae ee, Be afl alO. 9 35 ll a) 2, ed Teen 
ew lO— fo. 6. 25-32) 7. 2i/3— /2 8) BVI 


9. 3/7-2/3. 10.3,/7—2 J6. 11. 5(4/10—2). 12.3 ,/5-2/3. 


ex. | (Pavew29.) 
Vicggte Zee Ol. 3. 25. ris Be ade 6. 256, 


(ode 8. 56. Gy ire 0; Labs Sir. £6} 12. 36. 


a—b)? 
T3n0l2, 14. Cee I5. 5 16:6 
b—a? n—m?2 
ea t0; hag eS) Sah se as 
17. 3. Ee 4s Bla) 13m 


Al 8,A.] 2B 


ANSWERS. 


— ee 


exx. (Page 231.) 
ae a wee ee ee 
w+] m+4\2 
7. 0, -8 a (a a Q. eid F 10, 5 
cxxi. (Page 231.) 
1. 25. 2, 25. 0 4. 64. =. 
ee 7. de 8. oro. 9. 64. 10, 100 
5 +f 
, cxxii. (Page 232.) 
1. 16,1 2. 81, 25. 3. 2, 2° 4. 10, —1% 
5 3 12252. 
5. Bg 46-4, 88. 7. 8, 3. 8, 98, a5 
g. 49. 10, 729, II. 4,-21. 12. lor io 13. +24 
Bork 15, Vos. 16 Bor 4 2) 18, 25 
14. 9 or ° 15. 121° > le 7. 36° 10, ”. 
19. +9,/2. 20, + ./65 or + 5. 21. Ba 
1 ] 1 1 
22. —2a. 23. 9 OF - 45 24. 4 25. 19 
1276 36 
26. 81 5 28. £5 or +3 /2, a9. rl4. 
10 5 9a 
‘ on 
2°. Gor 9° 31. 1. 32 4 33. 2or0, 34. Oor ig’ 
cxxiii. (Page 235.) 
1, 2,5 2. 3, —7. 3. -9, -2. 4. Sa, 6b. 
a 6 i LS 4m lin 
> “9 3 ee b’ 6. 


8. —2a, —3a and 3a, 4a, 9. £2, 4 10, 0,5 
fy 2a-—b b-—3a de 
‘ese. aah 12% > 
cxxv. (Page 239.) 
i, 22-lla+30=0. 2. a%+x2-20=0. 3. #7?+9xe+14=0. 
4. 62*—Te+2=0. 5. 9x? — 58a ~-35=0. 6. z?-3=0, 
3s hn he ee a Oe hy ene 
7. v2?—2ma+m* —n*=0. 8. 2 aB Bier 
Cheater 
Q. “7+ ae oe =0, 
cxxvi. (Page 240.) 
I. (e— 2) (x- 3) (x—6). 2. (*«—1)(*—2)(«-4). 
’ 2 1- ,/5 1+ /5 
3. (@—10)(e+ 144). 4. Av 1)(e4—Y (2+ **), 
5. (%+2) (a+ 1) (6x—7). 
6. (c+ y +2) (a? +9? +2? — ay — a2 — YZ). 
7. (a—b—c) (a? +0? + c?+ab+ ac — be). 
8. («—1) (w +3) (3a). 9. (w-1) (w-4) (2a +5). 
10. («+1) (3a+7) (5x - 38). 
cxxvii. (Page 242.) 
He 13 or J—1. 2 a/—2or J —12. 3. a —lor /—21. 
4. lory—4 aah 6. 95 or | 
6 
ie 9+ 97 8. (Yon (-} Q. tor fay/15, 
5 32 
= ye ts A) sl 9 
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3 or —5 or" 4 


II. 


12. 


5, 13:l,or,-1:1 6 + J(m?+4n2)-m:2 7. 6,8. 
8. 12,14. 9. 35,65. Io. 13, 11. n- G31. ta Dee 
cxxx. (Page 247.) 

8 8 7 c-Y a—b+c 
ie 1p’ 2. 9 Bi ety ee ee, 
m? — sun + 0 6, rey 
5° m+ mn + " (y-4)a 
cxxxii. (Page 255.) 
6. s=4or 0. 8. 440 yds. and 352 yds. per minute, 
b? 9 
11. c=30, y=20. 135 15- ay 
16. 50, 75 and 80 yards. 17. 120, 160, 200 yards. 
19. 1, miles per hour. om, 127. 
21. 160 quarters, £2. 22. £80. 23. £60. 
24. £20. 25. 90:79. 26. 45 miles dnd 30 miles. 


ANSWERS. 


a+2, or ~—s~, OF 


at /(a?- 160+ 16) 
ee 


a+6 — a+2,/(a*-3a) 
3 =". 
0, or a, or 


exxviii. (Page 245.) 
G2}, 129,235. 2. The second is the greater. 
The second is the greater. 


ad — be 


| 5. 10:9 0r9: 10. 


/ exxix. (Page 246.) 


, 8 se 2. b:a. 3. b+d:a-c¢. 4. + /6-1:1 
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—. 


* cxxxiii. (Page 262.) 


4 3 2 

4. 165. 5: 5. 6. 12: Ho ary 8. 5 
9. Ax, 10. 5. Ti. A=3B. [2/6492 9y 
2 108 3 2 say 12 18 ft 
ae ark 14. 409=27y%, 18. y=3+2ut+a% 19, 18 ft. 


cxxxiv. (Page 266.) 


3 1 
F. 250: 2. 200. So. 107- 4. — 825. 
5. — 2 6. 40. 7. 117. 8. 6. 
g. a+ y2—2(n— 2) wy. 10. pce 
Cxxxv. (Page 268.) 
1. 5050. 2. 2550. 3. 820. A230) 
: m.(n+1) Bn? — n 
5. 24. 6. — 31g : ae 8. ae 
7n? —~5n n—-1 
ai” 10. 9 
CcxXxXvi. (Page 269.) 
we 1 7 
I, -6. 2. — 95: 3. B 4. a 
2 
5. -2 6. — 15. 
CXXXVii. (Page 269.) 
2 
I. (1) —46. (2) 3b-2. (3) 5 (4) 4°4 


ti. 


=I 
6. 64335. 


8, (1) 355, 7175. 


1 i 
(5) 8p li4 


i” 4p. (1) 126, 63252. 


aa 


~ (3) 45, — 1570°5x. 


Z, (5) 71, 4899 (1 -m). 


cxxXviii. 
vc 8; SH, 18, 15 


Bo hoe 
5: 279 1@ 1} 


cxxxix. (Page 272.) 
a 3m+n mtn m+3n 
ae; ee ee 
: bm+3 Sm+1 5m—1 5m —3 
eo oe A 
3 bn?+1 5n?+2 bn?+3 5n?+4 
3. 5 ’ 5 ? 5 ’ 5 ° 
Qu? +¥ Da? a y 
4. er ae ’ 2 . 
oe, cxl. (Page 275.) 
; 1. 64, 2, 78732. 3. 327680. 
5. 13122. 6. 16384. ?. 


-. ANSWERS 


P (3) 161+ 81x, 3321 + 16812. 


a eee 


7, £135. 48. 


(2) —156a?, —31160 . 


1 te 
(4) 1195, 23575. 


(2) 26, 2250. 
(4) 99, - 11635. 


(6) 65, 65a +8190. 


(Page 271.) 


1 2 2 1 
2. las 3 % a oe p 
Y 43.2 a2 


4. 1b’ 30’ 5 30° 
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cxli. (Page 276.) 


p26 
. 65534, 2. 364. 3. ge 
a (a1) (a—n)\1— (wa Paes 
* a8 (@-1) * (a+). (L-—a—«)’ ; : 
n ~ 43, 
. 7(2"-1). 8. —425. 9 — 96" 
cxlii. (Page 278.) 
4 27 4 1 
2. 2. 3 3" 4 3 5. 1; 
: 8. 1 al 162° 
3 7: 87° 8. 2- 9. 855 Io. 82241 
Ae : ithe oe mie 
a—b A239 3 oy + 99 
49 46 
. 90° 16. BR 
cxliii. (Page 279.) 
9.9781, 9, 4, 16, 64, 256. 3 2,4, 8. 
3.9 27 81 
oa 30) 216) 32) 
cxliv. (Page 279.) 
18. 16 
. (1) 558. (2) 800. (3) — (4) -- 
169 133 _ 1189 5 
5. (6) 486° (7) 3 (8) 13, 
9999 /3 
(9) 1. (10) —84. (11) “Gfio+ 1). 8 
_ 8157 
80 


1 
_ le = 2. . se Ul, 3 —, —-- 
5. 42. 6. ac=b 7 8 te 


10, 


14. 


23. 5, 15, 45, 135, 405, 
26. 10 per cent. 


cxlv. (Page 285.) 


15 30 5 30 1 
8, 12 2. ie 13 my 1: 3 29° 
ic. A 
6 9’ 12” 1b 5 ~2, ©, 2, 1, 
ae ne Pe 6.3 6. 2 See 
2 Res “ee iP Pap oO 
Bxy(m+1) Gay (n+1) Gy (n+ 1) 

3ny+ 2? 3ny+4a—By > Ina + By ° 

ts 2 io h-~ hat £4 Fae 
TO TH Oe Se ” @ or 3P 97 17? 9 3 “ZF 
104, 234. 13. 8, 3; 6, 

cxlvi. (Page 290.) 

132. 2. 3360. 3. 116280. 4. 6720, 
2 6. 40320, 7, 3628800, 8. 125. 9. 2520, 
6. In. 4, 12. 120, 13. 1260, 
2520, 6720, 5040, 1662200, 34650, . 


CXlvii. (Page 295.) 


. 3921225. 2. 6. 3. 188. 4. 116280, 
5. 12. 6. 12, 7. 816000, 8. 3353011200 
7. 10, 63 11, 52 12, 123200, 13. 376992; BEsGa 


a 


“—<2 fa 
- 


re) 


ve 


iat SD 
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cxlviii. (Page 300.) 
at + 4a8x + 6a2x? + dan? + at, 
b8 + 6b°e + 15btc? + 20b%c3 + 15b2c! + 6he® + 8, 
a + Ta% + 21a°b? + 35a4b3 + 35a2bt + 21a7b® + Tabs + 07. 


a8 + Salty + 28u%y? + 562°y3 + T0xty! + 56x03 y5 + 2807 y° 
+ Say" 4 4. 
625 + 2000a + 2400a? + 128003 + 256a4. 


a + 5a8be + 10a%b?c? + 10a4b3c3 + 5a2b4c4 + b5¢5, 


cxlix. (Page 301.) 


a® — Gaba + 1L5a4x* — 20a%x + 1507 — Bax? + x8, 

b7 — 7b%e + 21 bc? — 35b4c8 + B5b%ct — 21b7e5 + 7he8 — cl, 
320° — 240a4y + 720x°y? — 1080z?y? + 810xy*t — 243y%, 
1 — 10x + 40a? — 80x? + 80x4 — 3225, 


1 —10x + 45a? — 120x223 + 210x! — 252e5 + 210.08 — 12027 
+4528 — 1029 + 10, 


a4 — 80716? + 28a18b* — 56a15b® + 70al*b§ — 560% 
+ 284%! — 8a2hl4 + H16, 


cl. (Page 302.) . 


. a+ 6a% — 3a%c + 12ab?- 12abe + 3ac? + 8b? -12b7c + 6b? — c3, 


1 — 6x + 21a? — 4403 + 6304 — 540° -+ 2708, 
x? — 3a8 + 6x? — 7x9 + 60> — Bat + 2°. 
QT" + 54 + 6303 + 442 +2 Lee Je xe iy 
ott 
a? + 3a? —5 + > — 
ee a 
at + bi cf + 3a2bt +3a%b2 —3a2c4 — ap2¢t a yao 
+3b4c2 — Gatbtet, 


-_ 


ANSWERS, 


_ aa 


cli, (Page 303.) * 


| | alee 
1. 33027. 2. 495168, - 3- - 16170008, 


4. 1921926988, 5. 12870a8B8, 


e 


70a*b?. 7. —92378a"b? and 923780%", 


8. 1716u7<6 and 1716a®z’. 


clii. (Page 311.) 


uf 1 1 5 
ee 4 
7. l+9e ge + 76% 198" , 


2a a® 4a3 


2. l+¢3-gter 
oe ee 
my 3a3 gah Biat 24303 


a a 
4 1+a-50 +90 — et, 


5. at 4. ante Lite, bot oO 


; 6 54 
441 8 
: 6. abe .a wt 2 4 td + Se 
vat a bat 
ee 18 ee 
re! Fee 
7 8. 1-,a +5 0-5" 
’ 92 272% 135 
= eam ai ms Sie 


| be 
‘ yo way t+ Bo + 5 
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II eee es 
‘ 6° 79” ~ 1996" * 


aha (8) -3(8)h 


: 
Cliii. (Page 312.) 
I. 1-—2a+3a? -4a3+5a4. 2. 1480+90?+ 27x°+ 8lat 
Lat Oat a8 Wes ae 
3: = "ic aS 4 Gs 


5. a+ 10a—"r+ 60a-Mx? + 280a-"*x3 + 1120a-*art., 


1 6x2 Qiad 56x 


6 > + _ 
aw as a a 
Cliv. (Page 313.) 
I yy Bat _ 5a? 35a" 
y Pe ae * 198" 
il rae 15at 3508 31528 
< meine Tee IR 


3. 2 — 298 is ty 12910 _ 28 gr-iz' 


26 125 
) 3a? 5a? 354 1_ 2? | 3at 5a! 
Le ee ara Bak” 805 16ar 


1st, 200) Lae 
a 3at 9a’ 8lal® 


Clv. (Page 314.) 


-. (9-7) 


= te 2 .(14—r) 
A allige es ie. 


ors ee (1, ty 


a cae 


10 
é, (py. 6 =) at 


~ aU 
ANSWERS. ha 
oe -8..(1=0 (Soy (By ge oe 
ie Pe! « Ls855 9. (OR 3) 
ery mia on GREE ae  .1 
1,2.6...@r-7) (_ 2)" 43, 
Shier Se es ea he a . ° 


ae \ 
a ® 8.7.11... (4r—5) ar) 
ort to Bae Ae ey. 
(r+1)(r+2) 1B. BcAS—1) goag 
It. — ea. 1a, 5 ee (2a). 
1.3.5...(2r—2) wey 
13. —_ . (22). Ih. =. 4 - 
a ES Be 16° 4h, 
‘ia 429 «6 
16 j28°% 508, bt 128 * qls 
18 2 BADE) ere OE), aa mt 59 
é | ee a 
(1 - 5m) inept m) 1. 
aah RE ee 6m® 7 
clvi. (Page 315.) 
TO S14197.i4 2. 1°95204.... 
3. 3'04084.... 4. 198734... 
clvii. (Page 319.) 
1. 1045032. 2. 10070344, 3. 80451 
4. 31134. g. 51117344, 6. 14332216, 
7. 31450 and remainder 2, 8. 522256 and remainder 1, 
g. 4112, lo. 2497, 


12. 


| 10. 


—— 


1. 21072100 ; 2°0969100 ; 3°3979400. 
2. 1°6989700 ; 3°6989700 ; 2°2922560. 
7781513; 1°4313639 ; 1°7323939 ; 2°7604226. 


ANSWERS. 
clviii. (Page 321.) 
5221. . 12232. 3. 2139. 
. 1110111001111. 6. tAtee. 
211021. 9. 6al2, 1o. 814. 
123130. 13. 16430335. 
clix. (Page 327.) 
‘Al, 2. 162355043. 
12232-20052. 5. Senary. 
clx. (Page 336.) 
1:2187180. 2. 7°7074922. 
4:740378. §. 2°924059, 
7. 53790163. 8. 40:578098. 
21241803. The 3 7O8e821 
clxi. (Page 339.) 


397 


4. 104300. 
6500445. 
1. 61415, 


Si. pele 


6. Octonary. 


. 24036784. 
. 3°724833. 

. 62:9905319. 
. 161514132 


3. 
4. 1°7781513; 2°4771213 ; 0211893; 5°6354839. 
5. 48750613 ; 1:4983106. 

6. °3010300 ; 2°8061800 ; -2916000. 

7. 6989700; 1:0969100; 3°3910733. 

Seok. 05, Oh, Ly 0, ca. 

9. (1) 3. Gay 2, 


10, a= y= 
le a Oka 


bol co 


ANSWERS. 


—_——— —— —— 


11 (a) 3010300; 13979400 ; 19201233 5, Toormss. 
12, (@) 6989700; 6020600; 1-7118072; 19880618. 
8. | | 
}. 38821260; 14093694; 3°7455326. es 


es 


1 log m 
14. (1) = @ (2) e=2, (3)e= Tog ologo b 
_ log ¢ tag 
(4) ®= my Tog a +2 Tog b 
é ( 4 log b+log ¢ 
Bae ~2 log c+log b-3 log a” 


log ¢ 
Fa “log a+m log b+3 loge 


' Fed 
clxii. (Page 443.) . 
1. 17°6 ..c006 Years, 2, 23°4...... years, 
3. 7'2725 years nearly, 4- 22°5 years nearly. 


6. 12 years nearly. 7. 11°724 ...... years 


APPIENDIX. 


ee 


Tux following papers are from those set at the Matriculatiox 
Examinations of Toronto, Victoria, and McGill Universi- 
tes, and at the Examinatiuns for Second Class Provincial 


Certificates for Ontario. 


UNIVERSITY OF TORONTO. 


os 


Junior Matric.. 1872 Pass. 


1. Multiply 42°-jay+s* by $2 +} xy -y’. 
Divide a‘— 815‘ bya 4 36 and («+ a)*— (y~6)? 
by x+a-—yrb. 
2. What quantity subtracted from a? + pa +q will 
make the remainder exactly divisible by a—a ? 
Shew that 
at+b+c)—(a+b+c) (a+b'+c—ab-—be-ca) 
- 8abe = 3 (a + 6) (6 +c) (c +0). 
3. Solve the following equations: 
(a) 3 (20-3) +4 (62-7) = § (w— 3). 
42—T 3u—5 
(6) ek he ae 20. 
1 1 al re 
(eee ee od 226 m6 
Mai ae 5 eA 
(d) a+ 9 = 3 * i aS 


4. In a certain constituency are 1,300 voters, 


and two candidates, 4 and &. A is elected by a 


i APPENDIX. 


certain majority. Put the election having been de- 
clared void, in the second contest (A and B being 
again the candidates), B is elected by a majority of 
10 more than A’s majority in the first election ; find 
the number of votes polled for each in the second 
election; having given that, the number of votes 
polled for Bin the first cage: number polled in the 
second case 33 43 : 44. 


Junior Matric., 1872. Pass and Honor. 


1. Multiply x + y + zt — Qytst + Q2t at — Qat yh by » 


w+ y + 2h + Ly zt—2QeA vh—2at ys, and 
divide uw? + 86° + 27 ®—18abe by u* + 40° + 9 &— 
2ab — 3ac — 6be. 


2. Investigate a rule for finding the H. C. D. of 
two algebraical expressions. 


tf e+e be the H.C. D. of 2+ pa+gq, and a+ 
v 2+q’, show that 


(q—-7')"-p (9-9) (P—P') +9 (p-py =9. 


3. Shew how to find the square root of a binomial, 
one or whose terms is rational and the other a quad- 
ratic surd. What is the condition that the result may 
be more simple than the indicated square root of the 
given binomial? Does the reasoning apply if one of 
the terms is imaginary! Show that *y—4m*= ym 
+ —m. 


4. Shew how to solve the quadratic equation ac” « 
ba+c¢=o0, and discuss the results of giving different 
va]»es to the coetlicients. 


If the roots of the above equation be as p to @ 

 _(p+9a" 
show that — =~——* 
uw 


4 
4 
; 


APPENDIX.  —s it 


5. Solve the equations 
nee Wa ee 
(a) 5+ Ven Se Oe eee. 
(0) 2 -3ay+2y+1=0. 
ry+y?—10=0. 
a+6x+2 2? +62+4+6 a+6a+4 
@+6e+4 27+627+8 294+6246~ 
#+624.8 
2+62+10 
(2) 6x'-5a°—382°-5x4+6=0, 


(c) 


6. Shew how to find the sum of n terms of a geometric 
series. What is meant by the sum of an infirite 
series When can such a series be said to have & 
sum ? 


Sum to infinity the series 1 4+ 27 + 3r° 4 &e, 
and find the series of which the sum of n terms is 
a as 1 

a1 
7. Find the condition that the equations 
ax + by —cz=0. 
a,c¢+b, y—c,2=0. 
d,ce+ bo y—c,z=0- 
may be satisfied by the same values of a, y, z. 


8. A sumber of persons were engaged to do a piece 
of work which would have occupied them m hours if 
they had commenced at the same time; instead of 
doing so, they commenced at equal intervals, and then 
continued to work till the whole was finished, tne 
payments being proportional to the work done by 
each ; the first comer received r times as much as the 
iast : find the time oceupied. 
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Junior Matric., 1872. Honor. 


i. There are three towns, A, B, and C; the road 
from B to A forming a right angle with that from 2 
to C. A person travels a certain distance from B 
towards A, and then crosses by the nearest way to the 
road leading from C to A, and finds himself three 
miles from A and seven from (. Arriving at A, he 
finds he has gone farther by one-fourth of the distance 
from B to C than he would have done had he not left 
the direct road. Required the distance of B from A 
and C, 


Pt ei SAC ee ae 
c b a 
x y 2 
a b c 
B+ c-a@H+a'—B Ha +R 
3. Solve the equations 2° — yz =a’, 7° — 27 =8', A~ 
=o, 


ry 


4. If a, 6, and ¢ be positive quantities, shew that 
a’ (b4-c) + B (c +a) +c (a + b) > babe. 


5. Find the values of 2 and y from the equations 


9 CRAs 
x 


w+ 5a+y (y—1) = 24. 


6. A steamer made the trip from St. John to Boston 
via Yarmouth in 33 hours; on her return she made 
two miles an hour less between Boston and Yarmouth, 
but resumed her former speed between the latter place 
and St. John, thereby making the entire return pas- 
sage in £4 of the time she would have required had 
her diminished speed lasted throughout ; had she 
made her usual time between Boston and Yarmouth, 
and two miles an hour less between Yarmouth and 


APPENDIX. v 


S. John, her return trip would have been made in 
+] of the time she would have taken had the whole 
of her return trip been made at the diminished rave 
Fi id the distance between St. John and Yarmout). 
e+ | between the latter place and Boston. 


Junior Matric., Honor. \ 1874 
Senior Matric., Pass. 3 ae 


lL. Solve the following equations : 


a — Qary + 2y? = ay. 
(a) | y + 2y* = wy 


e+ ay +y* = 63. 


Lee 309 217%, 
(B) <-> 35 dry = 150. 

gee a ha 

5+-—+5~=19. 
Keying, ota 4 ay y 


rE ur Or ace i aah 


And find one solution of the equations : 
2 Abas 
(a) { y? — af = 68. 


ex), i). 
9. Find a number whose cube exceeds six times the 
next greater number by three. 


3. Explain the meaning of the terms Highest com- 
mon measure and Lowest common multiple as applied 
to algebraical quantities, and prove the rule for finding 
the Highest common measure of two quantities. 


4, Reduce to their lowest terms the following 
fractions : 


; st 
e | 99at + 1172? — 2572? 325% — 50 ; 


3a? + 4a? — Ix — 10. 
ac + 10a° + 35a" + 50a +.24 
{at + 1807+ 1192? + 34924360 ° 


(6) 
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5. Find the sum of n terms of the series — 3, 3,— 
4, &c., and the ath term of the series 


z+1 2 3— 2 
a— 2 eo) poe 
6. Find the relations between the roots and oo. 
efficients of the equation aa* + px + q=0. 
Solve the equation 


+ 6a* +.10a* + 32=110. 


7. A cask contains 15 gallons of a mixture of wine 
and water, which is poured into a second cask con- 
taining wine and water in the proportion of two of the 
former to one of the latter, and in the resulting mixture 
the wine and water sre found to be equal. Had the 
quantity in the second cask originally been only one- 
half of what it was, the resulting mixture would have 
been in the proportion of seven of wine to eight of 
water. Find the quantity in the second cask. 


8. What rate per cent. per annum, payable _half- 
vearly, is equivalent to ten per cent. per annum, pay- 
able yearly. 


9. A is engaged to do a piece of work and is to 
receive $3 for every day he works, but is to forfeit 
one dollar for the first day he is absent, two for the 
second, three for the third, and so on. Sixteen days 
elapse before he finishes the work and he receives $26. 
Fir d the number of days he is absent. 

Change the enunciation of this problem so as to 
“pply to the negative solution. 


Junior Matric., 1876. Pass. 


«-» Explain the use of negative and fractional in- 
dices in Algebra, 


: 1 6 /a’, n ja", 
Multiply .>- by | and the product by \ 


APPENDIX. Vij 


gi oo a" bc dt vis : 
implify -——_—_, writing the factors all in one 
a"bed 
line. 
2, Multiply together a?+ ax +a, a+2, a?—az4+ x", 
@—x, and divide the product by a*— 2°. 


3. Divide 1 by 1—2x+2" to six terms, and give 
the remainder. Also divide 27at — 6a? +4 by 3a%+ 
22+ 4, 


an-+n =n a. =+a 


4. Multiplya +5 bya +8 , 


5. Solve the equations : 
(1). 3da+4  Tx-3 w#-16 


5 2 4 
& (y + 2) = 24, 

(2). 1! (2 +2) = 45, 
2 (x+y) =49, 


Junior Matric., 1876. Honor. 


1. An oarsman finds that during the first half of 
the time of rowing over any course he rows at the 
rate of five miles an hour, and during the second 
half, at the rate of four and ahalf miles. His course 
is up and down a stream which flows at the rate of 
three miles an hour, and he finds that by going down 
the stream first, and up afterwards, it takes him one 
hour longer to go over the course than by going first 
up and then down, Find the length of the course. 


2. Shew that if a’, b%, ¢ be in A.P., then will 6+, 
o+a,a+6 bein Z.P, 
Also, if a, 6, c be in A.P., then will 
be ca a 


G+ —- _, b+ 
b+e c+a a+b 


be in HP, 
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3. If s=a+b+e, thon 
TE 


SASF hess. +(8—0,)!"SG0m ty. . oe tal, 


5. If the fraction 5 *— ee when reduced to a re 


petend, contains 2n figures, shew how to infer the last 
n digits after obtaining the first n. 


Find the value of ,, by dividing to 8 digits, 


6. Solve the equations 


aw—ytz=3, 
xy t+ xz = 2+ yz, 


eto ta == 29, 


Junior Matric., 1876. Honor. 


1. Shew that the method of finding the square 
root of a number is analagous to that of finding the 
square root of an algebraic quantity. 

Fencing of given length is placed in the form of 
a rectangle, so as to include the greatest possible area, 
which is found to be 10 acres. The shape of the 
field is then altered, but still remains a rectangle, and 
it is found that with 162 yards more fencing, the 
same area as before may be enclosed. Find the sider 
of ae latter rectangle, 

Prove the rule for finding the Lowest Coma 
Maltiple of two compound algebraic quantities. 


Find the L.C.M. of a°— b'+¢%+3abe and a*(b +e) 
~B(eta)+c (a+b) + abe. 


3. If a, 8 be the roots of the equation a*+patg = 
0, shew that the equation may be thrown into the 
furm (a —a) (a — 8) = 0. 


a. —_ 


4 


ee 


GSP tems: a = ee ae 
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3+/2 is a root of the equation a—5a°+ Qat+a 
+7=0: find the other roots. 


4. (1) Shew how to extract the square root of s 
binomial, one of whose terms is rational 
and the other a quadratic surd, 


(2) Find « factor which will rationalize xt — y3, 


5. a, b are the first two terms of an H. P., what is 
the nth term? 
If a, l, e be in H. P., shew that 
6*(a@ — c)* = 2c?(b — a)? + 2a?(c — 6)*. 


6. A and B are to race from M to N and back. A 
moves at the rate of 10 miles an hour, and gets a start 
of 20 minutes. On A’s returning from N, he meets 
B moving towards it, and one mile from it; but A is 
overtaken by B when one mile from M. Find the 
distz ace from M to N. 


7 Solve the equations 
Chyirar +8 28+ lier ls. 


a Ol a 

Se Lead 
ee ee 

i a 

2 12 oy 


Second Class Certificates, 1873. 
: b b 
1. Multiply = 4-41 by 542-1. 


a’ — 3ab + 20° a — Tab +120 
Patb. ‘a 


2. Shew that ag 
can be reduced to the form 3b- 


to APPENDIX. : 
3 Reduce to its lowest terms the fraction, 
5a" 1 
ze 1 
stud eo 


4, (a) Prove that 2 — y® is divisible by x — y with- 
ut remainder, when m is any positive integer. 
_ (6) Is there a remainder when 2-100 ia 
rided by 2-14 If so, write it down. 

5, Given az + by =1, 
ile Be 
an weer 2 
Find the difference between 2 and y. 


7{3a—2(m—-})} §(w-4) 


and 


6, Given 3—- wie _ " 
Bg 8(x — 1) 3(@ +1) 7 6. 
Find x in terms of m. 
ot ae ee Tx +16 
7, Given <a Find the value of Ty +24 
5 
8. Given —— -—— =], 
Y Bary 
pct 
an rer ye ind x and y. 


9. There is a number of two digits, By inverting 

.e digits we obtain a number which is less by § than 
hree times the original number; but if we increase 
cach of the digits of the original number “by unity, 
ind invert the digits thus augmented, a nuiber is 
obtained which exceeds the original number by 29 
Kind the number. 


10. A student takes a certain number of minvtes 
to walk from his residence to the Normal School, 
Were the distance 4th of a mile greater, he would 
veed to increas: his pace (number of miles per hour) 


— 
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by 4 of a mile in the hour, in order to reach the 
school in the same time. Find how much he would 
have to diminish his pace in order still to reach the 
school in exactly the same time, if the distance were 
35 Of a mile less than it is. 


Second Class Certificates, 1875. 


1. Find the continued product of the expressions, 
a@+b+c,c+a—b, b+c—a, a+b-c. 
fo _ @&+ab a(a—-b)  2ab 
Fey ht a blake) Ooh 


3. Find the Lowest Common Multiple of 327 — 2x —- 1 
and 42° — 22?- 3a +1. 


4. Find the value of x from the equation, ax - 
a*—3ba ay 6ba—5a*® bx + 4u 
AR es ena = ba pe 


4a 


5. Solve the simultaneous equations, 


6. In the immediately preceding question, if a 
pupil should say that, when nb= md, and bc=ad, the 
values of x and y obtained in the ordinary method, 
have the form 2, and that he does not know how to 
interpret such a result, what would you reply 4 

7. Two travellers set out on a journey, one with 
$100, the other with $48 ; they meet with robbers, 
who take from the first twice as much as they take 
trom the second ; and what remains with the first is 
3 times that which remains with the second. Etuw 
mie money did each traveller lose 4 
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8. A and B labor together on a piece of work for 
two days; and then B finishes the work by himself 
in 8 days; but A, with half of the assistance that B 
could render, would have finished the work in 6 days. 
In what time could each of them do the whole work 
alone 4 


9, P and Q are travelling along the same road in 
the same direction. At noon P, who goes at the rate 
ot m miles an hour, is at a point A; while Q, who 
goes at the rate of m miles in the hour, is at a point 
B, two wiles in advance of A, When are they to- 
gether ? 


Has the answer a meaning when m—n is nega- 
tive? Has it a meaning when m=n? If so, 
state what interpretation it must receive in these 
cases. 


10. P is a number of two digits, 2 being the lett 
hand digit and y the right. By inverting the digits, 
the number Q is obtained. Prove that 11 («+y) 


(P—Q) = 9 (a—y) (P + Q). 


Second Class Certificates, 1876, 
1. Divide (1 +m) a&—(m+n) ay (a—y)—(n—1) ¥’ 
by a®—ay + of. 


Shew that (a+ atb) + 6)*—(a—atbi + b)* is ex- 
actly divisible by 2a4b4. 


2. Resolve into factors a + ay (a*—1/*)—7, 
a°(b-—c) + 0'(¢c —a) +c'(a— b), and 25a* + 
§.°—a—l1. 


3. If a*+pa*+qar+r is exactly divisible by 2* + 
mx +n, then ng—* =rm. 


4. Prove that if m be a common measure of p and 
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q it will also measure the difference of any multiples 
of p and q. : 


Find the G. ©. M. of a'—pat + (g—1)a* + pa— 
q and ax*—qa' + (p—I1)a? + ga—p and of 1+ 
! Si 5 
a? +at+a and Yet Qc? + 34% +4 30%" 
5 Prove the rule for multiplication of fractions. 
a’ —(y—z) (ea) at —(a—y)9 


Simplif cae ye ee Re eee 
y (y +2) —2? * (z+ aji—ye * (2+ y)—z 
2 a am. a> 
ana —;—,— =~. 4 a 
ee +B a8" (a—b) (a +B) 
2a°—b*—ub* 
§ i a al 


§. What is the distinction between an identity ana 
aa equation? Ife—a=y+b, vrove x—b=y +«. 
. Solve the equations (2 + a) (:n—3) =—4—2mx, 
l6z—13 40¢—43 32¢—30 26a—24 
and -———.— 5. = zt — 
~  4¢—3 82—9 8x-—7 4a—5 


7. What are simultaneous equations ? Explain wiy 
there must be given as many independett equations 
as there are unknown quantities involved. If there 
is a greater number of equations than unknown quan- 
tities, what is the interence ‘ 

Eliminate @ and w trom tne ecuations aa + by 
=¢,@a@@0+6y=c,an+t6°y=c. 


8. Solve the equations— 


(1) -fatat+ */n—e=m 
(2) 32+ut+z=18 
by +z+a=15 
\ oe Para 


2 ~ 9. A persun has two kinds of foreign money ; it 
takes w pieces of the first kind to make one £, and } 
. vieces of the second kind: he is offered one £ for ¢ 
pieces, how many nieces of each kind must he take? 
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10. A person starts to walk to 4 railway station 
four and a-half miles off, intending to arrive at a 
certain time ; but after walking a mile and a-half he 
is detained twenty minutes, in consequence of which 
he is obliged to walk a mile and a-half an hour faster 
in order to reach the station at the appointed time. 
Find at what pace he started. 


at+ct atc® 
. (a) If $=5 then will joo = pa 


(6) Find by Horner's method of division the 
value of 
a’ + 2902 + 27 9a?—289 22* 5 86a—312 when 
x= —289. 
(c) Shew without actual multiplication that 
(a+ b+c)*—(at+b+c) (a*—ab + b°’—be + c*— ae} 
-Sabc= 3(a+b) (b+¢) (e+e) 


McGILL UNIVERSITY, 


aie 


First Year Exhibitions, 1873. 


1. The difference between the first and second of 
four numbers in geometrical progression is 12, and 
the difference between the 3rd and 4th is 300 ; find 
them. 


2. Find two numbers whose difference is 8, and 
the harmonical mean between them 14. 


3. Prove the general formula for finding the sum 
of an arithmetical series. 


4. The differences between the hypotenuse and the 
two sides of a right-angled triangle are 3 and 6 
vespectively ; find the sides. 

5. Solve the equations 

S el 13 
Sy a 
e+] x 6 
e+y+2=9,7+y=2-T; x-3=y+t+2 
a+ 4 3x2 + 8 
+i¢= , 
3x + 9 2a + 3 


6. A cistern can be filled by two pipes in 24’ and 
3 respectively, and emptied by a third in 20’; in 
what time would it be filled, if all three were running 
together. 
7. Shew that 
V+6-c (a+b+c)(a+b-c) 
2 a re < 


Ls 
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8. Prove the rule for finding the greatest common 
measure of two quantities. 


First Year Exhibitions. 1874. 


1. The sum of 15 terms of an arithmetic series is 
600, and the common ditterence is 5; find the first 
term. 


2. Find the last term and the sum to 7 terms of 
the series 
1-4+4+16- ke 
3. Find the arithmetical, geometric, and harmonic 
means between 3% and 14. 


4. The difference between the hypotenuse and each 
of the two sides of a right-angled triangle is 3 and 6 
respectively ; find the sides. 


5. The sum of the two digits of a certain number 
is six times their difference, and the number itself 
exceeds six times their sum by 3; find it. 

6. Solve the equations :— 

2-y=1; 2-7 =19 
3a—-7 4x”-10 
9 * a, oe 


1 
a-7(y-2)=5; 4y —4 (w+ 10)=3. 


1322+1 8x+5 59 
Weel "eens 
7, A man could reap a field by himself in 20 hours, 
but with his son’s help for 6 hours, he could do it in 
\6 hours ; how long would the son be in reaping the 
‘lield by himself 4 


8. Find the value in its simplest form of 
x+y 2a ay — a 
yo ety ay-y¥ 


xvil APPENDIX. 
ern ee 
9. Find the greatest common measure of 


3a* + 327-152 +9 and 3a* + 327 — 21a* — Qn 


—Se 


First Year Exhibitions 1876, 


1. Solve the equations 


a 6b c a 6b c 
2. Reduce to its simplest form the expression :— 
7/54+ 35716 + V2— 5 798. 
3. Find the greatest common measure of 


2a? + a* — 8a + 5 and 7a*_ 122+. 


m* + 
ee emis m* — ni 
4. Simplify Mase tte ene 
ea? wont 


5. A number consists of two digits, of which the 
left is twice the right, and the sum of the digits is 
one-seventh of the number itself. Find the number. 


6. Solve the following :— 


cy C2 y 2 
a Gh, ee Soo ens 
a 6 aoe 6 ¢ 

Eek 

—~+-=2, 74+7=2. 

cy 


7. Find the sum of m terms of the series 1, 3y 8; 
7, &e. 
(a.) Shew that the reciprocals of the first four 
terms, and also of any consecutive four terms, are in 
harmonical proportion. 


UNIVERSITY OF VICTORIA COLLEGH. 


a 


Matriculation, 1873. 
1. What is the “dimension” of a term? When & 
an expression said to be “ homogeneous ” ? 


2. Remove the brackets from, and simplify the 
following expression :— 
(2a — 3c + 4d) — }5d — (m+ 3a)} + {5a — (— 4 
— d)}— {3a — (4a — 5d — 4)}. 


3. Prove the “ Rule of Signs” in Multiplication. 


- 


Multiply a — T+ yy PP spices 
ax 


5. Divide eh eae by «—r, 
6. Divide 1 by 1 +a. 


7. Find the Greatest Cimmon Measure of 6a*— 
a*a* -——120 and 9a° + 12a’? — ba*x* — 8a", 


3. From 3a— 2 — Ee subtract 2a — #2 — 
a—s 
2+l 
fi +2 =42 
9. Given ps to find # and y, 
(g+§7% 


10. Divide the numoer a into four such parts that 
the second shall exceed the first by m, the third shall 
excved the second oy n, and the fourth shall exceed 
the third by p. 


11, 4 sum of money put out at simple interes 


APPENDIX. a 


amounts in m months to a@ dollars, and in n months 
to 6 dollars. Required the sum and rate per cent. 


12. Given x? + ab = 5x’, to find the values of x. 


13. Divide the number 49 into two such parts that 
the quotient ot the greater divided by the less may 
_ be to the quotient of the less divided by the greater, 
as 4 to 3. 


14. Yivide the number 100 into two such parts that 
their product may be equal to the difference of their 
squares. 
or ay 00; 
15. Given to find values of andy. 

\ xy + 2y’ = 60, 

16. A farmer bought a numbe: of sheep for $80, 
and if he had bought four more for the same money, 
he would have paid $1 less for each. How many did 
he buy 3 


Matriculation, 1874. 
1. Find the Greatest Common “leasure of 26° 
10ab® + 8a%b, and 9a* — 3ab? + 3a°b* — 9a*b, and ce 
monstrate the rule. 


at + *_— aa 
9, Add together a— a + Sax © 


a+n a+a’ 
2__ Do a+ax 
9a¢— 3a i , and — 4a — . 
a0 oa 
] x t| C 
ride ——- +— b Tk eh aac eee 
and reduce. 


“4, Given 4 (x—a)—1 5 (22 — 3b) —4 (a—-2) 
tOe+ 1Lld to fina 2. 
5. Asum of mune, was divided among three per- 
sons, A, R, and C, a> follows: the share of 4 
’ ’ ‘ te ok a 
a.cecded 4 of the sha.es of b 414 C tw D120; the 
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share of B, 3 of the shares of A and C by $120; 
and the share of C, 2 of the shares of A and B by 
$120. What was each person’s share 4 


i’ 


. 


6. Given re Ut 5 | tofind w andy, 


a? + y®—3a°—3y* = 12 


7. Shew that a quadratic equation of one unknown 
juantity cannot have more than two roots. 
: 2 2 4— 
8. Given Mere eats: 


i ae to find the value of a. 

9. Thee is a stack of hay whose length is to its 
breadth as 5 to 4, and whose height is to its breadth 
as 7 to 8. It is worth as many cents per cubic foot 
as it is feet in breadth; and the whole is worth at 
that rate 224 times as many cents as there are square 
teet on the bottom. Find the dimensions of the stack. 


oF Jig ot 
10. Given Ri to find # and y. 
—* =Jay— 4 
a+y 


11. In attempting to arrange a number of counters 
in the form of .a square it was found there were seven 
vver, and when the side of the square was increased 
vy one, there was a deficiency of 8 to complete the 
square. Find the number of counters. 


12. Reduce to its simplest form 
CES’, Oa ew paeieaes, 
(a+c?—U (4 + 6)®—c (b+0)*- -a? 
13. A and B can do a piece of work in 12 days ; 
in hew muny days could each do it alone, if it would 
take A 10 days longer than B 


@ Sf 
lyre to fiad 
14. Given a—y=4 &, ¥, %, 
| e—w=nd and w, 
loay te tween 
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15. Find the last term, and the sum of 50 terms, 
of the series 2, 4, 6, 8, &e. 


| 
16. Write down the expansion of { ¢— : } 


* 17. How many aiblierent swains may be rung on 
ten different bells, supposing au uae combinations to 
vroduce different notes 2 


ANSWEP8- 


Junior Matric.. 1872. Pass. 


1. Jat — (yyy? — dary? +y') ; (a+ 98") (at 3d), 
(w+a)’+(x+a) (y—b) + (y— 0). 2. a*tapt+q 
3. (a), 14; (b), 845 (c), 445 (2), 4,4. 4. 640, 660, 


Junior Matric , 1872. Pass aid Honor. 


1, {t+ (d-y)}" fa (a— gy |" 
\a—(a- say b's ut9b+80, 2. We have 


3 -— petg=0 aud c*— p'ctg'=0, from 
which to elim.nate «. 


4. If Bt epoca ), * - P 
B be one roo e+? . ry 
and, eliminating 3, & _ (+9) 

ac pq 
6. (a), 4, — 7, }(— 3+ 7277) ; (b), 3, 2,; —3,—3 
7 5 7 5 
(c),—8 


ea See 
+./2. (d), Divide through by 2* and put y for 
at —,and.’.y*-— 2 for a+ Le then y = 
x a 


7 or — ¢ and @=3 },—}or—9 


ANSWERS. : xxiif 


q 
1 a ary Be: } 


(l—r)?’ a —1 


F. @ (6,¢,—by,) + a,(b,c — bey) + a(be,—b,c) =m. 


2rm 
8. l+¢r 
Junior Matric., 1872. Honor. 
1. 8 and 6 miles. 2. Each of the first set of 
fractions may be shewn equal to 
x y 

2abe or Zabe. 0 FO 2abe 

6? +c?— a? paso 


s 
¢c 
a* + 0° —c? 
3. Multiplying the equations successively by y, z, a 
and 2, 2, y, we obtain ca + ay + b’z=0, 
a Y 
at be © Gta eat on 
z ka (a* — 6%?) 
on ab” and @ = J} (a 5°c3)*_(b*-c?a?) (4 27%) } a 
4, a® + b?>2ab,..c(a’? + 0’) >2abe, ke. 
5. 3,0;—2,-5;-—3,6; —8,1. 6. 90and 240 mla 


, which are therefore equal. 


bx + Fy + a°z=0; thence 


Junior Muatric., Honor. ‘ 

ae st 7 1874. 

Sentor Mutric., Pass. 

1. (a), From first 2 = 4y oi v, and then solutions are, 
3, 3; -3—4; V2, V21; —V21,— v2. 
(b), (41£V769). §(-374V 769). (c), 4,43 
—4,-4; 4,4;-4,-4. (@, 4, 18. 2. 3. 

33a" + Gla+ 10, ( xv’+3n4+2 


BOs Ob Ten 80 
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o 


— 


5 {(-pe-a bs 4 fevi+@-pa- »} 


_ * (3-2) 
— 


. «—2 and «+65 are factors, and roots are, 2, —6, 


4 (-3 + 4/35). 7. 7 gals. 


» SBS: sennn per cent. 9. 1 days. 


He receives $3 every day the work continues ; 
he returns nothing the first day he is idle, 
$1 the second, and so on, and the number of 
days he works is 16. 


Junior Matric., 1576. Pass. 


Ot 2. c§—a* ; a®+27, 
- 1+ 2a 4+ 3a? + 4a5 + Bat + Gab + ...00 3 rem. 7x4 — 


62". 9a? -—62+1. 


, ams (ab)™ + (ab) +0, 
. (1), 2 (2), 2,5, 7; or —2,—-5,—7, 


Jumior Matric., 1876. Elonor. 


. 35 mis, = 2. (2), These quantities are in H. P. if 


aoe are in A.P., t.¢, if a, b, ¢ 


are in A.P. 


. It may be shewn that the remainder at the nth 


decimal pluce is 2n ; hence if the nth digit be 
increased by unity, and the whole subtracted 
from 1, the remainder is the remaining part 
of the period. 


. = 4, a= 2 or-3, y= 3 or-2;9—-1,e= 2/10, 


y= —2 ae /10. 


= 
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Junior Mutric., 1876. Honor. 


. 121 and 400 yards. 


- (a—b +e) (ub+bo+ca) (+B 424 ub + bc—ca). 
. Irrational reots go in pairs; 3— VY¥2 WS a root , 


and other roots are $ (-—1 -+3’—3). 

3 i 3 2 one & 

x? + xiys + 07 y3 + ary + orys + 3, 
ab 


eh Ze 6. 3 nls. 
b+ (n—1) (a—6) 


. J), Plainly «+2 divides both sides, und roots 


are—2,2+Y7. (2), 2=3, y=4 cr arenas 
oy —— 4 or =— | 


Second Class Certificates, 1873. 


ae UN? a 6 
Gta)-t=Brieg 
(a — b) — (a — 46) = 36. 
a +4)8—(2)? of + 5+ 
Gor Ol eo 4, (0,7, — 99. 
(o—6) (@-y)=0; .if aw be not=b, x-y=0; 
if a=6, x—y may have any value. 
43 — 14m 
14m-13 
then fraction becomes 2 and is imdet# minate. 


7. %, provided a be not = — 24 ; 


pag tgp y ats aS y=? 


13. 10. } of a mile per hour, 


ANSWERS. 


i er 


Second Class Certificates, 1876 


3a 
1. 2(a°* + 6%? + cFa*) — (a* + b* +c’), 2. eres 
2a(2b* — 5) 
3. (3a +1) (40° - 22% - 3x41). 4. ee a 
be—ad  _be—ad 
5. a= = 


~mb— md’ me —na 


6. a and y are indeterminate: there is but one 


10. 


SI oa 


equation, 7. $88, $44. 8. 14 days, 11% days. 


2 
. In ae hrs. m—n negative means that they 


ie Rey 
were together = hrs. before noon, m=n, 
—n 


they are never together. 
Each side equals 99(a* — y’). 


Seconda Class Certificates, 1876. 


. (1+ m)x —(1—n)y. 2. (w+y)* (w—y); (a—-b) 


(6 -c) Sp (5a*—1) (5a? a 


. Let the other factor be a +a; multiply and equate 


co-eflicients ; eliminating a, ng —n* =rm; other 


condition is pn — mn =r. 4. ¢—-1; 1+at, 
PERS C3255) ey 
(a+y +z)’ ere | 


-%;1 


. w'(b'e — be’) + b’(ac' —a'c) + c"(a’'b — ab’) = 0. 
. (1,) Cube, and 3 (n+.c)4 (2 —a@)t (m) =m? ~ In, 


2c jnt- () 0 2, 3, 4 
a (c—b) b(a—c) 


S=h 9 aos 
3 miles an hour. 


, 


a> Fe 


a ae a aes 


ANSIWEAS, xxvii 


_>— — — 


14. (a), See §359. (6), 2,000. (c), Substitute suc- 
cessively —6, —c, —a for a, b, c, in the left 
hand side, and it aupeais that a+b, b+¢, 
¢ +a are factors, and .*, expression is of form 
N (a+ 6) (b+c) (+a); puttnga=b=c=1, 
we get V=3, 


First Year Exhibitions, 1873. 


1, 3,15, 75,375. 2. 9and 1, or 8,and-73. 4. 9,12. 
5. (a), 4,—3; —3,4. (5),2,-3. (c),4,—5, 6. (d),— 
BeAldeect ate! Se 


First Year Exhibitions, 1874. 
Fe 2am. 03. Oe OL 21's 
Gia, | 6.. 75. 
; (a), 3, 2; —2,—3. (6), 7 or—1¥. (0), 5,3. (d),14. 


- wihours, § %..° 9/ 3(e%'8), 
c+y 


First Year Exhibitions, 1876. 


es ae 
2. —12*,/2. So, = b, 4. ™ 
5, 21, 42, 63, or 84. Goes eae Tels 7. 9. 


xxviii ANSWERS. 


Matriculation, 1873 


. lla— 38e—5d+4+ m. 4.— az. 
» au! + (ar + b) & + (ar? + br-+ ¢) + 
ar + br 4+ cr 4d 
a se 
2 ee ee 7. Sa? + dom 


ee : 9. 144, 216. 


| 


.  (a— 3m — In — p), ke. 


ip, ee Oa) 
m—n’ mb — na 
Bala. 13. 28, 21. 
14. 50 (6 — 1), 50 (3— 8). 
15. a= +10, y= +10; w= 440 4, y= & 8yQ 
16. 16, 
Matriculation, 1874, 

4a? +/a*x — 2am +a? 
1. a— 8. Dy, Aemtes eee ae a, 
4. — 5a — 36, 5. 600, 480, 360, 
6, 2,4; 4, 2. 8. 4 or 94, 
9. 20, 16, 14 ft. 10, 40,10; 10. 40, 11. 56 
12. 1. 13. 30 and 20 days, 
ld. 6, 8, 4), 1), or —2;—¢,— 14, — 


. 160, 2550. 
- @ — Te? + 212? —35x + 35a-' — Qla-* + Fee 


— ws’, 17, 1023, 


> 3 


Fa v hy ae Fl ire Uc <a 
¢ ¥ ae gk a le 
aS mag a iy a 
; ’ a ‘ “el ay 
x " i ' 
» oe | Cs 
2 . “ey 
ohié si 


Luks ) 3 
eGo b+ ¢ } 


| | pike ih rusAge ‘ais 
z 


bmne ¥ mecllcfily ack, 


re. Abe. gh, ADan we 
Bio. Ae Cfporwiton.) \ Puce Rites 
| es Le povocn tatlect fr j Wart 

ee ; Dh Mitinn Ache, powser lash 5 
| js Tae PS ba trertadict & YUE sachets § 
| tee a hither Ag ereaecel & toma hake 
H ADVa | cel an hoes aria 2 Se 
i} uw pack LK. 
| p emeay oS 
| lex re Al 29 ath rab +o eotee 
ae on thabetse’s “act debem 


ee ee 


nee salem 


